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Exercise 1

Let F' be a distribution function whose maxima converges to the Weibull distribution. This implies
that F' has finite right end-point and has maxima which converges to the GEV.

a) Let F, be the excess distribution function. Explain why we cannot define F,, for u > x*.

Solution:
Recall that F,(z) =P (X —u < y|X > u). However, the event {X > x*} has null probability,
and hence cannot be conditioned on.

b) Show that any positive scaling of F' yields the same convergence to the GpD. That is, if F' is
the distribution function for a bounded random variable X, then Y = kX also satisfies GPD
convergence, for positive k.

Solution:
We have that

Fy(y):P(ng):P<X§ Z) :F(Z)
Suppose that F'is in the maximal domain of attraction of the GEV distribution. Then taking
v = ku satisfies convergence to the GpPD for Y using the sketch proof provided in Week 4
Lecture slides, pp.18—19. This implies that convergence at x* for X is equivalent to sufficiently

large u for Y.

Exercise 2

Let X1,..., X, be an independent sequence of identically distributed random variables taking values
in (0,1) x R. Let N be a point process with intensity measure A and let A be some measurable
subset of (0,1) x R. Show that N(A) ~ Binomial(n,P(A)), that is, the distribution of N(A) is
Binomially distributed with parameters n and P(A). Also compute the intensity measure A(A).

Solution:
Let
0, ifX;¢A
5 . A — 9 7
x(4) {1, if X, € A

be the Dirac measure centred at X;. Then N = 37", dx,. Each dx,(A) is identical to a Bernoulli
random variable with parameter p; = E [0x,] = P(A). Hence N(A) is Binomially distributed with



parameters n and P(A) since it is obtained from the sum of independent and identically distributed
Bernoulli random variables. The intensity measure is

n

> E[5x,(4)] = nP(A).
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Exercise 3

Let N be a non-homogenous Poisson process on R?, with intensity measure
b rd
A(A) = / A(s)ds = / / A(s) ds dt,
A a Je

where A = (a,b) x (¢, d).
Express N explicitly for the cases where
a) AC(0,1) x Ry and A(s) = as~*~ !, for positive a.

Solution:
Let 0<a<b<land 0<c<d< oo. Then

A(A) = /ab /cd A(s)dsdt

b pd
= / / s tdsdt
a C
b
[
a
=b-—a)(c*=b"9).
Observe that the intensity is bounded for every construction of A. Then

[A(A)]*
R

P(N(A) = k) = exp (=A(4))

b—a)k (e — d=)*
k! '

=exp(—=(b—a)[c*—d™?]) (

b) AC (0,1) x Rand A(s) =e™*.

Solution:
Let 0 <a<b<1andc<d. Then

A(A) :/ab/cd)\(s)dsdt
= /ab/cde_sdsdt
= (b—a) [-e]
=(b—a) (e*c - e*d) ,
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which is finite for every construction of A. Then

(b—a)* [e*‘: — e*d]
k!

P(N(A) = k) = exp (~(b—a) [e ™ —e7])

Exercise 4 (Difficult)

Show that if F' € D(A), then
limgy 1 — F(s) 1
tix* hmsit 1-— F(S) -
Hence show that neither the geometric distribution 1 — F/(z) = exp(—|z]), for positive z, nor the
Poisson distribution 1 — F(z) = >";<, exp(—=A)AF/k!, for positive z, are in the Gumbel domain of
attraction.

Note: the condition above is true for all GEV distributions. Hence the geometric and Poisson
distributions are not in the domain of attraction for any GEV.

Solution:
If F' € D(A), then there exists zp < z*, positive constant ¢, and absolutely continuous positive
function f, with f/ — 0, such that for all z > 2

1—F(ar)—cexp<—/2:fgt)dt>,

for zp < z < a*. It is clear that the function 1 — F' is continuous for & > z9. Hence, the limit of
1 — F at some fixed t is the same from above and below, and so

li 1-F 1-F
j Amste L = FGs) e LB
t=a* limg s 1 — F(s) t=a* 1= F(t) t=a*

Now consider the survival function of the geometric distribution 1 — F(s) = exp(—|s]), for positive
s. The function 1 — F'(s) is constant at every non-integer t. However, if we fix some positive integer
n, then it is clear to see that

limgt, 1 — F(s) . exp(—n+1)
im — = lim ——~
n—z* limg), 1 — F(s) n—=o0  exp(—n)

—e 1 #£1.

The geometric distribution is hence not in the Gumbel domain of attraction. Now consider the
Poisson distribution which has survival function

P —er S M _TUE+1N
1-F@) kz%ﬂ K| k]!

Once again the distribution is continuous at non-integer valued x. Now take n to be a positive
integer. Then

. A
liml— F(s)=e ;ﬁ

stn
NS AT
liml— F(s) =e" — = |lim1 - F —e "—.
and lim (s)=e kzn;rl o |:SITI2 (s)] e



Observe that
Zg’in)\g/ﬁl - A" /n!
D hep1 AF /R > hent1 AR /!
- ™ 1
- N An+1 An+2
e Gt

A 1

n! Lfi’\)’y(n +1,A)
o
y(n+1,2)’

where y(n+ 1, \) = fo’\ t"t1=Lexp(—t) dt is the lower incomplete Gamma function. Now

=14 A\

1\ A A v
A+l A) xnek/ e tdt < /\*"ek/ t"dt = )\*”eA)\i — 0.
A" exp(—A) 0 0 (n+1)
Then 1
_ 1 Y(n+1,A) ]
1+ Ae ™ — =1 _ .
AT v(n+1,) * [)\" exp(—\) el

It follows that the Poisson distribution is not in the maximal domain of attraction of the Gumbel
distribution.



