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Exercise 1

Let X be a Fréchet(a) distributed random variable, for some positive «, which has distribution
function

By () 0, forz <0
alx) = :
exp (—z~%), forxz >0

a) Show that X is in the domain of attraction for @, that is, F' € D(P).

Solution:
It is sufficient to show that 1 — ®,, is regularly varying. Through an application of L’Ho6pital’s
rule, for some positive u, we have that

lim 1— @4 (ux) _ lim 1 —exp (—(uz)™)
z—=00 1 — P,(x) w200 1 —exp(—z%)
— lim —a(ux) exp (—(ux)™®) /x
z—00  —a(x)"exp (—z7?) Jx

s —a (1 _ .-«
=u xlgngoexp(x (1—u"))

= U s
which implies that 1 — ®, is regularly varying with index —a. Hence ®, € D(®P) since
1—-®, € RV_,.

Recall that the tail quantile function U for the distribution function F' is defined as the
left-continuous inverse
U:[1,00) = |4, x"]
v = (12g) ) =mileeme): b2 y)
w={1—F% y) =inf{x € [y, x .1_F($)_y.

Show that the left inverse for ®,, is
1 —1/O¢
Uy) = |1 1+ —— )
= [oe (14555

Solution:
Observe that [z.,2*] = [0, +oo] and that ®,, is bijective in [z, x*]. Hence, for U(y) € [z, 2],



we may write that

FU) =1~
— exp(-U%(y)) =1— ;

Rearranging with respect to U then yields the result.
¢) Compute the norming sequences for ®,.

Solution:
Recall that the respective and location norming constants for distribution functions in D(®)
are a, = U(n) and b, = 0. Hence, for n > 1,

anp =U(n) = [log <1 + 1)]1/04‘

n—1

Exercise 2

Show that the Uniform(a,b) distribution, for constants a and b with a < b, is in the domain of
attraction for ¥ and compute the norming sequences.

Solution:
Firstly, observe that z* = b < co. It then suffices to show that 1 — F'(b — 1/z) is regularly varying
with index —a < 0, where

0, forx <a
F(r)=q%2, fora<z<b.
1, forz > b

For z > (b —a)~!, we have that

1 b—x1—a 1 1
R R =

It follows that £ is a regularly varying function with index v = —1, since, for some positive u,

lim Huz) = lim M — !
T—00 E(l‘) T—00 [iL‘(b— a)]—l :

Hence, F' € D(¥). Observe that z. = a and that F' is bijective in (a,b). Hence, for U(y) € [a,b], we
may write that

Uy) —a 1 ( 1)
F = —_— = 1 —_ — == b - 1 - - .
Uy) =—— , Uly) =a+(b—a) ;
The respective scale and location norming sequences are hence
1 b—a

n=1x"— =b-— b— 1——| =

an = 2" —U(n) [a +(b—a) < n)] -
and b, = b.
[ Exercise 3 ]




a) Suppose that ' € D (G¢), for some &, and that a,, and b, are the respective scale and location
norming constants. Explain why F(anz + b,) — 1 for all  which satisfies 0 < G¢(z) < 1.

Solution:
Let M, denote the maximum of a sequence of n independent and identically distributed

random variables. Recall that M,, ﬂ xz*. Now F(anz + by) — 1 if apx + b, — =*. Suppose
that a,x + b, does not converge to z*, where we specify that if a,x + b, is a convergent
sequence, then its limit L < z*. This implies that

P (M, < apx +b,) = F" (apx + by) — 0.
However, the limit for F™(a,x + by,) is not degenerate, by assumption, yielding a contradiction.
Hence, we have that a,z + b, — z*, which implies that F"(a,x + b,) — 1.

b) Let X and Y = —1/X be random variable with respective distribution functions Fx and Fy.
Show that if F'x is in the domain of attraction for ®, then Fy is in the domain of attraction
for U, that is, Fy € D(®) = Fy € D(¥).

Hint: The previous question implies that —log [F(anx + by)] ~ 1 — F(apz + by,).

Solution:
We can express Fy in terms of Fx. and vice versa. We have that
1
L= Fy(y) =P(Y >y) =P (-X"'>y) =P (X >y ') =1 Fyx (-y) .

From our assumption, there exists positive and real sequences a,, and b,, such that F'}(an,x +
bp) — Du(z). It follows that

nlog [FX<anx + bn)] ~ log [(I)oc('r)] = -z~ %

Utilising corollaries from the previous question (i.e. using the hint), we equivalently have that
n|l— anx + n|l— _— )| ~ =2
X\Un n Y an bn

Suppose that there respectively exists positive and real sequences ¢, and d, such that
Fy € D(G¢). 1t follows that

nlt= By e+ d] ~ = (=) ==

for positive a. Supplying the log equivalence and taking exponentials then shows that, in fact,
G¢ = ¥, satisfying the result.

Exercise 4

Show that the set of positive polynomials of order n are regularly varying and compute its index.

Solution:
Let (ak)j_o be a sequence of constants such that for all positive z, p,(z) = SF_ arz® > 0. Then,



factorising and simplifying for ™ and ", for some positive u, we have that

. pn(UZU) . an(ux)” + an_l(ux)n*1 +---4ag
hm = hm
T—=0 pplT T—00 (Ln$n + anilxn—l 4+t ao

ap + ap—1 (um)_l + -4 ap (um)_"

T—00 an + an—lx_l + e + aox—n



