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Exercise 1

Consider a real-valued random variable X with distribution function F'x and probability density
function fx. Let X7i,..., X, denote n independent and identically distributed replicates of X.

1. Define the random variable Y = max(Xj,..., Xy). What are its distribution function (Fy)
and probability density function (fy)?

Solution:

The distribution function is

Fy(y) =P{Y <y}
= P{max(Xy,...,Xn) <y}
=P{X; <vy,...,Xn <y}
=P{X; <y} x--- xP{Xy <y}
=P{X <y}"
= Fx(y)".

The probability density function is given by

fy(y) = ci;FY(y)
- i/FX(y)”

=nFx ()" ' fx(y).

2. Define the random variable Z = min(Xy, ..., Xy). What are its distribution function (Fy)
and probability density function (fz)?

Solution:



The distribution function is
Fz(2) =P{Z < z}
=P{min(Xy,...,Xn) <z}

=P{—max(—Xy,...,—Xn) <z}
=P{max(—Xy,...,—Xn) > —2z}
=1—-P{max(—Xy,...,—Xy) < —z}
—1-P{-X1 < —2,...,~ Xy < —2}
—1-P{X;>2,..., Xy >z}
=1-P{X >z}"

=1—(1-Fx(2)"
The probability density function is given by

f(2) = ()
d

= (- (1= Fx(2)")

=n(1—Fx(2)"" fx(2).

. What is the joint distribution function and probability density function of (Y, Z)?

Solution:
We are interested in

Fryz(y,z) =P{Y <y, Z <z}
=P{max(Xy,...,X,) <y,min(Xy,...,X,) < z}
Note that if z > y then
P{max(Xy,...,Xp,) <y,min(Xy,..., X,) < z} = P{max(Xy,..., X,) <y},
thus we consider the case where z < y. We have
Fiy,z)(y,2) = P{max(X1,..., X,) < y,min(Xy,..., X,) < z}
= P{max(X1,...,X,) <y} —P{max(Xy,..., X,) <y,min(Xy,..., X,) > 2z}
=P{X:<y,...,. Xpn<y}-P{z< X; <y,...,2< X,, <y}
=P{X <y}"-P{z< X <y}"
= Fx(y)" — (Fx(y) — Fx(2))" .

(Sketch a graph on (Y, Z) to see that the second line is true.) The probability density function
is then

fvo(y, 2) = (i;yF(Y,Z) (y,2)
= £ (nFx ()" fx(y) — 1 (Fxly) — Fx()" ()
= nfx(w) 5 (Few)™ = (Fxly) - Fx()")

=n(n—1)fx(y)fx(2) (Fx(y) - Fx(2))" .



4. Assume that X is in fact uniformly distributed on [0,1]. According to which common
distributions are Y and Z distributed? Write down the joint probability density function of
(Y, X).

Solution:
We have fx(r) = Ijze(0,17) and

0, ifx<0
Fx(z)=¢ z, if0<z<l.
1, ifx>1

By construction it is known that Y € [0,1] and Z € [0, 1].
Therefore, for y € [0, 1] we have:

fr(y) =nFx(y)" " fx(y)

_ n—1
- ny ’

which is the probability density function of a Beta random variable with shape n and 1, i.e.
Y ~ Beta(n, 1). Similarly, for z € [0, 1] we have:

fz(z) =n (1= Fx())"" fx(2)
=n (1 - Z)nil )

which represents the probability density function of a Beta random variable with shape 1 and
n, i.e. Z ~ Beta(l,n). For 0 < z <y <1, we have

forn W, 2) = n(n — 1) fx () fx(2) (Fx (y) — Fx ()"

=nn—1)(y—2z)""".



