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Preface

One of the most important contributions to modern mathematical analysis is the theory
of measure and integration developed by Henri Lebesgue during the early years of the 20th
century. Lebesgue measure and integration has many advantages over ordinary Riemann
integration from the point of view of application as well as theory. It is an indispensable
part of the foundations of various fields as, for example, the theory of probability and
statistics and Fourier series.

In recent years Lebesgue theory has become an essential part of the traditional course
in the theory of functions of a real variable, also called, for brevity, real variables or real
analysis. It is the purpose of this book to present the fundamentals of Lebesgue measure
and integration together with those important aspects of real variable theory needed for
its understanding.

The book has been designed as a supplement to all current standard textbooks or as a
textbook for a formal course in real variables. It should also prove useful in other courses
in mathematics which require a knowledge of Lebesgue theory. In addition it should be of
value to those readers in science and engineering, as well as mathematics, who desire an
introduction to this important theory.

Each chapter begins with a clear statement of pertinent definitions, principles and
theorems together with illustrative and other descriptive material. This is followed by
graded sets of solved and supplementary problems. The solved problems serve to illustrate
and amplify the theory, bring into sharp focus those fine points without which the student
continually feels himself on unsafe ground, and provide the repetition of basic principles so
vital to effective learning. Numerous proofs of theorems and derivations of basic results
are included among the solved problems. The large number of supplementary problems
serve as a review and possible extension of the material of each chapter.

Topics covered include the Lebesgue theory of measure, measurable functions, the
Lebesgue integral and its properties, differentiation and integration. Added features are
the chapters on mean convergence and applications to Fourier series including the important
Riesz-Fischer theorem, as well as three appendices on the Riemann integral, summability
of Fourier series, and double Lebesgue integrals and Fubini’s theorem. The first chapter
gives the fundamental concepts of real variable theory involving sets, functions, continuity,
etc., and may either be read at the beginning or referred to as needed, according to the
background of the student.

Considerably more material has been included here than can be covered in most courses.
This has been done to make the book more flexible, to provide a more useful book of
reference and to stimulate further interest in the topics.

I wish to take this opportunity to thank Daniel Schaum, Nicola Monti and Henry Hayden

for their splendid editorial cooperation.
M. R. SPIEGEL

Rensselaer Polytechnic Institute
October 1969
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Chapter 1

SETS

Fundamental in mathematics is the concept of a set which can be thought of as a col-
lection of objects called members or elements of the set. In general, unless otherwise
specified, we denote a set by a capital letter such as 4, B, X, S, etc., and an element by a
lower case letter such as a,b, x, etc. If an element a belongs to a set S we writea €S. If
a does not belong to S we write a € S. If a and b belong to S we write ¢, b € S. Synonyms
for set are class, aggregate and collection. \

A set can be described by actually listing its elements in braces separated by commas
or, if this is not possible, by describing some property held by all elements. The first is
sometimes called the roster method while the second is called the property method.

Example 1. The set of all vowels in the English alphabet can be described by the roster method

as {a,e,%,0,u} or by the property method as {#: x is a vowel} read “the set of all
elements ¢ such that x is a vowel”. Note that the colon : is read “such that”.

Example 2. The set {x: x is a triangle in a plane} is the set of all triangles in a plane. Note
that the roster method cannot be used here.

SUBSETS

If each element of a set A also belongs to a set B we call A a subset of B, written ACB
or BDA, and read “A is contained in B” or “B contains A’ respectively. If ACB and
BCA we call A and B equal and write A = B.

If A is not equal to B we write A + B.

If ACB but A+ B, we call A a proper subset of B.

It is clear that for all sets A we have ACA.

Example 3. {a,%,u} is a proper subset of {a,e,q, o, u}.

Example 4. {4,0,0a,¢,u} is a subset but not a proper subset of {a,e,%, 0,4} and in fact the two
sets are equal. Note that a mere rearrangement of elements does not change the
set. . R

The following theorem is true for any sets 4, B,C.
Theorem 1-1. If ACB and BCC, then ACC.

UNIVERSAL SET AND EMPTY SET

For many purposes we restrict our discussion to subsets of some particular set called
the universe of discourse [or briefly universe], universal set or space denoted by U. The
elements of a space are often called points of the space. :

It is useful to consider a set having no elements at all. This is called the empty set or
null set and is denoted by @. It is a subset of any set.
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REAL NUMBERS

One of the most important sets for the purposes of this book is the set B of real
numbers. It is assumed that the student is already acquainted with many properties of real
numbers from the calculus. Geometric intuition is often provided by using the fact that
every real number can be represented by a point on a line called the real line and conversely
[see Fig. 1-1]. This enables us to speak of sets of points or point sets rather than sets of real
numbers and conversely.

For example {x: a < x < b} is an open interval in R and is often denoted briefly by
a<x<bor(ab); {x: a=x=0b}is a closed interval in R denoted briefly by a=x =b or
[a,b]; (x: a<x=Db} or {x: a =2 <Db} are half open [or half closed] intervals in E.

i—s;/s i—\/’z is/z e l y—

t t t
-3 -2 —1 1 2 3 4

<-4

Fig. 1-1

We often find it convenient to extend the set of real numbers to include —« and + or «.
Thus {#: —« <& < »} denoted briefly by —« <& < » or (—«,«) is R.

The following are important subsets of R familiar to the student.

1. The Natural Numbers {1,2,3, ...) used in counting, This set is often called the set of
positive integers and is denoted by N.

2. The Integers consisting of elements 0, *1,=2,+3,... and denoted by Z. This set is
composed of the positive integers (1,2,3, ...}, the negative integers {—1,—2,-3, ...}
and zero {0}. Note that NCZ.

3. The Rational Numbers consisting of elements such as 2/3, —5/2, ete., representing the
quotient p/q of integers p and ¢, excluding division by zero. This set is denoted by Q.
Note that ZCQ.

4. The Irrational Numbers such as \/5, e \3/5, e are those real numbers which are not
rational numbers.

While geometric intuition does have a place in providing ideas concerning point sets
on the real line, such intuition as we shall see may not always be reliable.

COMPLETENESS OR LEAST UPPER BOUND AXIOM

A real number u is called an upper bound of a set S of real numbers if for all x €S
we have ¥ = u. If an upper bound p can be found such that for all upper bounds # we have
p = u, then p is called the least upper bound or supremum of S, abbreviated l.u.b. S or sup S.

The following axiom distinguishes the real numbers from any of its proper subsets
[e.g. the rationals].

Completeness or Least Upper Bound Axiom. If a non-empty set of real numbers
has an upper bound it has a least upper bound.

We can define lower bound and greatest lower bound or infimum of S, abbreviated g.l.b. S
or inf S, in a similar manner and can prove that if a non-empty set of real numbers has
a lower bound it has a greatest lower bound.

If a set has both an upper and lower bound it is said to be bounded.
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VENN DIAGRAMS

A universe U can be represented geometri-
cally by the set of points inside a rectangle.
In such case subsets of U [such as A and B
shown shaded in Fig. 1-2] are represented by
sets of points inside circles. Such diagrams,
called Venn diagrams, often serve to provide
geometric intuition regarding possible relation-
ships between sets.

SET OPERATIONS

Fig. 1-2

1. Union. The set of all elements [or points] which belong to either A or B or both A and
B is called the union of A and B and is denoted by A UB [shaded in Fig. 1-3).

Fig. 1-3 Fig. 1-

Fig. 1-5

2. Intersection. The set of all elements which belong to both A and B is called the

intersection of A and B and is denoted by ANB [shaded in Fig. 1-4].
Two sets A and B such that ANB =@ i.e. which have no elements in common,

are called disjoint sets. In Fig. 1-2, A and B are disjoint.

3. Difference. The set consisting of all elements of A which do not belong to B is called
the difference of A and B denoted by A — B [shaded in Fig. 1-5].

4. Complemen& If BCA, then A— B is called the complement of B relative to A and is
denoted by Ba [shaded in Fig. 1-6]. If A =U, the universal set, we refer to U—B as
simply the complement of B and denote it by B [shaded in Fig. 1-T].

The complement of AUB is denoted by (AUB)~.

Fig. 1-6

SOME THEOREMS INVOLVING SETS
Theorem 1-2. AUB = BUA
Theorem 1-3. AU (BUC) = (AUB)UC
Theorem 1-4. ANB =BNA

Theorem 1-5. A N (BNC)
Theorem 1-6. AN (BUC) = (ANB)U (ANC)
Theorem 1-7. AU(BNC) = (AUB)N (AUC)

I

Fig. 1-7

Commutative law for unions

AUBUC Associative law for unions

Commutative law for
intersections

(ANBYyNC = ANBNC Associative law for intersections

First distributive law
Second distributive law
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Theorem 18. A—B = ANB

Theorem 1-9. I1f AC B, then A > Bor B C A.

Theorem 1-10. AU = A, AN =@

Theorem 1-11. AUU = U, ANU = A

Theorem 1-12a. (AUB)~ = AnB DeMorgan’s first law
Theorem 1-12b. (ANB)~ = AUB DeMorgan’s second law
Theorem 1-13. A = (ANB)U (4 ﬁf?) for any sets A and B.

Theorems 1-12a, 1-12b and 1-13 can be generalized [see Problems 1.71 and 1.76].

It is of interest to note that if we use the notation A + B instead of AUB and AB
instead of AN B, many of the above results for an algebra of sets are reminiscent of the
usual algebra of real numbers. Thus, for example, Theorems 1-3 and 1-6 become
A+ (B+C)=(A+B)+C and A(B+C) = AB + AC respectively. However, the analogy
cannot be relied upon always. For example, Theorem 1-7 becomes A + BC = (A +B)(A + ).

PRINCIPLE OF DUALITY

Any true result involving sets is also true if we replace unions by intersections, inter-
sections by unions, sets by their complements and if we reverse the inclusion symbols
C and D.

CARTESIAN PRODUCTS

The set of all ordered pairs of elements (x,y) where * €A and y € B is called the
Cartesian product of A and B and is denoted by A X B. The Cartesian product R X R is the
usual xy plane familiar from analytic geometry. In general, A X B = B X A.

Similarly the set of all ordered triplets (x,y,2) where * €4, y€B, z € C is the
Cartesian product of A4, B and C denoted by A X B X C.

FUNCTIONS

A function or mapping f from a set X to a set Y, often written f: X—>Y, is a rule
which assigns to each * € X a unique element y €Y. The element y is called the image
of x under f and is denoted by f(x). If ACX, then f(A) is the set of all elements f(x) where
2 € A and is called the image of A under f. Symbols z,y are often called real variables.

The set X is called the domain of f and f(X) is called the range of f. If Y = f(X) we
say that f is from X onto Y and refer to f as an onto function.

If an element ¢ € ACX maps into an element b € BCY, then a is called the inverse
image of b under f and is denoted by f~'(b). The set of all x € X for which f(x) € B is
called the inverse image of B under f and is denoted by f~!(B). ;

If X is a class of sets [i.e. a set whose elements are sets] then a function f:X->Y
is called a set function.

If X and Y are sets of real numbers, f or f(x) is often called a real function.

A function f : X—Y can also be defined as a subset of the Cartesian product X XY
such that if (x1, 1) and (%2, ¥2) are in this subset and x, = x», then ¥ = ¥..

ONE TO ONE FUNCTION. ONE TO ONE CORRESPONDENCE
If f(a)) = f(az) only when a,= a., we say that f is a one to one, i.e. 1-1, function.

If there exists a 1-1 function from a set X to a set Y which is both 1-1 and onto, we
say that there is a one to one, i.e. 1-1, correspondence between X and Y.
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If a function f: X=>Y is one to one and onto then given any element y € Y, there
will be only one element f~'(y) in X. In such case f~! will define a function from Y to X
called the tnverse function.

COUNTABILITY

Two sets A and B are called equivalent and we write A ~ B if there exists a 1-1 cor-
respondence between A and B.

Example 5. The sets A = {1,2,3} and B = {2,4,6} are equivalent because of the 1-1 corres-
pondence shown below

A: 1 2 3
! T 7
B: 2 4 6

If A~B, then B~A. Alsoif A~B and B~C, then A ~C.

A set which is equivalent to the set {1,2,3,...,n} for some natural number » is called
finite; otherwise it is called infinite.

An infinite set which is equivalent to the set of natural numbers is called denumerable;
otherwise it is called non-denumerable.

A set which is either empty, finite or denumerable is called countable; otherwise it is
called non-countable.

Example 6. The set @ of rational numbers is countable [see Problems 1.16 and 1.18].

Example 7.  The set of real numbers between 0 and 1 [and thus the set R] is non-countable or
non-denumerable [see Problem 1.20].

The following theorems are important.
Theorem 1-14. A countable union of countable sets is countable.
Theorem 1-15 [Schroeder-Bernstein]. If ACBCC and A ~C, then A ~B.

CARDINAL NUMBER

The cardinal number of the set {1,2,3,...,n} as well as any set equivalent to it is
defined to be n. The cardinal number of any denumerable set is defined as 8o [aleph null].
The cardinal number of R, which is often called the real continuum, or any set equivalent to
it, is defined as c or ¥y [alepk one]. The cardinal number of the empty set @ is defined as
zero (0).

Operations with infinite cardinal numbers, sometimes called transfinite numbers, can
be defined [see Problems 1.94-1.97].

The continuum hypothesis, which conjectures that there is no transfinite [or cardinal]
number between 8, and ¢, has never been proved or disproved. If it is proven true, then
we would be justified in writing ¢ = 8.

THE CANTOR SET

Consider the closed interval [0,1]. Trisect the interval at points 1/3, 2/3 and remove the
open interval (1/3, 2/3) called the middle third. We thus obtain the set K, = [0,1/3] U [2/3,1].
By trisecting the intervals [0,1/3] and [2/3,1] and again removing the open middle thirds,
we obtain K, = [0,1/9] U [2/9,1/3] U [2/3,7/9] U [8/9,1]. Continuing in this manner we
obtain the sets K, K5, .... The Cantor set denoted by K is the intersection of K, K,,....
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It would seem that there is practically nothing left to the set K. However, it turns out
[see Problem 1.22] that the set has cardinal number ¢, i.e. is equivalent to [0,1]. It also
has many other remarkable properties [see Problem 1.109 for example].

EUCLIDEAN SPACES OF n DIMENSIONS

The space defined by the Cartesian product ER* =R X R X -+ X R [n times] is called n
dimensional Euclidean space and a point in this space is an ordered n-tuplet (z,, xo, ..., x,)
of real numbers. If x = (x, 2y, ...,2), ¥ = (Y1, Y2 ...,Us), the Euclidean distance between
2 and v is defined as

d(z,0) = V(@ Y + @ yaP ¥ - T @y
For n=1, d(x,y) = v —y| where |a| denotes the absolute value of a [equal to a if a=0
and —a if a <0].

The set of points {x : d(x,y) < r} is called an open sphere of radius r with center at
¥ and is sometimes called a spherical neighborhood of y. If we replace the < by = i{ is a
closed sphere of radius r with center at 4. For n =1 the open or closed sphere reduces
to an open or closed interval respectively.

METRIC SPACES
A metric space is a generalization of a Euclidean space in which there is a distance
function d(z,y) defined for any two elements {indicated by z,v,2] of the space satisfying
the following properties.
1. d(z,y) = 0 Non-negative property
2. d(z,y) = d(y,x) Symmetric property
3. d(x,y) = 0 ifandonlyif 2 =y Zero property
4. d(x,2) = d(x,y) + d(y,?) Triangle inequality

SOME IMPORTANT DEFINITIONS ON POINT SETS

In this book we shall be mainly concerned with sets in the Euclidean space R of one
dimension, i.e. sets of real numbers. However, although we shall adopt a language
appropriate for R [e.g. distance between x and y is [v — |, ete.], it should be emphasized
that many of the concepts can be easily generalized to R* or other metric spaces [by using,
for example, open or closed spheres rather than intervals].

1. Neighborhoods. A delta, or 8, netghborhood of a point a is the set of all points & such
that [ —a| <8 where 8§ is any given positive number. A deleted § neighborhoogl of a
is the set of all points « such that 0 <|r—a| <$, i.e. where a itself is excluded.

It is possible to avoid the concept of neighborhood by replacing it by an open
interval [or open sphere in higher spaces].

2. Interior Points. A point a €S is called an interior point of S if there exists a 8
neighborhood of a all of whose points belong to S. Alternatively, a is an interior point
of S if there exists an open interval ICS such that a €1.

The set of interior points of S is called the interior of S.
Open Sets. A set is said to be open if each of its points is an interior point.
Exterior and Boundary Points. If there exists a § neighborhood of a all of whose points
belong to S, then a is called an exterior point. If every 8§ neighborhood of a contains at

least one point belonging to S and at least one point belonging to §, then a is a boundary
point,
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The set of exterior points of S is called the exterior of S and the set of boundary
points of S is called the boundary of S.

Clearly any point of a set is either an interior, exterior or boundary point.

5. Accumulation or Limit Points. A point a €S is called an accumulation point or limit
point of S if every deleted 8 neighborhood of a contains points of S.

6. Derived Set. The set of all accumulation or limit points of a set S is called the derived
set and is denoted by S’.

7. Closure of a Set. The set consisting of_S together with its limit points, i.e. SUS’, is
called the closure of S and is denoted by S.

8. Closed Sets. A set is called closed if it contains all its limit points.

9. Open Covering of a Set. A class ( of open intervals is said to be an open covering of
a set S if every point of S belongs to some member of . If a set JC( is an open
covering of S, then we call J an open subcovering of S.

SOME IMPORTANT THEOREMS ON POINT SETS

Theorem 1-16. The complement of an open set is closed and the complement of a closed
set is open.

Theorem 1-17. The union of any number of open sets is open and the intersection of a
finite number of open sets is open.

Theorem 1-18. The union of a finite number of closed sets is closed and the intersection
of any number of closed sets is closed.

Theorem 1-19. Every open set on the real line can be expressed as a countable union of
disjoint open intervals [called component intervals] unique except as to the
order of the intervals.

Theorem 1-20 [Weierstrass-Bolzano]. Every bounded infinite set in E has at least one
limit point or accumulation point.

Theorem 1-21 [Heine-Borel]. Every open covering of a closed and bounded set S contains a
finite open subcovering [i.e. S is covered by a finite number of open inter-
vals]. For Euclidean spaces R" this theorem is equivalent to the
Weierstrass-Bolzano theorem [Theorem 1-20]. If the set is not closed
and bounded the theorem is not true [see Problems 1.107 and 1.108].

COMPACT SETS

A set S is called compact if every open covering of S has a finite subcovering. For R?,
compact is equivalent to closed and bounded.

LIMITS OF FUNCTIONS

A number [ is said to be the limit of f(x) as x approaches a if for every «> 0 there exists
a 8 >0 such that |f(x) —I] <e¢ whenever 0 <|r—a|<8$. In such case we write lim f(x) =L

Theorem 1-22. If a limit exists it is unique.
Theorem 1-23. If lim fi(x) =l;, lim fi(x) =L, then

(@) lim [f(x) +f2(2)] = L+ b
(b) ll_l;n fi(@)f2(x) = Ll
(¢) lim [fr(x)/f2(x)] = W/l if 1+ 0.
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In the above definition of limit, if 0 <|xr—a| <$§ is replaced by 0 <x—a < § then [ is
called the right hand limit and is written lim f(x) = I. An analogous definition for the
x=+a+

left hand limit, lim f(x), can be given. A limit will exist if and only if the left and right

T=—a—

hand limits are equal.

CONTINUOUS FUNCTIONS

Definition: A function f: R~ R is said to be continuous at a point a if given any ¢>0
there exists 8§ > 0 such that |f(x) — f(a)| < e whenever |x —a| < 8. Equivalently we can say that
f [or f(x)] is continuous at @ if (1) lim f(x) exists, (2) f(a) exists and (3) lim f(x) = f(a).

We call f a continuous function on a set S if f is continuous at every point of S.
The following alternative definition of continuity [see Problem 1.41] is sometimes useful.

Definition: A function f: R - R is continuous at @ if given any open set A con-
taining f(a), there exists an open set B containing a such that f(B)CA.

THEOREMS ON CONTINUOUS FUNCTIONS

Theorem 1-24. The sum, difference, product and quotient of continuous functions is con-
tinuous so long as division by zero is excluded.

Theorem 1-25 [Intermediate-value]. If f is continuous in [a,b], then it takes on every
value between f(a) and f(b). In particular it takes on its maximum and
minimum values in [a, b].
Theorem 1-26. If f is continuous on a closed set .S then f is bounded, i.e. there exists a real
number M such that |f(x)| <M for all x €S.
Theorem 1-27. A function f is continuous if and only if the inverse image of any open
i set is also open.

UNIFORM CONTINUITY

A function f: R— R is said to be uniformly continuous on S if given any «> 0 there
exists a number § >0 such that |f(x) —f(y)| <e¢ whenever |x—y| <8 where x €S, y € S.
Theorem 1-28. If f is continuous on a closed bounded set, it is uniformly continuous on S.

SEQUENCES

A sequence is a function whose domain is the set of natural numbers. It is denoted by
a1, @2, 0s, . .. or briefly (a.).

A sequence of real numbers (a..) is said to converge to a or to have limit @ if given any
¢> 0 there exists a positive integer no such that |a,—a| <e whenever n>n,. If a limit
exists it is unique and the sequence is said to be convergent to this limit, denoted by
lima, =a or briefly lima,=a.

Theoremn 1-29. If lima, =@, limb, =b, then lim (a.+bs,) =a+b, lima.b. = ab,
lim an/b, = a/b if b+#0.
Theorem 1-30. If (a.) is bounded [i.e. there is a constant M such that |a.| = M] and if
(any is monotonic increasing or monotonic decreasing [i.e. @n+1 = an oOr
On+1 = az), then (a,) is convergent.
Theorem 1-31. A convergent sequence is bounded.
If a sequence is not convergent it is called divergent.
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LIMIT SUPERIOR AND LIMIT INFERIOR

A number [ is called the limit superior, greatest limit or upper limit of a sequence (@)
if infinitely many terms of the sequence are greater than [ —e while only a finite number of
terms are greater than I +¢ for any ¢>0. We denote the limit superior of {(a») by lim sup a»
or lim a,.

A number [ is called the limit inferior, least limit or lower limit of a sequence (a,) if
infinitely many terms of the sequence are less than [+ ¢ while only a finite number of terms
are less than [ — ¢ for any ¢>0. We denote the limit inferior of (@.) by lim infa, or lim ..

If infinitely many terms of (a.) exceed any positive number M, we write lima, = .
If infinitely many terms are less than —M where M is any positive number, we write
lima, = —o,
Theorem 1-32. Every bounded sequence always has a finite lim sup [or lim] and lim inf
[or lim] and the sequence converges if the two are equal.

NESTED INTERVALS

Theorem 1-33. Let Ii=[01,b1], Io=[a2,bs,...,In = [an, bx], ... be a sequence of inter-
vals such that Iy DI, D+ DI, D---. Then if lim (@,—bs) = 0 there is

one and only one point common to all the intervals. The intervals in
such cases are called nested intervals.

CAUCHY SEQUENCES

The sequence (a.) of real numbers is said to be a Cauchy sequence if given any «¢>0
there exists a positive integer no such that |a, —aq < e whenever p > no, ¢ > 1.

Theorem 1-34. Every convergent sequence is a Cauchy sequence.

COMPLETENESS

A set S of real numbers is said to be complete if every Cauchy sequence has a limit
belonging to S.

Theorem 1-35. Every Cauchy sequence of real numbers is convergent.

Example 8. The set @ of rational numbers is not complete, but by Theorem 1-85 the set R of
real numbers is complete,

SEQUENCES OF FUNCTIONS. UNIFORM CONVERGENCE

Let fi1, f2, . .. denoted by (f.) be a sequence of functions from A to B where A,B € . We
say that (f») converges uniformly to some function f in A if given «> 0 there exists a positive
integer no such that |fn(x) —f(x)| <e for all n>ne and all z € A.

Theorem 1-36. If (f.) is a sequence of functions which are continuous in 4 and uniformly
convergent to f in 4, then f is continuous in A.

We shall sometimes write the sequence as (f»(x)) instead of (f»).

SERIES
Let (a.) be a given sequence and consider a new sequence (s,) where

8t = 1, 82 = QA1+ A2, 83 = 4+ A2 + A3,

We shall call the sequence (s,) an infinite series and denote it by X an = @1+ @2+ -+ or

n=1
briefly by X a.. The sums sy, 8:, ... are called the partial sums of the series and (s.) is
called the sequence of partial sums.
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The infinite series is called convergent or divergent according as the sequence of partial
sums (8,) is convergent or divergent. If (s.) converges to s then s is called the sum of the
infinite series.

A series Y a. is called absolutely convergent if Y, |a.| converges. In such series the
terms can be rearranged without altering the sum of the series. We have

Theorem 1-37. If a series is absolutely convergent it is convergent.

Uniformly convergent series of functions can be defined in terms of uniformly con-
vergent sequences of partial sums [see Problem 1.53].

Theorem 1-38 [Weierstrass M test]. If |f.(x)| =M., n=1,2,8,... where M, are positive

constants such that > M, converges, then Y f.(z) is uniformly and
absolutely convergent.

Solved Problems

SETS AND REAL NUMBERS

1.1. Let S be the set of all real numbers whose squares are equal to 25. Show how to
describe S by (a) the property method and (b) the roster method.

(@) S = {«x: «2 =25} which is read “the set of all elements # such that 2= 25",

(b) Since 22=25 for =5 and x = -5, we can write S = {5,—5}, i.e. S is described by
actually giving its elements,

12. Let A = {x: zisanoddinteger}, B = {x: 22—8x+15=0}. Show that BCA.

Since 22—8x+15=0 or (x—3)x—5) =0 if and only if =3 or x =25 we have
B = {8,5}. Then since the elements 3 and 5 are both odd integers, they belong to A. Thus every
element of B belongs to A and so BCA, i.e. B is a subset of A.

13. Is it true that {2} =27

No, 2 is a real number while {2} is a set which consists of the real number 2. A set such as
{2} consisting of only one element is sometimes called a singleton set and must be distinguished
from the element which it contains.

1.4. Determine which of the following statements are true and correct any which are false.
@ {x:x+x} = (@}, O)If A= {r:2*=4, x>9} and B = {x:x =1}, then
BDOA.

(¢) The statement is false. Any particular object is assumed to be the same as, i.e. equal to,
itself. Thus there is no object which is not equal to itself. Then {x: o +*2x} = (0, the
empty set.

The error lies in writing {@} rather than @, since {@} is a non-empty set which consists
of the empty set.

(b) Note that this is read “A is the set of all # such that «2=4 and x> 9”.

Since there is no number « such that «2=4 [or 2 =2,—2] and x> 9, it follows that
A = (. Also since the empty set is a subset of every set, it follows that ACB or BDA and
the statement is true.
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Prove that if AcB and BCC, then ACC.

Let # be any element of A, i.e. x €A. Then since A CB, i.e. every element of A is in B, we

have x €B, Also since BC C, we have x €C. Thus every .element of A is an element of C and so
AcC.

Let S = {$,%,4,%4,...}. Find (a) an upper bound, (b) a least upper bound, (c) a
lower bound and (d) a greatest lower bound for S.

(@)

(b)

(e)

(d)

Since all elements of S are less than 2 [for example] we can say that 2 is an upper bound.
Actually any number larger than 2 is also an upper bound and there are some numbers less
than 2 [e.g. 11, 11, 1] which are upper bounds.

The number 1 is an upper bound of the set S and in addition it is the least of all upper bounds.
It follows that 1 is the least upper bound (l.u.b.), or supremum (sup), of S. Note that 1 is not
an element of S.

Since all elements of S are greater than 0 [for example] we can say that 0 is a lower bound.
Actually any number less than 0 is also a lower bound [e.g. —1, —3] and there are some

numbers greater than 0 [e.g. 1, L] which are lower bounds.

The number } is a lower bound of the set S and in addition it is the greatest of all lower
bounds. It follows that } is the greatest lower bound (g.lb.), or infimum (inf), of S. Note that

4 is an element of S.

SET OPERATIONS, VENN DIAGRAMS AND THEOREMS ON SETS

If the universe U = {4,0, =, 5,—V/2,—4} and subsets of U are given by A = {—/2, , 0},
B=1{(5,4-/2,—4} and C=(4,—4}, find (@) AnB, (b) AUB, (c) (AUB)NC,
(d) BU 5, (e) A—B, (f) (BNC)~, (9) (AnC)n (BUC).

1.7.

1.8.

() ANnB
(b)) AUB = {—V/2,7,0} U {5,

(e)
(d)

()

(—V2,7,0} N {5,4,-V2,—4} = {-V2}
5-VE—4 = {(~V2,7,0,54,-4
(AUB)N C = {—V2,7,0,5,%,~4} N {{,—4} = {4,—4} using the result of part (a).
B = set of all elements in U which are not in B = {0, 7}.
C = set of all elements in U which are not in C = {0,7,5,—V/2}.
Then BUC = {0,7} U {0,7,5,—V2} = {0,7,5—V2}.
A — B = set of elements in A which are notin B = {0,7}.
Another method. By Theorem 1-8, page 4, we have
A—B =AnE = {4,0,7,5-V2,—4}n {0,7} = {0,7}

(f) BNnC = {5ré"_\/§)_4} n {'%)—4} = {%:_4}-

(9

Then (BNC)~ = {0,7,5,—V2}.
Note that this result together with that of part (d) illustrates De Morgan’s second law,
Theorem 1-12b, page 4.

ANC = {(—V/2,7,0}n {},—4} = @, the empty set.
BNnC = {4,—4} [see part (f)].

Then (ANC)U (BNC) = QU {L,—4) = {§,—4}

(a) Prove De Morgan’s first law, Theorem 1-12a, page 4: (AUB)~ = AnNnB. (b) Illus-
strate the result of part (a) by using a Venn diagram.

(a¢) We have

(AUB)~ = {z: 2@ AUB) = {z: 2 €A, 2€B) = {«x:2€4, 2€B) = AnE

The result can be extended to any finite number of sets [see Problem 1.71].
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(b) In the Venn diagram of Fig, 1-8 the shaded part represents (AUB)™.

In Fig, 1-9, A is indicated by parallel lines constructed from upper right to lower left
while B is indicated by parallel lines constructed from upper left to lower right. Then the

region ANnE is represented by the region where both sets of lines are present, and it is seen
that this is the same as the shaded region of Fig. 1-8.

yShaded part = (AUB)~ Shaded part = AnE
Fig.1-8 Fig.1-9

Note that a Venn diagram does not provide a proof such as is given in part (a). However,
it does serve to provide possible relationships among sets which can then be proved by methods
similar to that given in (a).

1.9. Prove the first distributive law, Theorem 1-6, page 3: AN(BUC) = (ANB)U(ANCQC).
We have ANBUC) = {x: x€A, x€BUC}

{x: x€EA, x€EB or x€C}

‘ = {x: €A, 2x€EB or x€A, x€C}

{&: *€EANB or x €ANC}

= (ANB) U (ANO)

i

i

1.10. - Prove that for any sets A and B we have A = (ANB)U(ANB).

Method 1. - -
A = {z: 2€A} = {x: x€ANBorx€ANB} = (AnB)U (ANnB)
Method 2.
Let C =B in Problem 1.9. Then _
AN (BnB) = (AnB)uU (AnB)

il

ANU = (AnB)u (AnB)
A = (ANB)U (AnB)

The result can be generalized [see Problem 1.76].

1.11. If A, B, C are the sets of Problem 1.7, find the Cartesian products (a) A X C, (b) C X A.
(@ AXC = {(z,y): 2€A,YEC} = {(-VZ,}), =), (0,§), (-V2,—4), (v, —4), (0,—4)}
(0) CXA = {9 :2€C,y€A} = {(},-V2), (—4,-V2), G, (—4,m), },0), (—4,0)}
Note that A X C ## C X A in this case.

FUNCTIONS

1.12. Determine whether a function is defined from the set X to the set Y for each diagram
in (a) Fig. 1-10, (b) Fig. 1-11.

Fig.1-11
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1.13.

1.14.

1.15.

(a) A function is not defined from X to Y, since to the element z, of X there is assigned two
distinct elements ¥, and y3 of Y.

(b) A function is not defined from X to Y, since no element of Y is assigned to the element
xzg of X.

(a) Show that the diagram of Fig. 1-12 de-
fines a function f from the set X to the set Y,
ie. f: X—=>Y. (D) Find f(c). (c¢) If a subset
of X is given by A4 = {a,d,b}, find f(A4).
(d) Find f(X). (e) Find the domain of f.
(f) Find the range of f. (¢) Is f an onto func-
tion? Explain. (k) If B = (1,2}, find f~YB). Fig. 1-12

(a) A function f is defined from X to Y since to each element of X there is a unique element of Y,

The fact that no element of X happens to be assigned to the element 3 of Y or that both
elements @ and d of X are assigned to the same element 4 of Y, does not alter this.

O o'e
B DD

(b) Since the element assigned to ¢ is 2 we have f(¢) =2. Another way of saying this is that
the tmage of ¢ under f is 2.

(¢) f(A) is the set of all elements f(x) where x €A and is given by the set .{f(a), f(d), f(b)} =
{4,4,1y = {4,1}.

(d) f(X) = the set of all elements f(x) where x €X = {f(a), f(b), f(c), f(d)} = {4,1,2,4} = {4,1,2}.
(¢) Domainof f = X = {a,b,¢,d}.
(f) Rangeof f = f(X) = {4,1,2} by part (d).

(9) Since Y ={1,2,3,4} and f(X)=1{4,1,2}, we see that Y # f(X). Thus f is not an onto
function,

(h) f~1(B) = set of all x€X for which f(x) €EB = {b,c}. Note that b and ¢ are inverse images
of 1 and 2 respectively, 1.e. f~1(b) =1 and f~1(¢) = 2.

Let f be a function whose value at any point x is given by f(x) = 322—4x +2 where
—1=2=2. Find (a) the domain of f, () the range of f, (c) f(1), (d) f(3).

(@) Domainof fis X = {x: —1 =2 =2} which we agree to write briefly as ~1 =z = 2.

() Rangeof fis Y = {f(z): —1 =z =2}, i.e. the set of all values f(x) where —1 =« = 2.

() f1) = 3D2—-4)+2 =1

(d) f(3) is not defined, since « = 3 is not in the domain of f.

Determine whether the function of Problem 1.13 is a one to one function.

A function will be one to one, or 1-1, if it assigns different images to different elements of the
domain. Since this is true for the function of Problem 1.13 it is a one to one function. Note,
however, that it is not an onto function [see Problem 1.13(g)].

COUNTABILITY AND CARDINAL NUMBERS

1.16.

Prove that the set of rational numbers in the interval [0,1] is countably infinite or
denumerable.

We must show that there is a 1-1 correspondence between the rational numbers and the
natural numbers or, in other words, that the set of rational numbers in [0,1] is equivalent to the
set of natural numbers.

The 1-1 correspondence is indicated as follows.

< o
> vito
 ak

1 ¢
{ 0
8 9 10 11 12

Note that the rational numbers are ordered according to increasing denominators. A rational
number such as %, which is the same as %, is omitted since it has clearly already been counted.

w €> o
W € W
W €> wio
S B
-3 € 2w

0 1
T 7
1 2
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1.17.

1.18.

1.19.

1.20.
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Prove Theorem 1-14: A countable union of countable sets is countable.
Consider the sets
Sy = ey, 0,051, ...}, Sy = {@9, 099, 035, ...},

There is a countable number of sets S;,S,, ... and each set itself is countable. Now we can write
the elements in the following form

Ay ——»0Ug Q31— U4y
/
as Qoo A3 Qg3
S
Qg3 LY 33 43
/
Qg Aoy O3y Qqq
|/
a5

If we proceed along the directions shown we arrive at the set

{ayy, Gay, G13, 13, Baa, Byr, Gay, Cga, - ..}

where it is seen that the first element has the sum of its subscripts equal to 2, the next two have
the sum of subscripts equal to 3, the next three have sum of subscripts 4, etc. Since this establishes
a 1-1 correspondence with the natural numbers, the required theorem is proved.

If @ denotes the set of rational numbers, prove that the following sets are countable:
(@) {x:x€Q,2=1}, (b) {x: v€Q, x=0}, (c) the set Q.

(a) Let « be any rational number such that « = 1. Then to each such « there corresponds one and
only one rational number y = 1/x such that 0 <y =1, Butsincetheset {y: y€Q, 0 <y =1}
is countable, so also is the equivalent set {x: 2 € Q, =z = 1}.

(b) We have
{:2€Q, ¢x=0} = {x:2€Q,0=z=1}u{x:2€Q, z>1}

and the result follows by Problem 1.17 since each of the sets on the right is countable.

(¢) Theset {x: x € Q, x > 0} is countable as a consequence of part (b). Then by letting y = —=z
we see that the equivalent set {x: 2 € Q, * < 0} is countable. Thus from Problem 1.17 and

the fact that
Q ={x:2€Q, 2>0U{x:2€Q, e <0}U{xr: ax=20}

we see that @ is countable,

Find the cardinal number of the sets in Problem 1.18.

Each of the sets is countably infinite, i.e. denumerable, and thus has the cardinal number of
the set of natural numbers denoted by ¥,.

Prove that the set of all real numbers in [0, 1] is non-denumerable.

Every real number in [0,1] has a decimal expansion 0.a,a5a3... where a,,a,, ... are any of the
digits 0,1,2,...,9.

We assume that numbers whose decimal expansions terminate, such as 0.7324, are written
0.73240000... and that this is the same as 0.73239999...

If all real numbers in [0,1] are countable, then we can place them in 1-1 correspondence with
the natural numbers as in the following list.
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1 © 0.0,,0,50,304. ..
2 © 0.09,055093004. . .

3 © 0.a3,03,033034. . .

We now form a number 0.b,bybsby

where b, =6 if a;, =5 and b, =5 if a,;, #5, by =6 if ay =5 and b, =5 if ay, ¥ 5, ete.
[The choice 5 and 6 can of course be replaced by two other numbers]. It is then clear that the
number 0.b,bybsb,... is different from each number in the above list and so cannot be in the list,
contradicting the assumption that all numbers in [0,1] were included.

Because of this contradiction it follows that the real numbers in [0,1] cannot be placed in 1-1
correspondence with the natural numbers, i.e. the set of real numbers in [0,1] is non-denumerable.
This set has cardinal number e.

Similarly we can prove that the set of all real numbers is non-denumerable and has cardinal
number ¢.

1.21. Prove that the sets of points on each of two line seg-
ments have the same cardinal number.

Let the two line segments be L, and L, as indicated in
Fig. 1-13. By constructing the dashed line from O inter-
secting L, in point P, and L, in point P,, we see that to each
point on L, there corresponds one and only one point on L,
and conversely. Thus the sets of points on L, and L, are
equivalent and have the same cardinal number.

It should be noted that the ideas presented would tend to
contradict the intuition of the uninitiated, since one might
expect a line segment to have “more points” than another line
segment which has a shorter length.

1.22. Prove that the Cantor set [page 5] is non-denumerable.
Every number in the Cantor set has a ternary expansion (i.e. expansion in the scale of 3) of
the form © @

2 3k (63
where each a; is either 0 or 2 [see Problem 1.98]. Also each number in [0,1] has a binary expan-
sion (i.e. expansion in the scale of 2) of the form

0 bk

ok 2

kgl ok 2)

where each by is either 0 or 1 and where we assume that not all b, after a certain term are 0
(i.e. the series is non-terminating).

We now set up a 1-1 correspondence between (I) and (2) such that b, =0 when o, =0 and
b, =1 when a; =2. Then since the set of all real numbers in [0,1] is non-denumerable [i.e. has
cardinal number ¢| so also is the Cantor set. ’

DEFINITIONS INVOLVING POINT SETS

1.23. Given the point set S={1,4,%,1,...} in B. (a) What are the interior, exterior and
boundary points of S? (b) What are the accumulation or limit points of S, if any?
(c) Is Sopen? (d) Is S closed? (e) What is the derived set S’ of S? (f) Is S’ closed?
(9) Are the limit points of S interior, exterior or boundary points of S?
(¢) Every 8 neighborhood of any point 1/n, » =1,2,3,... contains points which belong to S and
points which do not belong to S [i.e. points of §] Thus every point of S is a boundary point.

There are no interior points of S and the exterior points of S are the points of §, i.e. all points
of R which do not belong to S.
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1.24.
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(b) Since every deleted § neighborhood of 0 contains points of S, 0 is a limit point, It is the only
limit point of S. Note that since S is bounded and infinite, the Weierstrass-Bolzano theorem
[Theorem 1-20, page 7] predicts at least one limit point.

(¢) Since no point of S is an interior point, S is not open.
(d) S is not closed since the limit point 0 does not belong to S.
() S’ = set of all limit points of S = {0}.

H 8 =8us =1{,444%...3U{0} = {0,1,4,4,4,...}. Note that S is closed since it con-
tains all its limit points.

(9) Since S’ = {0} has no limit points, it contains all of its limit points [in a vacuous sense]. Thus
S’ is closed.

(k) The only limit point of S is 0. Since every § neighborhood of 0 contains points which belong
to S and points which do not belong to S, it follows that 0 is a boundary point of S.

Let S be the set of irrational numbers in [0,1]. (a) What are the limit points of S

if any? (b) Is S open? (c) Is S compact?

(¢) If a is any rational number in [0,1], then every 8§ neighborhood of a contains points of S.
Thus every rational number in [0,1] is a limit point.

Similarly if @ is any irrational number in [0, 1], then every § neighborhood of a contains
points of S. Thus every irrational number in [0,1] is a limit point.

(b) Every § neighborhood of any point @ € S contains points which belong to S and points which
do not belong to S. Thus every point of S is a boundary point. Then since there are no interior
points, S cannot be open.

(¢) In Euclidean space R», compact is the same as closed and bounded. Then since S is bounded
but not closed [since it does not contain its limit points], S is not compact.

THEOREMS ON POINT SETS

1.25.

1.26.

1.27.

1.28.

Prove that if S is an open set, then the complement S is closed.
Let @ be a limit point of S and suppose that a € S. Then there exists an open interval (or §
neighborhood) I such that a € ICS, and so a cannot be a limit point of S.

This contradiction shows that ¢ € S, i.e. a € S. Since a can be any limit point of §, it follows
that S contains all its limit points and is therefore closed.

Prove that if S is a closed set, then the complement S is open.

Let a € S. Then o & S so that it is not a limit point of S. Thus there exists an open interval
(or 8 neighborhood) I such that ¢« €ICS, and so S must be open.

Prove that the union of any number of open sets is open.

Suppose that the sets S, are open and let S = US, [i.e. the union of the sets S,] so that
S, CS. Then if a point a € S, it belongs to S, for some a = a;. Since Sq, is open, there exists an
open interval [or § neighborhood] I containing a such that ICSa] cS.

It follows that every point ¢ € S is an interior point and so S is open.

Prove that the intersection of a finite number of open sets is open.

Let S, and S, be open sets and consider S =8,NS,. If « €S, then ¢ €S, and a € S,. Since
S; and S, are open, there exist open intervals (or & neighborhoods) I,,I, such that e €I,CS,
and ¢ €I,C S, Then a €I,nNI,CS; NS, Thus there exists an open interval I, NI, contained in
S and containing a, so that S is open.

The result can be extended to any finite number of open sets S,,S,, ..., S, by induction. The
fact that it cannot be extended to any non-finite number of sets is indicated by Problem 1.103.
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1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

Prove that the union of a finite number of closed sets is closed.

Let Sy, S5, ...,8, be closed sets so that by Theorem 1-16, page 7, §1, §2, .. .,§n are open. By
De Morgan’s first law generalized to any finite number of sets [see Problem 1.71],

n s ~ n o~
<kL=Jl k> = 0 Sk

Then since N §k is open by Problem 1.28, it follows that <
closed. =t

a
nCs

~ n
] Sk> is open so that U S, is
k=1

Prove that the intersection of any number of closed sets is closed.

If S, are closed sets, then §u are open sets. By De Morgan’s second law generalized to any
number of sets [see Problem 1.71],

(N&Y~ = US§,

Then since U §a is open by Problem 1.27, it follows that N S, is closed.

Let S be an open set and suppose that point p €S. Prove that (a) there exists a
largest open interval I, C S such that p&€l, and (b) S = U,

(¢) Since S is open, then by definition there exist open intervals in S, say (a,, b,), which contain
p. Let a =glb.a, and b =lub.b, [it may happen that ¢ = —=, b = «]. Then the interval
I, = (a,b) is the largest open interval belonging to S and containing p.

(b) Every point p € S also belongs to U I, and every point p € UI, also belongs to S. Thus
S=ul,

Referring to Problem 1.31, let I,, I, be the largest open intervals of S containing
points p and ¢ respectively. (@) Prove that either I, =1, or I, NI, = @. (b) Thus
prove that S = UI, where the I,, called component intervals, are disjoint.

(o) Since p€ I, we also have p&€I,Ul,; and if we assume that neither I, =1I; nor
I,nI, = @, it follows that I, UI, is an open interval containing p which is larger than I,
contradicting the fact that I, is the largest such interval. Thus the required result follows.

(b) This follows at once from part (a) and Problem 1.31.

Prove that the component intervals I, of Problem 1.32(d) are countable.

Each interval I, contains a rational number. Then since the intervals are disjoint, they contain
different rational numbers, i.e. to each interval I, there corresponds a rational number. Since the
rational numbers are countable, so also are the component intervals.

Prove that the representation of S as a countable union of disjoint open intervals,
ie. S = U, is unique except insofar as the order of the intervals is concerned.

Assume that there are two different representations; say UI;” and U I:,Z), so that point

pE I;” and p € II(,Z) where Iz(,” #*= I;z). Then 11(31) and I:,Z) would have to overlap or have only the
point p in common, and so an endpoint of one of the intervals would belong to the other interval and
thus belong to S. This, however, would contradict the fact that the intervals are open, and thus
the endpoints do not belong to S.
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1.35. Let A,, A4, ..., A, be n point sets on the real line. Show how to represent kL:Jl Ay as
kLZJl B where the By are suitably defined so as to be mutually disjoint.

Let B, = A,, By = Ay~ A,, By = A3 —(A|UAy), B, = Ay~ (A UAUAy), ..., B, =
A, — (AJUA,U---UA)). Then we see that B is the same as A,, B, is the set A, without points of
A, and so is disjoint to B,, Bj is the set A; without points of either A, or A, and so is disjoint to

B, and B,, and so on. Thus B}, By, ..., B, are disjoint.

Further it is clear that BjUuB, = A,UA,, BjUuB,UB;=A,UA,UA; and so on, so that

n

Ak: U Bk'
k=1

nc =

k=1

The result can be extended to a countable infinity of sets using mathematical induction.

LIMITS AND CONTINUITY
z?, x#2
1.36. If (a) f(x) = x% (b) f(x) = 0 o prove that lirr; f(x) = 4.
, xr = T -

(@) We must show that given any e > 0, there exists § > 0 (depending on e in general) such that
l#2—4] <e when 0 < |x—2|<3s.

Choose 8 =1 sothat 0 <|x—2] < 8§ =1 Then

le2—4] = |[(#—2z+2)] = |z—2/la+2] < 8jr+2|
= &8lx—2)+ 4
< s(lz—2 + 9
< 58

Take § as 1 or ¢/5, whichever is smaller. Then we have 22— 4] < ¢ whenever 0 < |z —2| <3
and the required result is proved.

(b) There is no difference between the proof for this case and the proof in (a), since in both cases
we exclude « = 2,

1.37. Prove that lim z sin (1/2) = 0.

T =0

We must show that given any ¢ > 0, we can find § > 0 such that |« sin(1/#) — 0} < e when
0<|z—0] <.

If 0<|«x| <8, then |z sin(1/x)] = |«||sin (/)] = |x| < § since |[sin(1/2)] =1 for all
x =0,

Making the choice § =¢, we see that |« sin (1/2)] < e when 0 < |z| < §, completing the proof.

|z — 3]
—D, z#3 .
1.38. Let f(x) = <*—3 . (¢) Graph the function. (b) Find lim f(x). (c¢) Find
O’ r = 3 =3+
lim f(z). (d) Find lim f(2).
-3 T=+3
le—8] _ x—8 _ Y = f(x)
(@) For « >3, -3 — 23— 1.
le—3] _ —(x—8) _ -
For 2 <38, -3 - w_3 = —1.
Then the graph, shown in the adjoining Fig. 1
1-14, consists of the lines y=1, x>3; y=-—1, - x
# < 8 and the point (3, 0). 1 (3,0)
(b) As « — 3 from the right, f(x) 2 1, i.e.
lilgx+ flx) = 1

as seems clear from the graph. To prove this we
must show that given any ¢ >0, we can find § >0
such that |f(x) —1] < e whenever 0 <z —1<3s. Fig.1-14
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1.39.

1.40.

141.

1.42.

Now since « > 1, f(x) =1 and so the proof consists in the triviality that [1—1]<e
whenever 0 < g —1<3.

(¢) As x — 3 from the left, f(x) > —1, i.e. li13n f(x) = —1. A proof can be formulated as in (b).
T3

(d) Since lim f(x) ¥ lim f(x), lim f(x) does not exist.
x=+3+ x~-+3— x=~+3

3, x+2
Investigate the continuity of (a) f(x) = 2% (b) f(x) = 0. =2 at =2

() Method 1. By Problem 1.36, lirr\2 f(x) = 4 = f(2), i.e. the limit of f(x) as « = 2 equals the value
T -+

of f(x) at # =2, and so f [or f(x)] is continuous at « = 2.

Method 2. We have f(2) = 4. Then given ¢ > 0 there exists § > 0 such that [¢2—4| <e when
|« —2| < 8, by a proof similar to that in Problem 1.36. Thus f(x) is continuous at « = 2.

(b) Method 1. By Problem 1.36, 1'11112 f(x) =45 f(2) [since f(2) =0]. Thus the limit of f(x) as
X =
2 = 2 is not equal to the value of f(x) at « =2, and so f(x) is not continuous at x« = 2.

Method 2. Given ¢ > 0, we can show that there is no § > 0 such that |f(x) —0] = |22| < e for
J¢ — 2| < §. Then f(x) is not continuous [or is discontinuous| at = = 2.

zsin (1/x), ©+0

Investigate the continuity of (@) f(x) = zsin(1/x), (b) f(x) :{ 5 =0’

© 1 zsin (1/x), x+#0
c xXr) =

) ) 0, =0
(a) Since f(x) is not defined for « = 0, f(x) cannot be continuous at = = 0.

(b) By Problem 1.37, limof(x) = 0 = f(0) so that f(«x) is not continuous at z = 0.
-

xz=0.

(¢) By Problem 1.37, limof(x) = 0 = f(0) so that f(x) is continuous at x =0.
-

Note that the function f(x) defined in (¢) is continuous in every finite interval, while the
functions of (a) and (b) are continuous in every finite interval which does not include z = 0.

Prove that the two definitions given on page & for continuity at a point a are
equivalent.
The result follows as a consequence of the following equivalent statements.

(1) f(x) is continuous at a if given ¢ > 0 there exists a § > 0 such that |f(x) — f(a)| < e whenever
|z —al < 8.

(2) f(x) is continuous at a« if given e > 0 there exists a § > 0 such that f(a) —e < f(2) < f(a) t+ e
whenever a — 8§ < z < a + &.

(3) f(x) is continuous at « if given ¢ > 0 there exists a § > 0 such that f(x) € (f(a) — ¢ f(a)t+€)
whenever z € (¢ — 8§, a + §). '

(4) f(x) is continuous at « if f[(a — 8§, a+ §)] is contained in (f(a) — ¢, f(a) + ).

(5) f(x) is continuous at « if given any open set A containing f(a) there exists an open set B con-
taining a such that f(B)C A. [Note that A = (f(a) —¢, f(a)+¢), B = (a—3, a+3)]

Prove that f(r) = 2® is uniformly continuous in 0 <z <1.
Method 1, using definition,

We must show that given any ¢ > 0 we can find § > 0 such that |#2—«2| < e when |o— x| <3,
where § depends only on e and not on x, where 0 < x5 < 1.

If  and x4 are any points in 0 < <1, then

22— a3 = |e4ag|e—ay < Jl+1flmz—ay = 2|x— 2
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1.43.

FUNDAMENTAL CONCEPTS [CHAP. 1

Thus if |&— 29| < § it follows that [#2— 2| < 28. Choosing 8 = ¢/2, we see that |x2— 22| < e
when |# — %] < 8, when § depends only on ¢ and not on z,. Hence f(x) = «2 is uniformly con-
tinuous in 0 <o <1,

The above can also be used to prove that f(z) = #2 is uniformly continuous in 0 = z = 1.

Method 2:
The function f(x) = «2 is continuous in the closed interval 0 =2 =1. Hence by Theorem
1-28, page 8, it is uniformly continuous in 0 =2 =1 and thus in 0 <a <1,

Prove that f(x) = 1/x is not uniformly continuous in 0 <z < 1.

Method 1:

Suppose that f(x) is uniformly continuous in the given interval. Then for any ¢ > 0 we should
be able to find 8, say between 0 and 1, such that |f(x) — f(x¢)] < e when |x—xy <& for all # and
%y in the interval.

_ _ 8 . _ __ 8 _ €
Let * =& and T =1 Then |x x0|—|6 T —1+68<8.
1 1 14 € .
However, % 5 5 =3 > e (since0<§<1),

Thus we have a contradiction and it follows that f(x) = 1/ cannot be uniformly continuous in
0<z<l1.

Method 2:
Let 2y and 5+ 8 be any two points in (0,1). Then
|1 1 _ 3
|f(x0) f(xo + 6)‘ - Zq 2 + 8 ‘ - xO(xO + 5)

can be made larger than any positive number by choosing x, sufficiently close to 0. Hence the
function cannot be uniformly continuous.

SEQUENCES AND SERIES

1.44.

1.45.

Prove that if lim a, exists, it must be unique.

n=—+0

We must show that if lim «, = [, and lim a, = l;, then [, =1,
n=—+" n=—+N

By hypothesis, given any ¢ > 0 we can find a positive integer n, such that
la, — U] < e when n>mng, |a, 1} < Je when n > ng
Then L=l = [Lh—a,ta,— Ll = [L—a,+la,— 1) < det de =

i.e. |l; — Iy} is less than any positive e (however small) and so must be zero. Thus [, = l,.

If lima, = a and lim b, = b prove that lim (a.+b.) = a + b.

n—% n=+® n=—+x

We must show that for any e> 0, we can find 7y >0 such that |(a,+b,) — (a+b)] < e
for all n > n,. We have

(an+b,) —(@+d)] = [@g—a)+ (bpy—b) = lay—a| + [b,—b] 6]
By hypothesis, given ¢ > 0 we can find », and 7, such that
la,—al < Le forall n>mn, 2
b, —b] < de forall n>mn, (€3]
Then from (1), (2) and (3),
(a, +8;) —(a+3)] < e+ de = ¢ forall n>n

where n, is chosen as the larger of n; and n,. Thus the required result follows.
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1.46.

147.

1.48.

1.49.

Prove that a convergent sequence is bounded.

Given lim a, = a, we must show that there exists a positive number M such that |a,| <M
n=—+0

for all n. Now
la,| = lap—a+a| = |ay—al+ |af

But by hypothesis we can find ny such that |a, —a| <e for all n > ng, i.e.,
la,l < e+ lal forall n>mn,

It follows that |a,] <M for all » if we choose M as the largest one of the numbers a,,a,, ..., Unyr
e+lal.

Find the () Lub., (b)g.Lb., (c) lim sup (lim), and (d) lim inf (lim) for the sequence
2,-2,1,-1,1,-1,1,—1, .. ..

() lu.b. =2, since all terms are less than or equal to 2 while at least one term (the 1st) is greater
than 2 — e for any e > 0.

(b) g.lb, = —2, since all terms are greater than or equal to —2 while at least one term (the 2nd)
is less than —2 4+ ¢ for any ¢ > 0,

(¢) lim sup or Tim = 1, since infinitely many terms of the sequence are greater than 1 — e for any
e > 0 (namely all 1’s in the sequence) while only a finite number of terms are greater than 1+
for any ¢ > 0 (namely the 1st term).

(d) lim inf or lim = —1, since infinitely many terms of the sequence are less than —1+ ¢ for any
e > 0 (namely all —1’s in the sequence) while only a finite number of terms are less than —1 —e¢
for any ¢ > 0 (namely the 2nd term).

Prove that to every set of nested intervals [a., b.], n =1,2,3, ..., there corresponds
one and only one real number.

By definition of nested intervals, a,.; Za,, b,,;, =b,, n=1,2,8,... and lim (e¢,—b,) = 0.
n=—+%

Then a; =a, =b, =b,, and the sequences {a,} and {b,} are bounded and respectively mono-
tonic increasing and decreasing sequences and so converge to a and b.

To show that @ = b and thus prove the required result, we note that
b—a = (b—by) + (b,—ay) + (a, —a) @
b —a| = [b—by + [bp—au + |a, —al (@)
Now given any e > 0, we can find ny such that for all n > n,
1b—bsl < /3, [bp—a, < /3, Jap—af < /3 €y

so that from (2), |b —a| < e Since eis any positive number, we must have b —a =0 or a = b.

Prove Theorem 1-20 [Weierstrass-Bolzano): Every bounded infinite set in E has at
least one limit point.

Suppose the given bounded infinite set is contained in the finite interval [a,b]. Divide this
interval into two equal intervals. Then at least one of these, denoted by [a;, b,| contains infinitely
many points. Dividing [a, b,] into two equal intervals we obtain another interval, say [a,, by], con-
taining infinitely many points. Continuing this process we obtain a set of intervals [a,,b,],
n—=1,2,3,..., each interval contained in the preceding one and such that

bi—a = (b—a)/2, by—ay= (b,—a)/2 = (b—a)/2% ..., b,—a, = (b—a)2n

from which we see that lim (b, —a,) = 0.

n -+

This set of nested intervals, by Problem 1.48 corresponds to a real number which represents a
limit point and so proves the theorem.
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Prove Theorem 1-21 [Heine-Borel]: Every open covering of a closed and bounded set
S contains a finite subcovering.

Since S is closed and bounded, we can suppose that it is contained in I = [a, b]. Let us assume
now that S does not have a finite subcovering and arrive at a contradiction.

If we bisect I = [a, b], then at least one of the closed intervals [a,a ; b:l, [a-;- b, b:l

has a subset of S which does not have a finite subcovering, Denote by I, = [a,,b,] one of these
intervals which does not have a finite subcovering.

By bisecting again and continuing in this manner, we obtain a sequence of nested closed

interval
mntervals IS S>> -

which have the property that none of the sets SN I, has a finite subcovering, Now the length of
I, ie. L(I}) = (b— a)/2%, approaches zero as k — « so that by the nested intervals property
there is one and only one point p belonging to all the closed intervals I.

We now show that p € S. To do this let #; be a point taken from SN I,. Then take x, ¥ z;
from SN I, etc. We thus obtain a sequence #,, 5, x5, ... of distinct points belonging to S where

xz,€ I,. Since L(I,) >0 as n— =, it is clear that ignw %, = p which means that p is a limit

point of S. But since S is closed, it follows that p € S.

Now since S is covered by the set of open intervals, there will be one of these open intervals
J such that p€ J. If k is large enough, I, = [a,b]CJ and so (SnI,)CJ which shows that
S NIy is in fact covered by J, contradicting the statement that S NI, does not have a finite sub-
covering. This proves the theorem.

(@) Prove Theorem 1-34, page 9: Every convergent sequence is a Cauchy sequence.
(b) Prove Theorem 1-35, page 9: Every Cauchy sequence of real numbers is conver-

gent, i.e. the set R is complete.
() Suppose the sequence (a,) converges to I. Then given any ¢ > 0, we can find n, such that
la, — 1| < /2 forall p>mny and |ag—1 < e/2 forall ¢ >n,
Then for both p >n; and ¢ > ny, we have
la, —agl = l(ap—D+A—a))] = la,—l+{l—ay < /2+ 2 = ¢

(b) Suppose |a,— a4 <e for all p,q>my and any e> 0. Then all the numbers Unys Gng+1 -

lie in a finite interval, i.e. the set is bounded and infinite, Hence by the Weierstrass-Bolzano
theorem there is at least one limit point, say a.

If a is the only limit point, we have the desired proof and lim a, = a.

n=—+w0
Suppose there are two distinct limit points, say ¢ and b,
and suppose b > a (see Fig. 1-15). By definition of limit
points, we have
la, — a| < (b —a)/3 for infinitely many values of p (1)
S ke
lag— b} < (b—a)/3 for infinitely many values of ¢ (2) ) X , )
+ —
Then since b—a = (b—ay) + (e —ay) + (a; —a), we have “
b—al = b—a = [b—ayf tla,—agl +la,—al (3 Fig.1-15

Using (Z) and (2) in (8), we see that |a, —a,| > (b —a)/3 for infinitely many values of p
and ¢, thus contradicting the hypothesis that |a,—a, <e for p,q>mn, and any e>0.
Hence there is only one limit point and the theorem is proved.

Note that Theorems 1-34 and 1-35 can be stated in one theorem:

A sequence of real numbers converges if and only if it is a Cauchy sequence.
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1.52. Let fu.(x)=nzxe™*, n=1,2,8,..., 0=x=1. Investigate the uniform conver-
gence of the sequence (f»()).
We have lim f, () =0 for 0=« =1. To determine whether the sequence converges
n=—"
uniformly to 0 in this interval, we must show that given e > 0 there exists ny >0 such that
fal®)—0] <e ie |f,(x)] <e for all m>mn, where n, depends only on ¢ and not on .
Now |f,(2)] =nze~"** has a maximum at z = 1/y/2n (by the usual rules of elementary

calculus), the value of this maximum being Vn/2e. Hence as n— «, f, (x) cannot be made
arbitrarily small for all x and so the sequence does not converge uniformly to 0.

1.53. (a) Give a definition of uniformly convergent series of functions.

(b) State and prove a theorem corresponding to Theorem 1-36, page 9, for series of
functions.

o0
(@) Let kE fix () be a series of functions and
=1
sp(@) = fr(a) + falx) + - + fr ()
be the nth partial sum of the series. Suppose that in some set 4, for example [a, b], the series
converges to the sum s(x). We say that the series converges uniformly to s(«) in [a, d] if given
€ > 0 there exists a positive integer 7, such that s (x) —s(z)| <e for all n>n, and all
z € [a, b].
(b) The theorem which we shall prove is the following: If the functions f,(x) are continuous in
a set A and if 3 f,(x) converges uniformly to s(x) in A, then s(x) is continuous in A. We prove
the theorem for the case where A = [a,d].

First we observe that if s,(«) is the nth partial sum of the series and r,(«) is the remainder

of the series after n terms, then
s(x) = su(x) + ry(c)

so that s(x+h) = sy(e+h) + r(et+h)
and s(@+h) — s(x) = sy(e+h) — su(x) + rp(e + k) — 7,(x) (1)

where we choose h so that both # and #+ k are in [a,b] (if # = b, for example, this will
require h < 0),

Since s,(x) is a2 sum of a finite number of continuous functions, it must also be continuous.
Then given ¢ > 0, we can find § so that

|sp(x + k) — s,(x)] < /3 whenever || <38 (2)

Since the series, by hypothesis, is uniformly convergent, we can choose n, depending on e
but not on z so that
|ro(x)] < ¢/8 and rp(x+ k)] < /3 for n > my 3
Then from (1), (2) and (3),
s(x+h) —s(@)] = |su(xz+ k) —s,@)] + lrale+R) + r@)] < e
for |k| < 8, and so the continuity is established.

1.54. Prove the Weierstrass M test, [Theorem 1-38, page 10]: If |[f.(x)] = M., n=1,2,3, ...,

where M, are positive constants such that Y M, converges, then X f.(2) is (@) uni-
formly and (b) absolutely convergent.

(a) The remainder of the series . f,(x) after n terms is 7,(®) = fr4,(®) + fry2(2)+ <+, Now
(@) = |fps1(@) +Fppa@+ o] = |fprr @)+ {fpsa@| + 00 = Myt Myt o

But M,., + M, .5+ +++ can be made less than ¢ by choosing n > 1, since > M, converges.
Since 7, is clearly independent of x, we have |r,(x)] <e for = >my, and the series is

uniformly convergent.
=<}

=<}
(b) The absolute convergence follows from the fact that . _EH ()] < k_EH M, <e for
n> g =n =n
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cos nx
is uniformly convergent for all x.

We have for all «,
cosne| . 1

n? Y

o0
Then since

nL converges, the series is uniformly convergent by the Weierstrass M test of
Problem 1.54. =

1

Supplementary Problems

SETS AND REAL NUMBERS

1.56.

1.57.
1.58.

1.59.

1.60.
1.61.

1.62.

1.63.

1.64.

1.65.

1.66.

Let S be the set of all natural numbers between 5 and 15 which are even. Describe S according to
(a) the roster method, (b) the property method.
Ans. (a) S=1{6,8,10,12,14}, (b) S = {x: xis even, 5 < x < 15}

Let A = {x:22—3x+2 =0}, B = {xr: 22=16}. Determine whether or not ACB.
Prove that for any set A we have AC A.

Discuss the truth or falsity of the following statements. (¢) If A and B are any two sets then
either ACB, ADB,or A =B. (b) If x and y are any two real numbers then either x <y, x >y,
or & = y.

Prove that any subset of the empty set must be the empty set.
Let A =1{1,—4,%,—41,%,...}. Find (a) Lub.4, (b) glb. A. Ans. (a) 1, (b) —3.

Give an example of a set S for which (a) the l.u.b. belongs to S but the g.l.b. does not, (b) the lLu.b,
does not belong to S but the g.l.b. does, (c) both the L.u.b. and g.l.b. belong to S, (d) neither the
Lu.b. nor the g.l.b. belong to S.

Give an example to show that a non-empty set of rational numbers can have an upper bound but
not a least upper bound. Reconcile this with the completeness axiom on page 2.

Show that between any two different rational numbers a and b there is (@) at least one rational
number, (b) at least one irrational number. How many rational numbers and irrational numbers
would you expect to have between ¢ and b? Explain.

Work Problem 1.64 when a and b are irrational numbers.

Let of be the set or class of all sets which are not elements of themselves. (a) Prove that if of € f,
then of € of. (b) Prove that if of € of, then of € of. The paradox described is called Russell’s
paradox and shows that sets should not be “too large”. (¢) Illustrate the paradox by discussing the
situation of the barber in a small town who shaves all those men and only those men who do not
shave themselves. In particular attempt to answer the question “Who shaves the barber?”

SET OPERATIONS, VENN DIAGRAMS, AND THEOREMS ON SETS

1.67.

1.68.

Let a universe be given by U = {1,2,8,4,5} and suppose that subsets of U are A = {1,5},
= {2 5, 3}, = {4,2}. Find (a) A U (BUC), (b) (AUB) U C, (¢) A al (BUC), (d)y (ANB) U (ANCQC),

(e) An(BnD), () (AUB)—(AUC), (9) (ANCY~UB, (k) A — (BUO).

Ans. (o) {1,2,38,4,5}, (b) {1,2,8,4,5}, (o) {5}, (d) {5}, (¢) @, (f) {8}, (9) {2,5,8}, (k) {5}.

Let U be the set of all non-negative integers and consider the subsets A = {x : « is an even integer,
1=2<6}, B = {x:xisaprimenumber, 0 <z =4}, Find (@) AUB, (b)) ANB, (¢) ANB,
(dA—B, (¢ B—A, (fy (A—B)u (B—A).

Ans. () {2,3,4}, (b) {2}, (o) {w: =0, x+2,3,4}, (d) {4}, (o) {3}, (f) {38,4}
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1.69. Prove (a) Theorem 1-2, page 3, (b) Theorem 1-3, page 3, (¢) Theorem 1-4, page 3.
1.70. Prove De Morgan’s second law, Theorem 1-12b, page 4, and (b) illustrate by using a Venn diagram.
1.71.  Generalize De Morgan’s first and second laws to any number of sets.
1.72. Tllustrate the principle of duality by referring to the theorems on pages 3 and 4.
1.73. Prove that (A—B)U B = A if and only if BC A4, and illustrate by using a Venn diagram,
1.74. Prove or disprove; If A—B =, then A =B.
1.75. Prove that AUB = (A —ANB)U (B — ANB) and illustrate by a Venn diagram.
1.76.  Generalize the result of Problem 1.10.
1.77. Referring to Problem 1.67, find (¢) A X B, (b) BXA, (¢) AXBXC.
1.78. Prove or disprove: A X(BXC) = (AXB)XC,
1.79.  Prove or disprove: A X(BUC) = (AXB)U (A X ).
FUNCTIONS
1.80. Determine whether a function is defined from the set X to the set Y for the diagram of Fig. 1-16.
L : =
P~ X 2—7] 1 y
‘ 83— 2
4
Fig.1-16 Fig.1-17
1.81. (a) Show that the diagram of Fig. 1-17 defines a function from the set X to the set Y. (b) Find £(2).
(¢) Find f(0). (d) Find the domain of f. (e) Find the range of f. (f) If A is the subset {2,3} of X,
find f(A). (¢) Find f(X). (k) Is f an onto function? Explain. (¢) Find the image of 1 under f.
() Find f~1(2). (k) If B = {0,1}, find f~1(B). (!) Find the inverse image of 1 under f. (m) Is an
inverse function f—! defined from B to A where B = {0,1} and A = {2,3}?
Ans.  (b) 1 @ {1,2,3,4) () (0,1} (k) Yes (j) 4 0 {2
(¢) not defined (e) {0,1,2} (9) {0,1,2} (3) O (k) {1,2,3} (m) No
22, 0<zx=1 . . .
182, Let f(x) = o x>1 define a function f from X to Y. Find (a) the domain of f, (b) the
range of f, (c) f(}), (d) f(3), (e) f(0), (f) f(—1), (9) f(A) where A = {x: { <a<3}L
Ans. (@) >0, (b) {x:0<x=1,2=2}, (¢) 4, (d) 2, (¢) not defined, (f) not defined,
(9) {e:}<2=1 =2} :
1.83. Let a function f: R > R be defired by
1 if « is rational
flx) = e e
0 if # is irrational
Find (@) f(%), (b) f(—V2), (¢) f(x), (d) f(1.252525. . ). Ans. (@)1 (B)0 (¢) 0 (d)1
1.84. If f is a function from X to Y, is it possible that f(X) D Y? Explain.
1.85. Given functions f: A—>B and g: B~ C. Then if a€ A, f(a) €EB and g(f(e)) € C. Thus

to each ¢ € A we have g(f(a)) € C and we have a function from A to C called the product function
or composition function denoted by gof or gf. If for each real number x we have f(x) =22+1
and g(x) =2«, find (a) g(f(1)), () f(g(—2)), (¢) g(f(x)). How would you define f(g(x))? Is this
the same as g(f(x))? Explain, Ans. (a) 4 (b) 17 (e) 2(x2 + 1)
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Determine whether the function of Problem 1.81 is one to one.

Define a function f:R—=>R by f(x) =8x—5. (a) Show that the function is one to one and onto.
(b) Show that the inverse function is defined by f~!(x) = (x+ 5).

Define the functions f,:R—>R and f,:R—>R by fi(x) =22+ 1 and fy(x) =23+ 1. (a) Explain
why f, is 1-1 and onto while f, is onto but not 1-1, and (b) show that we can define an inverse

function fz‘l :R—>R by fz‘l(x) = \3/x —1 but cannot define an inverse function f!:R — R.

(@) If A ={a,b,¢,d} and B = {1,0}, determine how many functions there are from A to B.
(b) Show these diagrammatically, Ans. (a) 42 =16

COUNTABILITY AND CARDINAL NUMBERS

1.90.

191,

1.92.

1.93.

1.95.

1.96.

1.97.

1.98.

Prove that there is a one to one correspondence between the points of the interval 0 = x =1 and
(@) 4 =x =6, (b) 4<2<6. What is the cardinal number of each set?

(a) Prove that the set of all irrational numbers in [0,1] is non-denumerable and (b) find the
cardinal number,

(a) Prove that the cardinal number of points inside a square is equal to the cardinal number of
the set of points on one side. (b) Generalize the result to higher dimensions.

An algebraic number is a number which is a root of a polynomial equation agx®+azn=1+--- +a,
= 0 where aya;, ...,a, are integers. A transcendental number is a number which is not
algebraic. (a) Prove that V2 + V/3 is algebraic but not rational, (b) Prove that the cardinal number
of the set of algebraic numbers is ®,, i.e. the set is countably infinite. (¢) Prove that the set of
transcendental numbers has cardinal number ¢ = §,.

Let « and B be cardinal numbers of the disjoint sets A and B respectively. Then we define a« + 8
and a* g or a8 to be the cardinal numbers of the sets A U B and A X B respectively., Prove that
(@) g+ 8g = Ry, (D) Ng*Rg =Ry, (¢) Rg+c=¢, (d) crc=c.

If « and B are the cardinal numbers of Problem 1.94, we define «® as the cardinal number of the
set of all functions on B with values in A. For example if 4 = (0,1) and B = (a,b,c), then the
set of functions on B with values in A is the set of ordered triplets (0,0,0), (1,0, 0), (0,1, 0), (0,0,1),
1,1,0), (1,0,1), (0,1,1), (1,1,1). Since this set has cardinal number 8, we see that 23 =8. Use
this definition to find (a) 32, (b) Rz. Prove that if a, 3,y are cardinal numbers, then (af)Y = o8,

(a) Prove that every real number in [0,1] can be expressed in the scale of 2, called a binary
expansion, as 3 b,/2k where the b, are either O or 1,
k=1
(b) Prove that the set of all binary expansions in (a) has cardinal number 2%,

(¢) Prove that 2% = e¢.

The cardinal number « of a set A is said to be greater than the cardinal number 8 of a set B if B
is equivalent to a subset of A but A and B are not equivalent. Prove that (a) ¢ > &y, (b) 2® > a.
Deduce from (b) that there are infinitely many transfinite numbers.

Prove that each number of the Cantor set can be expressed as a series [called a ternary expansion]
o

of the form 3 a,/3% where the a; are either 0 or 2.
k=1

DEFINITIONS AND THEOREMS INVOLVING POINT SETS

1.99.

1.100.

1.101.

Let S be the set of rational numbers in [0,1]. (a) What are the interior, exterior and boundary
points of S? (b) What are the accumulation or limit points of S if any? (¢) Is S open? (d) Is S
closed? (¢) What is the derived set S'? (f) What is the closure S? (g) Is S’ closed? (k) Are the
limit points of S interior, exterior or boundary points of S?

Work Problem 1.99 if S is (@) the set of irrational numbers in [0,1] and (b) the set of all real
numbers in [0, 1].

Show that the set of real numbers R is both open and closed.
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1.102. (a) If a limit point of a set does not belong to the set, prove that it must be a boundary point of
the set.

(b) Give a definition of limit point using open intervals instead of 8 neighborhoods and use this
definition to give a proof of the result in (a).

—IE,I+IE> where k=1,2,3,.... (a) Show that NI, =[0,1]. (b) Use (a) to
K

prove that the intersection of a denumerable number of open sets need not be open and compare

with the theorem of Problem 1.28.

1103. Let I, = <

1.104. Give an example showing that the union of a denumerable number of closed sets need not be closed.

1.105. Prove that (a,b) = G l:a+ %, b —%J and thus show that every open interval can be expressed
k=1

as a countable union of closed intervals.
1.106. Prove that every countable set can be expressed as a countable union of closed sets.

1107. Let I, = (k—4,k+ %), k£=1,2,3,... be a set of open intervals which cover the set N of
natural numbers 1,2,8, ... which is a closed set. (a) Is there a finite subcovering of N? (b) Does
your answer to (@) contradict the Heine-Borel theorem? Explain.

1108. Let S = {1,4,4,...} and let I, be an interval so small that it contains only the point 1/k.
() Is there a finite subcovering of S by I;;? (b) Does your answer to (@) contradict the Heine-Borel
theorem? Explain,

1.109. A set S is called perfect if every point of S is a limit point, i.e. S’ = S. Prove that the Cantor set
is perfect. Is the Cantor set a closed set? Explain.

LIMITS AND CONTINUITY
1110, If f(x) = 22+ 3x+ 5, find lim2 f(x) using the definition.
-+

.22 —16 _ i Va — 2
1.111. Prove that (a) 3151_1'3}17:T =8, (b lim “=—, 1.

3z —1, 2<0

1.112, Let f(x) = 0, #=0. Find (a) limzf(x), () lim f(x), (¢) lim f(x), (d) lirg\_ (),
20 +5 x>0 i T=+-3 T—+0+ Zo+
© lin}) f(z). Ans. (a) 9, (b) —10, (c) 5, (d) —1, (e) does not exist.

1.113. Prove (a) Theorem 1-22, page 7, (b) Theorem 1-23, page 7, (¢) Theorem 1-24, page 8.

1.114, Prove that lim f(x) exists at x =a if and only if lim f(x) = lim f(x), i.e. the right and
T=a T=—a+ T=+a—

left hand limits are equal.

1115, Prove that f(x) = 22— 4x + 3 is continuous at « = 2 by using the definition.

IA
e

1.116. Prove that f(x) = 2/(x+ 2) is continuous at all points of the interval (a) 1 <x <3, (b) 2<
1117, Prove that the sum of two or more continuous functions is continuous.

1.118. Prove that the (a) product and (b) quotient of two continuous functions is continuous provided
that division by zero is excluded.

1,119, Prove that a polynomial is continuous in every finite interval,
1.120. Prove (a) Theorem 1-25, page 8, (b) Theorem 1-26, page 8.
1.121, Prove Theorem 1-27, page 8.

1.122, Prove that f(x) = «2— 42+ 3 is uniformly continuous in the interval 2 =z = 4,
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1.123.

1,124,

1.125.

1.126.
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Prove that f(x) =1/22 is (a) continuous for = >a where a« =0, (b) uniformly continuous
for > a if a > 0, (¢) not uniformly continuous in 0 < 2 < 1.

Let f(x) and g(x) be uniformly continuous in @ =« = b. Prove that (a) f(z)+ g(z), (b) f(=)g(x),
(¢) f(x)/g(x), g(x) # 0 are uniformly continuous in a =z = b,

If f(x) is continuous at xy and f(xy) > 0, prove that there exists an interval (xy—h, o+ k),
h > 0 in which f(z) > 0.

Prove Theorem 1-28, page 8.

SEQUENCES AND SERIES

1.127.

1.128.

1.129.

1.130.

1.131.

1.132.

1.133.

1.134.

1.135.

1.136.

1.137.

1.138.

1.139.

1.140.

Use the definition of limit of a sequence to prove that lim Sn + 2

_3
n»m4_5n_ 5.

If lim b, = b ¥ 0, prove that there exists a number ny such that [b,| > 4|b] for all = > n,

n=—+n

If lima, = a, lim b, = b, prove that (a) lim a,b, = ab and (b) lim b—" =3 if b#0.
Nt 0 ne=+ o0 n=—+ n=—+w “n

Find lim sup (Iim) and lim inf (lim) for the sequences (a) ((—1)2+1/ny, (b) (—1)**+Yn+ 1)/(n+ 2)),

(©) (—Dn=Y2n—1)), (d) (T2 Ans. (@) 0,0 (b) 1,—1 (¢) »,—= (d) »,1.

(a) Prove that the limit of a sequence exists if and only if the limit inferior and limit superior of the

sequence are equal. (b) Prove that if ¢, =0 and Iim ¢, =0 then lim a,=0.
n—+0 -0

Prove that the sequence (¢~ "*?) converges uniformly to 0 in any interval not including « = 0.
Test for uniform convergence in [0,1] the sequence (x%).

(¢) Prove Theorem 1-37, page 10. (b) Give an example of a convergent series which is not
absolutely convergent.

o0
Test for uniform convergence the series & «% in its interval of convergence.
n=0

Ans. Uniformly convergent for |x| < p where 0 < p < 1.

o0

If ¥ a,x" converges for x = x, prove that it converges uniformly and absolutely in the interval
n=0

|#] < |z,| where || < |ag].

. kd xn kil 1
Test for uniform convergence: (@) "gl B (d) ng,l pranperd
Ans. (a) Uniformly convergent in —1 = a = 1. (b) Uniformly convergent for all x.
0 22
Test for uniform convergence: ngl m

Ans. Uniformly convergent in any interval not including « = 0.

1 1 1

1522 2% a2 + stz is uniformly convergent but not absolutely

Prove that the series
convergent for all .

Give an example of a series which is absolutely convergent but not uniformly convergent.




Chapter 2

LENGTH OF AN INTERVAL

We define the length of all the intervals e <2z <b,a=zx=b,a=x<b,a<2=Db as
b—a. The length of an infinite interval such as # > a or x = b is defined to be «». In case
a = b, the interval a¢ = x = b degenerates to a point and has length zero. Thus length is
a non-negative real number.

Since an interval I is a set of points, we see that its length is a set function of I having
value L(I) = 0.

AREA AND VOLUME

The idea of length is easily generalized to two, three and higher dimensional Euclidean
spaces. For example, if we consider two dimensions, we can think of a rectangle as a
generalized interval o < x <b, ¢ <y <d [or some variation obtained on replacing < by =]
and the area of the rectangle as a generalized length given by (b —a)(d—¢).- Similarly in
three dimensions we can consider volume as a generalized length.

Although in the following we shall restrict ourselves to intervals and lengths of intervals
in one dimensional Euclidean space, i.e. the real line, it should be emphasized that gen-
eralizations to the higher dimensional spaces can be made.

LENGTH OF UNION OF DISJOINT INTERVALS. LENGTH OF EMPTY SET

We shall be interested in generalizing the notion of length to sets on the real line
besides intervals. The following definitions provide some obvious extensions.

Definition 2.1. If I, I,, ... are mutually disjoint intervals, then
LI; LU --+) = LIy + L(I) + -+

Definition 2.2. L(Q) =0, i.e. the length of the empty set is zero.

LENGTH OF AN OPEN SET

Since any open set O can be expressed as a countable union of mutually disjoint open
intervals I, I, . .. unique except insofar as order is concerned [see Theorem 1-19, page 7],
we are led to the following

Definition 2.3. The length of an open set O = k(:JI I. where the I are mutually disjoint
open intervals, is
LO) = L(I) + L(I) + -+ = X L (1)
k=1

If O is restricted to lie in some fundamental interval I = [a,b], then the series in () con-
verges to a non-negative number less than or equal to b—a, i.e.

0= ILO) =b—a @)

29
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LENGTH OF A CLOSED SET

Since a closed set C contained in [a,b] is the complement of an open set, we are led to
the following

Definition 2.4. The length of a closed set C C [a,b] is
L(C) = b—a— L(C) (3)

THE CONCEPT OF MEASURE

A generalization of the concept of length to arbitrary sets on the real line leads to the
concept of measure of a set. By analogy with length it would seem desirable to have the
measure of a set E, denoted by m(E), satisfy the following ideal requirements.

A-1. m(E) is defined for each set E.

A-2. m(E)=0.
A-3 [Finite additivity]. If E = kL:JI E, where the E; are mutually disjoint, then
mE) = ¥ m(E
k=1

A-4 [Denumerable additivity]. If E = kQI E. where the E; are mutually disjoint, then
m(E) = ,21 m(By)
A-5 [Monotonicity]. If E;C E,, then m(E;) = m(E)).
A-6 [Translation invariance]. If each point of a set E is translated equal distances in the
same direction on the real line, the measure of the translated set is the same as m(E).
A-7. If E is an interval then m(E) = L(E), the length of the interval.

Note that if requirement A-4 holds, then A-3 also holds. However, the converse need
not be true. The two requirements A-3 and A-4 are sometimes together called the require-
ment of countable additivity. We can show that requirement A-5 follows from the other
requirements [see Problem 2.31].

It is possible to show that for general point sets on the real line we cannot satisfy all
of these requirements. Thus if we wish to keep all the requirements A-2 through A-7 we
must conclude that not all sets have a measure. Similarly if we want all sets to have a
measure, then we must sacrifice one or more of the requirements A-2 through A-7.

EXTERIOR OR OUTER MEASURE OF A SET

The exterior or outer measure of a set E, written m.(E), has the following properties
which can be considered as axioms.

B-1. m.(E) is defined for each set E.

B-2. m.(E) = 0.

B-3. m(E{UEU--+) = mEy) + me(Es) + -+
for all sets E, E5, ... disjoint or not.

B-4. Exterior measure is translation invariant.

Note that the requirements A-3 and A-4 for ideal measure, i.e. the additivity require-
ments, have been dropped and replaced by B-3.
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MEASURABLE SETS

The exterior measure, although defined for all sets, does not satisfy in general the
additivity requirements A-3 and A-4, as we have noted. Now we know that every set 7
can be written in the form [see Problem 1.10, page 12]

T = (TNE)U(TNE) (4)

Thus if there is to be any chance at all of satisfying the additivity requirements, we ought
to have ~

MmeT) = m(TNE) + m(TNE) (5)

for all sets T, since TN E and T N E are disjoint. The result (5) will hold [if at all] only for
a restrictive class of sets E. This leads to the following

Definition 2.5. A set £ is said to be measurable, or more precisely measurable with
respect to an exterior measure, if for all sets T

mT) = m(TNE) + mTNE) (6)
In such case m.(E) = m(E) is called the measure of E.

We can show that if we restrict ourselves to measurable sets, then the above ideal require-
ments for measure are satisfied.

Since it is true that for all T [see Problem 2.8, page 36)
mlT) = mTNE) + mTNE)

the Definition 2.5 can be replaced by the following equivalent one.

Definition 2.6. A set E is measurable if for all sets T
mlT) = m(TNE) + m(TNE) )
This is often used in practice to show that a set is measurable.

The sets T in the above definitions are often called test sets since they are used to test
measurability.

LEBESGUE EXTERIOR OR OUTER MEASURE
Thus far we have not actually demonstrated the existence of an exterior or outer
measure although there are in fact several which satisfy the axioms given above. The one
which is most famous and useful is attributed to Lebesgue who investigated it in the early
part of the 20th century.
Definition 2.7. The Lebesgue exterior or outer measure of a set E is
me(E) = g.lb. L(O) forall opensets ODFE

i.e. the greatest lower bound of the lengths of all open sets O which
contain E.

We can show that this does indeed satisfy the axioms for exterior measure [see Problem 2.4].

We can prove that if E is any interval I, then m.(I) = L(I). Also if S is any open set,
then m.(S) = L(S). See Problems 2.2, 2.26 and 2.27.

The following theorem is important.

Theorem 2-1. If E is any given set, then given « > 0 there exists an open set O D E such
that m(E) < mc(0) +¢ and mA{0) = m.(E).
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LEBESGUE MEASURE

Definition 2.8. 1If a set E is measurable with respect to the Lebesgue exterior measure of
Definition 2.7, then we say that E is Lebesgue measurable and define the
Lebesgue measure of E as m(E) = m.(E).

In this book we shall, unless otherwise specified, be concerned only with Lebesgue extertor
measure or Lebesgue measure of sets. Consequently we shall often refer only to exterior
measure or measure without mentioning the name Lebesgue explicitly.

In his investigations, Lebesgue did not actually use Definition 2.5 given above to define
measurable sets. Instead he considered sets E in the bounded interval [a,b] and first
defined the interior or inner measure of a set E as

mdE) = b—a — me(E) (8)
He then called £ measurable if the interior and exterior measures are equal, i.e. if
me(E) = b — a — m(E) (9)
Now if we let I = [a,b], (9) can be written
me(I) = m(INE) + mfINE) (10)

which is a special case of (6) with T =1I. Thus the actual definition which Lebesque used
is a special case of (6). Since Lebesgue started with sets contained in [a, b], i.e. bounded
sets, appropriate modifications had to be made for unbounded sets. Such modifications,
however, are not needed if Definition 2.5 is used. Furthermore Definition 2.5 has the
advantage that it can be used in more general theories of measure. Consequently we shall
use Definition 2.5 in various proofs. It is of interest that if (10) is satisfied then (6) will
also be satisfied [see Problem 2.18].

It should be mentioned that a modification of the Lebesgue procedure is sometimes used.
According to this the interior measure of a set E is defined as

my(E) = lLub. L(C) forallclosedsets CCE (11)

i.e. the least upper bound of the lengths of all closed sets C contained in E. Then E is
called measurable if myE) = m.(E) where m.E) is given by Definition 2.7. Other pro-
cedures are also possible [see Problems 2.42-2.44]. All of these procedures can in fact be
shown equivalent.

It should also be noted that for any set E, m{E) and m.(E) always exist and
m(E) = me(E) (12)
This result is equivalent to (7) with T =1.

THEOREMS ON MEASURE
Theorem 2-2. 1If E is measurable, then E is measurable and conversely.

Theorem 2-3. If E has exterior measure zero, then E is measurable and m(E) = 0.
Theorem 2-4. Any countable set has measure zero.

Theorem 2-5. 1f E; and E. are measurable, then their union E;U E, is measurable. The
result can be extended to any countable union of sets [see Problems 2.10
and 2.12].

Theorem 2-6. 1If E; and E; are measurable disjoint sets, then
m(E1UEs) = m{E)) + m(E,)

This result can be generalized [see Problem 2.13).
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Theorem 2-7. 1f E( and E: are measurable, then their intersection E; N E» is measurable.
The result can be extended to any finite intersection of sets.

Theorem 2-8. 1If E; and E, are measurable and E; C E,, then m(E;) = m(E,).

Theorem 2-9. 1If E, and E, are measurable, E, C E>, and E, has finite measure, then
E.— E: is measurable and m(E:— E\) = m(E2) — m(Ey).

Theorem 2-10. 1f E; and E; are any measurable sets, then
m(E1UEs) = m(E)) + m(E2) — m(E1NEy)

This reduces to Theorem 2-6 if E; and E» are disjoint. The result can be
generalized [see Problem 2.41).

Theorem 2-11. 1f E;, E,, ... are measurable, then £ = k(:JI E\ is measurable.

Theorem 2-12. If Ei, E,, ... are mutually disjoint measurable sets, then
m(EIUEgLJ . ) = M(El) + m(E2) + -

Theorem 2-13. If E\ E, E;, ... are measurable sets such that E;CE;CE3;C ---, then

E = ka F\ is measurable.

Theorem 2-14. If E\ E; E; ... are measurable sets such that EiCE;CE3C ---, then

E = kL=JI E\ is measurable and

7)7,<kf_§I Ek> = lim m(E,)

N+

Theorem 2-15. If E\,E,, E; ... are measurable sets such that EyDE;DE;D --- and at

least one of the K\ has finite measure, then K = kél E; is measurable and

m <£\I Ek> = lim m(Ey)

=+ 0

Theorem 2-16. 1f I is any interval, m(l) = L(I).
Theorem 2-17. If O is any open set, m(O) = L(O).
Theorem 2-18. If C is any closed set, m(C) = L(C).

ALMOST EVERYWHERE

A property which is true except for a set of measure zero is said to hold almost
everywhere.

BOREL SETS

The class of sets which can be obtained by taking countable unions or intersections of
open or closed sets is called the class of Borel sets. We have the following

Theorem 2-19. Any Borel set is measurable.

VITALI’'S COVERING THEOREM

The following theorem due to Vitali is an important and interesting one which is
reminiscent of the Heine-Borel theorem [see page 7].
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Theorem 2-20 [Vitali]. Suppose that each point of a bounded, measurable set E is covered
by a class (J of intervals having arbitrarily small length [called a Vitali
covering]. Then there exists a denumerable set of disjoint intervals Iy, I, . . .

such that kL_JI I covers E except for a set of measure zero.

NON-MEASURABLE SETS

It would seem from the above results that all sets in R are measurable. This however
is not true, i.e. there are sets in R which are not measurable. For an example of a non-
measurable set see Problem 2.21.

Solved Problems

LENGTHS OF SETS
2.1. Find the length of the set kgl{x : 1 =x< l}.

Let I}, = {x:L§x<1}. Then

E+1 A
L ={x:}i=a<1}, I, ={x:{=a<}},
1 1
so that LIy = 1-4, LI) = §—4 ..., L) = ~——1
Then since the I, are mutually disjoint,
Ll Ll = nLI = Q1=+ @E—1) + - + 113y _ ,__1
[;}:JI k:l - kgl (k) - ( 2 2 3) n n+1 B n+1
Th L| 1 lim L| (y I lim (1——1
—_— p—t 1 — ————— —

EXTERIOR OR OUTER MEASURE
2.2.  Prove that if S is any open set, then m.(S) = L(S).

Suppose that O is any open set containing S, i.e. O OS. Then each of the component intervals
of S is contained in some component interval of O. Now S is the smallest open set which contains
itself, i.e. SO S. Then by definition of exterior measure we have

me(S) = g.lb. L(O) where ODS = L(S)

2.3. Prove Theorem 2-1, page 31: If F is any given set, then given ¢ > 0 there exists
an open set O D E such that (a) me(E) < me(O) + ¢ and (b) me(0) = me(E).
(a) By definition of Lebesgue exterior measure,
me(E) = glb. L(O) for all open sets ODF

Since the greatest lower bound exists, it follows that m,(E) exists and by definition of greatest
lower bound we will have for any ¢ > 0

me(E) < L(O) + e
However, since L(0) = m,(O) by Problem 2.2, the required result follows.
(b) This follows from Problem 2.25.
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24.

2.5.

2.6.

Prove that the Lebesgue definition of exterior measure satisfies axiom B-3, page 30,
for exterior measure.

We must show that for any sets E{, E,, ..

Me <LEJ Ek> = %me(Ek)

The inequality is trivial in case one of the sets has infinite exterior measure, so that we can restrict
ourselves to the case where all sets have finite exterior measure.

In such case given e¢> 0 there are open sets O, DE, where k=1,2,... such that [see
Problem 2.3
) LO) = m0) < my(Ey) + e/2¢
L(Oy) = m(0)) = my(Ey)
Then

IA
1A

me<L,-cJ Ek> = Me <LkJ Ok> = %me(ok) = %me(Ek) + %5/2’: = %me(Ek) + e
Thus since ¢ can be taken arbitrarily small,
me<l.kJ Ek> = gme(Ek)

We can also show that the other axioms on page 30 are satisfied.

Prove that if E is any countable set of real numbers, then m.(E) = 0.

Let the points (real numbers) of the set be a,, @y, a3, .... Then we can enclose a,,as,0a3, ...
in open intervals of lengths less than or equal to ¢/2,¢/22,¢/23, ... respectively. Thus
€ € € -
meB) = SAgrtgpt o = e

Since ¢ can be taken arbitrarily small, it follows that m.(E) = 0.

Prove that for each set 7 and any finite collection of mutually disjoint sets £y, ..., E.

Me <T n {;}ZJIE"D = ,;21 me(T N Ey)

We use mathematical induction. For » =1 the result is certainly true. Assuming it to be
true for n — 1 sets, we would have

n—1 n-l
Mg (Tn{ U Ek}> = 3 m(TNEy) 6))
k=1 k=1

Adding m.(TNE,) to both sides yields

m(TNE,) + m, <Tn{:@iEk}> = S m(TnEy @)

This can be written [see Problem 2.30]

Mg <Tn{ LnJ Ek} n En> + m, <T n{ LnJ Ek} N §n> = 3 m(TnEy) 3
k=1 k=1 k=1

Now since E, is measurable, we have for each set T
m(T) = mTNE) + m(TNE) (4)

n
Then letting T = Tn{}—JxEk}’ (8) becomes

Me <Tn { CJ Ek}> = 3 m(TNEy) ®)
k=1 k=1

Hence the result is true for » sets if it is true for n — 1 sets. But since it is true for 1 set it follows
that it is true for 2 sets, 3 sets and so on.
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MEASURABLE SETS AND THEOREMS ON MEASURE

2.7,

2.8.

2.9.

2.10.

Prove that if E is measurable, then the complement E is also measurable.
Since E is measurable, we have for each set T
me(T) = me(TNE) + m(TNE) (1)
In order that E be measurable we must show that for each set T
mlT) = m(TNE) + m{Tn(E)~"} = mTNnE) + m(TNE) ©)

But (2) is identical with (1). Thus E is measurable.

Prove that Definitions 2.5 and 2.6, page 31, are equivalent.

For any sets T and E we have -
T = (TNE) U (TNE) (1)

Thus by Problem 2.4, me(T) = m(TNE) + my(TNE) @)
Now according to Definition 2.5 a set E is measurable if

me(T) = m(TNE) + myTNE) 3)
Thus we can conclude that a set E is measurable if for any set T

m(T) = m(TNE) + m(TNE) 4)
which together with (2) yields (3).

Conversely if we adopt Definition 2.6, then in view of (2) we see that E is measurable according
to Definition 2.5.

Prove that E is measurable if m.(E) = 0.
For any set T we have TNE C E, so that
m(TNE) = my(E) = 0
Then since m,(T'NE) = 0, we have m(TNE) = 0 (1)
For any set T we have T D Tnﬁ, so that using (1),
mo(T) = me(TNE) = m(TNE) + m,(TnE) (2)

from which we see that E is measurable and m(E) = m,(E) = 0.

Prove that if E, and E: are measurable, then E, U E; is measurable.
We would like to show that for any set 7'
m(T) Z mo(T N [EyUE,)) + m(T N [E,VE,|7)
Since E, and E, are measurable, we have for any set T

mo(T) m(TNE,) + my(TNE))

1

mTNE,) + m[(TNE)) n Ey + m,[(TNE,) n B

i

i

my(TNE,) + m(TNE,NE,) + m(TNE;NE,)
= mTNE,) + m(TNE,nE)) + m(T 0 [E{UE,™)

IV

= me(T n [EIUE2]) + me(Tn [EIUE2]~)

Thus E; U E, is measurable.
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2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

Prove that if E; and E; are measurable, then E1 N E; is measurable.

By Theorem 1-12, page 4, we have E;NE, = (gl U§2)~. Since E; and E, are measurable, it
follows from Problems 2.7 and 2.10 that E, N E, is measurable.

Prove that a countable union of measurable sets is measurable.

We can always choose the sets in a countable union to be mutually disjoint [see Problem 1.35,
page 18], We must thus show that if E;, E, ... are mutually disjoint measurable sets, then
<]

E = kL;J] E) is measurable.

Now since any finite union of measurable sets is measurable, we have for any set T

. , . ~
mg(T) = m, <T n {;}ix E"f> + m, <T n {;}ix Ek} >
Me <T N {kgl E'k}> + m, (T n { 1Ek} >

n
Since m,(T) is independent of n, we have on taking the limit as n = «

v

fiCs

v

kgl m(TNE,) + m(TnE)

o0

m(T) = ;Ex mJ(TNE,) + mTNE) = mJTNE) + m(TNE)

Thus E = G E, is measurable.
k=1

Prove that if E\, E», ... are mutually disjoint measurable sets, then
m < U Ek> = 3 m(Ey
k=1 k=1

This follows at once from Problem 2.12 by letting 7 = R, the set of real numbers.

Prove that the measure of any countable set £ is zero.
By Problem 2.5, m(E) = 0. Thus by Problem 2.9, the measure of E is given by m(E) = m,(E) = 0.

Prove that a countable union of countable sets has measure zero.

Since a countable union of countable sets is a countable set, the measure of this set is zero
by Problem 2.14.

Given the measurable sets E1D E;D E3D - -+ where m(E:) is finite. Prove that
hod -
m< N Ek> = lim m(Ey)
k=1 n—+c
<]
Let E = kﬂ E,. Then we have
=1
Ei—E = (E;—Ep U(Ey—E3U - @)
Since E;—E,, E, —E;, ... are mutually disjoint and all the sets are measurable, we have by

Problem 2.13
mE;—E) = m(E;—Ey) + m(Ey,—Eg) + -+ @)
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2.18.
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Then since E,DE, E\DE, E,DE; ..., (2) can be written
m(E) — m(E) = nlgr:o [M(E;—Ey) + m(Ey~E3) + +++ + m(E,—,— E)]
= lim [m(Ey) — mEy + mEy) — mEg) + - + mEn_y) — m(Ey)]
= lim [m(E) -~ mE)] = mE) — lim wE,)
Thus since m(E,) is finite, -
m(E) = m(kgl Ek> = 7}1_13:0 m(E,)

Prove that the Cantor set is measurable and find its measure.

In obtaining the Cantor set, the interval [0,1] is subdivided into 3 parts and the middle third
is removed. Then the remaining intervals are in turn divided into 3 parts and the middle thirds of
each are removed. The process is repeated indefinitely and what is left is the Cantor set.

Now at the first step 1 interval of length 1/3 is removed. At the second step 2 intervals of
lengths 1/3%2 are removed. In general after n steps, 27~! intervals of lengths 1/3" are removed.
It follows that the total measure of the Cantor set K is

X 9n—1
mK)y = 1—- 3

n=1

_ 13
1-2/3

One of the interesting properties of the Cantor set is that although it is non-countable [see Problem
1.22, page 15] it has measure zero.

1 0

311

Let I be the interval [a,b]. Prove that a necessary and sufficient condition for a set
E in I to be measurable is that
me(l) = me(E) + me(E)
Necessity. By definition a set E is measurable if for all sets T
mT) = my(TNE) + m(TNE)
Then if in particular we let T = I, the required result follows since in this case TnNE = FE

and Tnﬁ = 5

Sufficiency. Let T be any set and suppose that G is a measurable set containing T such that
me(T) = m(G) [see Problem 2.45]. Since G is measurable, we have

mE) = mJENG) + my(ENG)
mB) = myENG) + m(EnG)
It follows that mld) = myE) + myE)
= MmUENG) + mfENG) + m(ENG) + m(EnG)
[MBNG) + myENG)) + [m(EnG) + m(EnG)

= m(G) + m® = Mm@ + mB = m)
We thus see that - - o o~ -
MAENG) + mo(ENG) + mENG) + m(ENG) = m(G) + m(G) (1)
Now we know that me(Eﬂg) + me(ﬁn 6) = me(a) = m(G) 2)
Subtracting (2) from (1), MAENG) + m(EnG) = m(G)

Now since TC G, we have ENT CENG and EHTCEHG, so that
MAENT) + mENT) = mo(ENG) + mgENG) = m(G) = me(T)

Then by Problem 2.8 it follows that E is measurable.
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It should be noted that the theorem proved here is proved under the assumption that for any
set T there is a measurable set G such that m.(T) = m(G). This is true for Lebesgue exterior
measure as defined in Definition 2.7, page 31 [see Problem 2.45]. An exterior measure for which
this is true is often called a regular exterior measure.

VITALI'S COVERING THEOREM

2.19. Prove Theorem 2-20 [Vitali’s covering theorem].

Let O be an open set of finite measure containing E. Then we can assume that each interval
of g belongs to O. Suppose that k, is the least upper bound of the lengths of all these intervals of
J. Choose an interval I; € ¢ whose length is greater than 1k, i.e. L(I}) > 1h,.

Now if m(E —1I,) =0, the required result is established. If not, let 2, be the least upper
bound of the lengths of all those intervals of § which are disjoint from I,. Denote by I, an interval
of J which is disjoint from I; and whose length is greater than 1lh,, i.e. L(Iy) > Lh,.

If myE —I;Ul,) = 0, the required result follows. If not we continue the process to find
an interval I, etc. Clearly the process will either terminate, in which case the result is established,
or it will not terminate.

We must thus investigate the case where the process does not terminate. In such case we will
have a sequence I, I,, ... of mutually disjoint intervals with the property that
m(Iy) = L) > 1Lk, k=12, ... (1)

<]
Then since each I, C O so that kU I, ¢ O, we have by Problem 2.13
=1

m<6 1k> = 3wy = 3 LU) = mo) ®

k=1
Thus the series in (2) converges and as a consequence of this and (1),

klim L) = 0 and lim h, = 0

k=
n
Consider now the set S = E — {J I, which is not empty. If x €S, then it belongs to E
k=1
and does not belong to I, I, ...,I,. By the definition of Vitali covering there will be some interval
I € g containing x. Also I is disjoint from Iy, ..., I,.

The interval I must have at least one point in common with some interval I, where k > n.
For if I were disjoint from I,,,,, I 40, ... for £k = n+1, n+ 2, ..., it would follow on noting
that L) =k, for k = n+1,n+2, ... and lim k, = 0 that L(I) = 0 so that I would not
be an interval. ke

We can assume that the first interval in the sequence (I;) with which I has common points
is I,+,. We see that in such case

L) = hyyy < 2L(I,4y) )
Since x € I, we see from Fig. 2-1 that the I
distance from x to the midpoint of I,,,, cannot }C
exceed L(I)+ 1L(I.,) or $L(I,.,) using (3). N ; ) x X
If therefore we consider an interval J,,, with - ~ /
the same midpoint as I,,,; but five times as long, I
we see that ¢ € J, . Fig. 2-1
n %)
From this it follows that all points « belonging to E — kUl I, also belong to Uy Jy, ie.
= k=n+1
n 0
E—-yL,c U Jg (4)
k=1 k=n+1

Then by Problem 2.25,

IA

M, <E— 0 1k> 2n+lL(Jk) = 5k=E"HL(Ik)

k=
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0
But since 3 L(I,) converges, it follows that given ¢ > 0 there is a2 number n, such that the
=

=1
last sum can be made less than /5 for n > n, ie.

n
Mg <E —kszlIk> < e for n>ny (5)

Prove that the conclusion of Problem 2.19 is the same as the statement
m <E — G Ik,> = 0
k=1
or that the mutually disjoint intervals I, I, ... cover E almost everywhere.

The result (5) of Problem 2.19 can be written equivalently as

me <E - kg] Ik> = 0

Thus from Problem 2.9 we have "

NON-MEASURABLE SETS

2.21.

Demonstrate the existence of a non-measurable set.

We shall show that there is a non-measurable set in the interval [0,1]. For convenience in
arriving at this set we shall map this interval on to the circumference C of a circle so that to
each point in [0,1] there will be one and only one point on C and conversely.

Let # and y denote any two points on C. We define « and ¥ to be equivalent points if the arc
joining them has rational length and in such case write  ~ y.

We now consider subsets of C, denoted by A,, having the property that two points 2 and ¥
are in the same A, if « ~ y. The sets A, are often called equivalence classes. Since the rational
numbers are countable, it is then clear that each A, contains a countably infinite set of points, i.e.
is countable.

The sets A, are also mutually disjoint. For if the same point x belongs to different sets A
and Aa , then a]l points of A"‘l and Aa are the same so that A is identical with A

Since the sets A, are mutually disjoint, it follows that there is a non-countable number of such
sets. To see this we simply have to observe that each set must contain a distinet irrational
number and that the set of irrational numbers is non-countable.

We now construct a set S which consists of one and only one point x, from each of the sets
A, so that any two distinet points of S are not equivalent. To do this we must use the axiom
of choice. The set S is the required non-measurable set.

To show that S is non-measurable let us first consider the set of rational numbers between
0 and 1, denoted by 7y, 75, 73, ... . For simplicity let r, = 0. For any positive integer &k let S
be the set of points of C which we obtain by a counterclockwise rotation of S through an are of
length 7. It is clear that S = S, and all the Sy are congruent, so that they are either all meas-
urable or all non-measurable.

The sets S, do not have any points in common, i.e. they are mutually disjoint. To see this
let us consider any two Sj, for the sake of argument S; and S;. If S; and S; are not disjoint
there is a point in common, say p. Since p € S; there is an element y € S for which the are
length from p to y is r4. Also, since p € S; there is an element z €S for which the arc length
from p to z is ;. Thus the arc length from y to z is rational, i.e. ¥y ~z. This however contra-
dicts the fact that no two distinct points of S can be equivalent, and thus we must have y =z
so that we must have 74 = r; which is impossible. This contradiction shows that the S, are
mutually disjoint.

Now if we take any point # € C, then we have « € A, for some . Since z, € 4,, it follows
that the arc length from « to x, equals r, for some positive integer k so that # € S;. Thus each
point of C belongs to some Sj.
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We thus conclude that C = U Sy where the S; are mutually disjoint. Then if the S) are
measurable we have m(S) = m(S,) = m(Sz) and
m(C) = m(S)) + m(Sy) + -+ = m(S) + m(S) + -+

Now if m(S) > 0 we would have m(C) = », and if m(S) =0 we would have m(C) =0. Since
m(C) = 1, we cannot have m(C) = » or 0. This contradiction shows that S cannot be measurable
as we were required to show.

Supplementary Problems

LENGTHS OF SETS

2.22. Find the lengths of each of the following sets.
(@) {x: 2<x<6} B) {z:83=x=5}u{4=2<—-2} (¢ {r: 3<2<4}U{l=gx=¢6}
Ans. ()8 (B4 (09

-]
2.23. Find the length of the set U <z: l—é x < —l_— . Ans. 1
= ok gk—1
% 1
2.24. Find the length of theset U <2z:0<2 < e[ Ans. 1/8
k=1

EXTERIOR OR OUTER MEASURE
2.25. If E,CE,, prove that m,(E,) = m.(E,).

2.26. Prove that if I is a closed interval [a, b], then m (I) = L(I) = b—a.
2.27. Extend the result of Problem 2.26 to any interval.

2.28. Prove that if C is any closed set, then m.(C) = L(C).

2.29. If m,(E,) =0, prove that m,(E,U E,) = m(E,).

2.30. Verify equation (8) of Problem 2.6.

MEASURABLE SETS AND THEOREMS ON MEASURE

2.31. Prove that requirement A-5 for measure follows from the other requirements.
2.32. Prove that any subset of the rational numbers @ is measurable and find its measure.

2.33. Prove that the set of all irrational numbers in [0,1] is measurable and find its measure. Is any
subset of the irrational numbers measurable? Justify your answer.

2.34. Prove that every interval I is measurable and has a measure equal to its length, i.e. m(I) = L(I).
2.35. Prove that if O is any open set, then O is measurable and m(0) = L(O).

2.36. Prove that if C is any closed set, then C is measurable and m(C) = L(C).

2.37. Prove Theorem 2-8, page 33.

2.38. Prove Theorem 2-10, page 33.
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2.39.

2.40.

241,

2.42.

2.43.

2.44.

2.45.

2.46.

2.47.

2.48.

2.49.

2.50.
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Prove or disprove: Any subset of a measurable set is measurable.
Use Problem 2.5 to prove that the set of points in [0,1] is not countable,

If E, E,, E; are any measurable sets, prove that
m(E\,UE,UE3) = m(E,) + m(E,) + m(E3) — m(E,NE,) — m(E;NE3) — m(E,NE3) + m(E;NE,;NEy)

which is a generalization of Theorem 2-10, page 33. Obtain further generalizations.

Prove that a set E is measurable if and only if for any e > 0 there exists an open set ODF
such that m, (0 —E) <e

Prove that a set E is measurable if and only if for any e > 0 there exists a closed set CCFE
such that m(E —C) <ee.

Prove that a set E is measurable if and only if for any e > 0 there exist an open set O D E and
a closed set C C E such that m,(0 —C) <e.

If A is any set, prove that there is a measurable set B D A such that m,(A) = m(B). See Prob-
lem 2.18.

Suppose that all the numbers between 0 and 1 are expressed as non-terminating expansions in the
scale of 10, i.e. as infinite decimals. Prove that the measure of the set of all such numbers in
which one particular digit [say 5] is omitted is zero.

Prove Theorem 2-19, page 33.

Use Lebesgue’s definition of a measurable set [see (8) or (9), page 32] to prove (a) Theorem 2-6,
(b) Theorem 2-11.

Show how to prove some of the theorems on pages 32 and 33 if we start with the definition that
E is measurable if there is an open set ODE such that m,(0O —E) < e [compare Problem 2.42).

Work Problem 2.49 if we use the definition that E is measurable if there is an open set ODF
and a closed set C CE such that m, (0 —C) < e [compare Problem 2.44].



Chapter 3

DEFINITION OF A MEASURABLE FUNCTION

Let E be a measurable set and f(x) a real function defined on E. We say that f(x) is
Lebesgue measurable or, briefly, measurable on E if for each real number « the set of values
x € E for which f(x) > « is measurable. The set of values x € E for which f(x) >« can
be written {x € E: f(x) > «} or briefly E[f(x) > «].

If f(x) is measurable we call it a measurable function.

THEOREMS ON MEASURABLE FUNCTIONS

Theorem 3-1. The function f(x) is measurable on E if and only if for each real number
x one of the following sets is measurable

(@) E[f(x) <«l, (b) E[f(@)=«}, (¢) E[f(z)=«]

and if one of these sets is measurable then all the sets are measurable.

Because of this theorem a function f(x) can be defined as measurable on E if any one of the
sets E[f(x) > «], E[f(x) <«], E[f(x) = «], E[f(x) =] is measurable for each «.

Theorem 3-2. If f(x) is measurable on E, then E[f(x) =« is measurable for each x. The
converse of this is not true [see Problem 3.6].

Theorem 3-3. The function f(x) is measurable on E if and only if for each pair of distinct
real numbers « and B, E[a < f(x) <pB] is measurable. The result is also
true if either one or both of the inequality symbols is replaced by =.

Theorem 3-4. A function f(x) is measurable on E if E[f(x) > «] is measurable for each
rational number «.

Theorem 3-5. If f(x) is measurable on a set E, and if E; C E,, then f(x) is measurable on
B,

Theorem 3-6. If f(x) is measurable on a countable class of disjoint sets E), Es, ..., then
it is measurable on their union Y E\.

Theorem 3-7. If fi(x) and fz(x) are measurable on E, then E[fi(x) > f2(x)] is measurable.
Theorem 3-8. A constant function is measurable,

Theorem 3-9. If f(x) is measurable on E, then for any constant c, f(x) + ¢ and cf(x) are
also measurable on E.

43
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Theoremn 3-10. If f(x) is measurable on E, then [f(x)]? is measurable on E.

Theorem 3-11. 1If fi(x) and f:(x) are measurable on E, then fi(x) + f2(x), fi(x) — f2(x),
f1(x) f2(x) and f1(x)/f2(x) where f2(x)+ 0 are measurable on E.

Theorem 3-12. If fi(x) and f»(x) are measurable on E, then the maximum and minimum
of fi(x) and f2(x), i.e. max {fi(x), f(x)} and min {f,(x), f2()}, are measurable.

Theorem 3-13. If f(x) is measurable on E, then |f(x)| is measurable on E.
Theorem 3-14. If f(x) is continuous on E, it is measurable on E.

Theorem 3-15. 1If fi(u) is continuous and u = fa(x) is measurable, then fi(fz(x)) is meas-
urable. In other words a continuous function of a measurable function is
measurable. However, a measurable function of a measurable function
need not be measurable.

Theorem 3-16. Let (fu(x)) be a sequence of functions measurable on E. Then F(x) =
Lu.b. fo(x), called the upper boundary function, and G(x) = g.lb. fa(x),
called the lower boundary function, are also measurable on E.

Theorem 3-17. If (f.(x)) is a monotonic sequence of functions measurable on E such that
lim f»(x) = f(x), then f(x) is measurable on E. [Note: The sequence

(fr(x)) is said to be monotonic increasing if fi(x) = f2(x) = .-+, monotonic
decreasing if fi(x) = fa(x) = - -+, and monotonic if the sequence is mono-
tonic increasing or monotonic decreasing.]

Theorem 3-18. Let (fa(x)) be a sequence of functions measurable on E. Then lim f.(x) and
lim f.(x) are measurable on E. e

Theorem 3-19. Let (f.(x)) be a sequence of functions measurable on E such that
lim fn.(x) = f(x). Then f(x) is measurable on E. The result is also valid

in case lim fu(x) = f(x) almost everywhere.

Theorem 3-20. If f,(x) is measurable on a set £ and fi(x) = fa(x) almost everywhere on
E, then f:(x) is measurable on E.

BAIRE CLASSES

From the above theorems we see that all continuous functions are measurable and all
limits of sequences of measurable functions are measurable. It follows that limits of
sequences of continuous functions, which may be discontinuous, are measurable and that
limits of these discontinuous functions are measurable, etc. Thus we obtain a hierarchy
of measurable functions.

This has led Baire to give a classification of functions. A function is said to belong to
the Baire class of order zero [or briefly Baire class 0] if it is continuous. A function
which is the limit of a sequence of continuous functions [i.e. functions belonging to Baire
class 0] but which is itself not continuous, belongs to the Baire class of order one [or briefly
Baire class 1]. In general a function is said to belong to Baire class p if it is the limit of a
sequence of functions of Baire class p — 1 but does not itself belong to any of the Baire
classes 0,1,...,p—1.

It follows that every function which belongs to some Baire class is measurable.
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EGOROV’S THEOREM

Theorem 3-21 [Egorov]. Let (f»(x)) be a sequence of measurable functions which converges
to a finite limit f(x) almost everywhere on a set E of finite measure. Then
given any number 8§ > 0, there exists a set F' of measure greater than
m(E) — 8 on which f.(x) converges to f(x) uniformly.

Solved Problems

3.1. Prove that f(x) is measurable on E if and only if for each real number « the set
E[f(x) =«] is measurable.

If f(x) is measurable on E, then for each real number « the set E[f(x) > «] is measurable. Then
by Theorem 2-2, page 32, its complement with respect to E given by E[f(x) = «] is measurable.

Conversely if E[f(z) = «] is measurable, so also is E[f(z) > «], i.e. f(x) is measurable on E.

3.2. Prove that f(x) is measurable on E if and only if for each real number « the set
E{f(x) = «] is measurable.

If f(x) is measurable on E, then for each real number « the set E[f(x) > «] is measurable.

Then E’[f(x) >k —%J is measurable for » =1,2,3,... and so

18

E l:f(x) > k- ﬂ = E[f(2) = «]

n=1

is measurable,

Conversely if E[f(x) = «] is measurable, then E l:f(x) =+ %} is measurable for n =1,2,38, ...
and so

E[f(x) zx+ﬂ = E[f(z) > «]

2
ics

is measurable, i.e. f(x) is measurable on E.

3.3. Prove that f(x) is measurable on E if and only if for each real number « the set
E[f(x) <«] is measurable.

If f(x) is measurable on E, then E[f(x) > «] is measurable for each real number «. Then by
Problem 3.2, E[f(x) Z «] is measurable and so its complement with respect to E given by
E[f(x) < x] is measurable,

Conversely if E[f(x) < «] is measurable, then its complement with respect to E given by
E[f(x) Z ] is measurable and so by Problem 3.2 f(x) is measurable on E.

3.4. Prove that if f(x) is measurable on E, then E[f(x)=«| is measurable for each real
number «.

We have E[f(x) - ,‘] = E[f(x) = K] n E[f(x) = 'c]

Since the sets on the right are measurable, their intersection is also measurable and so the
result follows.
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3.5.

3.6.

3.7.

3.8.

3.9.

MEASURABLE FUNCTIONS [CHAP. 3

Prove that if f(x) is measurable on E, then (a¢) E[f(z) = »] and (b) E[f(x) = —=]
are measurable,
(a) We have E[f(x) = »] = KE\lE[f(x) > ]

and since a countable intersection of measurable sets is measurable the required result follows.
=<}
(b) We have E[f(x) = —=] = N E[f(x) < —«]
k=1

and the required result follows as in part (a).

Give an example to show that even if E[f(x) =«| is measurable for each real number
k, it may be true that f(x) is not measurable on E. Compare Problem 3.4,

Suppose that S is a set which is non-measurable [see Problem 2.21, page 40, for example] and
let this set be made to correspond in a 1-1 manner with some subset of the set of points for which

z > 0. Suppose further that the complement of S, i.e. §, corresponds in a 1-1 manner with some
subset of the set of points for which & = 0.

Now let us suppose that a function f(z) is defined by these 1-1 correspondences. Then if « is
any real number, the set E[f(x) = «] contains not more than one point and is thus measurable.
However, E[f(x) > 0] which is the same as S is non-measurable, i.e. f(x) is not measurable,

Prove Theorem 3-4, page 43: A function f(x) is measurable on E if (a) E[f(x) > «]
is measurable for each rational number « or (b) E[f(x) = «] is measurable for each
rational number «.

(a) Let « be the limit of a sequence of rational numbers (x,) where x; > ko > k3 > -+, We have
w .
E[f(x) >« = U] E[f(x) > ]
n=

Then since each of the sets on the right is measurable, their countable union is also measurable
and so f(x) is measurable on E.

(b) This follows as in part (a), since we can write

E[f(x) Z«] = ng E[f(2) = x,]

Prove Theorem 3-7, page 43: If fi(x) and fz(x) are measurable on E, then E[f\(x)> f:(x))
is measurable.

For every # € E we can always find a rational number r such that f;(x) > r > fy(x). Since
E[fi(x) > r > fy(x)] = E[fi(x) > 7] n Elfy(x) <r] (1)
it follows that the set on the left is measurable since the sets on the right are measurable.

Now we have
Elfy(x) > fa(®)] = Y E[fy(x) > r > fo()] (2)

where the union on the right is taken over all rational numbers r such that f,(x) > r > fy(x).
Since the set of rational numbers is countable, the right side of (2) is a countable union of measurable
sets which is measurable.

Prove that if f(x) is measurable on E, then for any real constant ¢, f(x)+ ¢ is meas-
urable on E.

Since f(x) is measurable on E, we have E[f(x) > x—¢] is measurable. Thus E[f(x)+ ¢ > «]
is measurable and so f(z) + ¢ is measurable on E.
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3.10.

3.11.

3.12.

3.13.

3.14.

3.15.

Prove that if f(x) is measurable on E, then for any real constant ¢, ¢ f(x) is measurable
on E.

If ¢>0, Elef(x) > «]
If ¢<0, Elef(x)>«] = E[f(x) <«/c] which is measurable.

E[f(x) > x/¢] which is measurable.

If ¢=0, ¢f(x) =0 which is measurable.

Thus ¢ f(x) is measurable on E for any real constant c.

Prove that if fi(x) and f2(x) are measurable on E, then f,(x) + f2(x) is measurable on E.
Method 1.
We have for each real number «,
Efi(x) + fa(x) > «] = E[fi(x) > x — fy(2)] @)

By Problem 3.9 and 3.10, « — f,(x) is measurable, Thus by Problem 8.8 the right side of (Z) is
measurable, so that f,(x) + f,(x) is measurable on E.

Method 2,
We have for each real number «,

Eff (@) + fa(x) > ] = LTJ E[fi(x) > 7] N E[fy(2) > x—1] (2)

where the union on the right is taken over all rational numbers » and is thus a countable union.
Since f,(x) and f,(x) are measurable on E, so also are the sets on the right of (2) and a countable
union of these sets, Thus the left side of (2) is measurable and so f,(x) + f,(x) is measurable on E.

Prove Theorem 3-10, page 44: If f(x) is measurable on E, then {f(x)}? is measurable
on E.

We have
E[{f(x)}2>«] = E[f(x)> V] U E[f(x) < —V«]

and the required result follows since the union of measurable sets is measurable.

Prove that if fi(x) and f:(x) are measurable on E, then fi(x) f2(x) is measurable on E.

We have
fi@) fa(x) = L[{fi(@) + fo(@)}2 — {fi®) — f2(2)}¥]

Thus by Problems 3.10 and 8.11, f,(x) fo(«x) is measurable on E,

Prove Theorem 3-14, page 44: If f(x) is continuous on E, it is measurable on E.

Consider the set E[f(z) = «]. If z, is any limit point of this set, then every neighborhood of
x, contains points such that f(x) =« By the continuity of f(x) at «,, it follows that f(xo) = «.
We thus see that the limit point «, belongs to the set E[f(x) = «]. Then this set is closed since it
contains all its limit points, It follows that E[f(x) =«] is measurable since any closed set is
measurable, Thus the complement E[f(x) > «] is measurable and so f(x) is measurable on E.

Let f(x) be measurable on E and let O be an open set. Prove that the set E[f(x) € O]
is measurable.

Let O = Lj I, where I, = (a,b,) are the component open disjoint intervals [see Theorem
k=1

1-19, page 7). It follows that
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3.16.

3.17.

3.18,

3.19.
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Ef@€0] = UEf@en] = U Elfe)>a]nE[f@ <b)

Since the sets E[f(x) > a;] and E[f(x) < by] are measurable, it follows that E[f(x) € 0] is
measurable,

Prove Theorem 3-15, page 44: If fi(u) is continuous and u = fa(x) is measurable on
E, prove that f.(f:(x)) is measurable on E.

We must show that E[f,(fy(x)) > «] is measurable. Now
E[fi(fs(x)) > «] = E[fz(x) € O] ()

where O = {u: fim)>«}

is open since f, is continuous [see Problem 1.41]. Then since the right side of (I) is measurable,
the required result follows,

Prove Theorem 3-16, page 44: Let (f.(x)) be a sequence of functions measurable on
E. Then F(x) = Lub. {fa(x)} = Lub. {fi(z), f2(x),...} and G(x) = g.lb. {fr(x)} =
g.lb. {fi(), f2(x), ...} are also measurable on E.

We have -
E[F(z) Z2«] = L_JI E[f.(x) Z «]
n=
Then since a countable union of measurable sets is also measurable, the required result follows.

A similar argument shows that G(z) = g.lb. f,(#) is measurable on E [see Problem 3.45].

If fi(x) and f:(x) are measurable on E, prove that (a) max {fi(z), f2(x)} and
(b) min {f\(x), f2(x)}, where max and min denote maximum and minimum, are also
measurable on E.

(a) We have
max {f1(2), fz(®)} = Lub. {f, (), ()}

so that the required result follows from Problem 3.17.

(b) We have
min {f, (), fz(x)} = glb. {f,(2), f2(2)}

so that the required result follows from Problem 3.17.

Prove Theorem 3-17, page 44: If (f.(x)) is a monotonic sequence of functions meas-
urable on E such that lim f.(x) = f(x), then f(x) is measurable on E.

Consider the case where for all x € E,

filw) Z fa(x) = fa(x) =

‘We have for each real number «

=<}
E [lim falz) = x} = kul E[fy (x) > «

n=—+ o« =
and the required result follows since a countable union of measurable sets is measurable.

A similar proof can be given for the case where f;(x) = fo(%) = fs(x) = -+ or cases where
the equality is omitted.
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3.20. Prove Theorem 3-18, page 44: Let (fa(x)) be a sequence of functions measurable on
E. Then lim f.(x) and lim f.(x) are measurable on E.

-+

Call Fi(x) = lub, {f,(2),f2(x), ...}
Fy(x) = lub. {f5(x), f3(x),...}
F3(x) = lub, {f3(=), f4(2), ...}
and so on. It follows that Fy(x) = Fy(x) Z Fi(x) = -+ and
B fole) = lim Fo(@)

Now by Problem 3.19, the right side is measurable and so the required result follows.

A similar argument shows that lim f,(x) is measurable [see Problem 3.46].
n=—+ow

3.21. Prove Theorem 3-19, page 44: Let (fn(x)) be a sequence of functions measurable on
E such that lim f.(x) = f(x). Then f(x) is measurable on E.

By Problem 3.20, lim fn(x) and lim f,(x) are measurable on E. If lim f,(z) = f(z), then
n =+ n=+wx

n=—+o

f@) = lim fu(x) = lm f,(2)
and so is measurable on E. inte

3.22. Prove that there are functions which are non-measurable.

Let S be a non-measurable set [see Problem 2.21] and consider the characteristic function

_ 1 if x€8
K= 0 if ces
Then x(2) is non-measurable.
BAIRE CLASSES
3.23. Let fa(x) = 1*-1—1xﬂ for any real number z. () To what Baire class does each fn(x)

belong? (b) To what Baire class does lim f.(x) belong?

(¢) Since each f,(x) is continuous, it belongs to the Baire class of order zero, i.e. Baire class 0.
(3) For |z|<1, lim f,(x) =1, For |«|>1, lim f,(®) = 0. For |o| =1, ije a2 =1,
n=—+w n=—+on

lim f,(x) = 1, Thus if lim f,(x) = F(x), then
n=+wc N =+ coc

1 |z <1
F) = 1 Jel=1
0 |z} >1

Since F(x) is the limit of a sequence of functions in Baire class zero but does not itself belong
to Baire class zero, it belongs to Baire class 1,

3.24. Prove that the sum of two functions of Baire class p is also of Baire class p.
The result is true if » = 0, since the sum of two continuous functions is also continuous.

To prove that the result is true for p = 1, we observe that by definition if f(x) and g(x) belong
to Baire class 1 then there are sequences of functions (f, (x)) and (g,(«)) such that lim f,(%) = f(x)
n=—+n
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and 7}1_13:0 gn(®) = g(x) where each f,(x) and g,(x) belongs to Baire class 0. Now since f, (x) + g,(x)

belongs to Baire class 0 it follows that f(x)+g(x) = lim [f,(x) + g,(x)] belongs to Baire class 1.
n=—+ oG

The same argument can be used to prove the result for any value of p.

EGOROYV’S THEOREM

3.25. Prove Theorem 3-21 [Egorov’s theorem], page 45: Let (f.(x)) be a sequence of
measurable functions which converges to a finite limit f(x) almost everywhere on a
set E of finite measure. Then given any number & > 0, there exists a set ¥ of
measure greater than m(E) — § on which f.(x) converges to f(x) uniformly.

Suppose that the set of all x € E for which f,(x) converges to f(x) is denoted by H. Then

we have
mH) = m(E) or mE-H) = 0 (1)

Let H,, = {x: € H, If"—f{<zl7for nzj}

Now if we fix p it follows that
H,,CH,,CH,;C -

and H = G Hy ;
i=1

Then by Theorem 2-14, page 33, we have

= m(H)

Jim m(E,, )

so that there must be a natural number j(p) for which

)

mH ~ Hy ) < 35 @)
=<}
If we call F = ﬂl Hy 0
p=
we see that on F =1l < % for all n = j(p)

ie. f,(x) converges to f(x) uniformly on F.

We now have only to show that m(F) > m(E)— 8 or equivalently m(E —F) < 8. To do this
note that

-]
H—F c U (H-Hyp)

so that by (1), (2) and Theorem 2-8, we have

< 8
mE—-F) = m(H—-F) = Em(H—HP,]'(p)) < 215 =98
e

p=1
i.e. m(E—F) < § as required.
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3.26.

3.27.

3.28.

3.29,

3.30,

3.31.

3.32,

3.33.

3.34,

3.35.

3.36.

3.37.

3.38,

3.39.

3.40,

3.41.

3.42.

3.43,

3.4.

3.45.

3.46.

3.47.

Supplementary Problems
Prove Theorem 3-3, page 43.

Prove a theorem analogous to that of Theorem 3-3, page 43, where either one or both of the
inequality symbols < is replaced by =.

Prove that a constant function is measurable.

Investigate the measurability of the function

i) = 1 if « is a rational number in (0, 1)
o= 0 if « is an irrational number in (0, 1)

Prove that if f;(x) and f,(x) are measurable, then ¢; f{(®) + ¢, fy(x), where ¢; and ¢, are any
constants, is also measurable.

Prove that f(x) is measurable on E if and only if E[f(x) < «x] is measurable for each rational
number «.

Prove that any function defined on a set of measure zero is measurable.

Prove that the sum and product of any finite number of measurable functions is also measurable,
Is the result of Problem 3.33 true for an infinite number of measurable functions? Explain.
Prove Theorem 3-5, page 43.

Prove Theorem 3-6, page 43.

Prove that if f, () and f,(x) are measurable on E, then f, (2)/f,(«x) is measurable on E if f,(x) # 0.
[Hint: First prove that 1/f,(x) is measurable].

If f(x) is measurable, prove that any positive integral power of f(x) is also measurable.
Prove Theorem 3-12, page 44.

Prove Theorem 3-13, page 44.

Prove Theorem 3-19, page 44, for the case where "hlr:o fn(®) = f(x) almost everywhere in E.
Prove Theorem 3-20, page 44.

Prove that the function f(z) defined in the interval [a,b] by
=x <
f@) = {"" ey
¢, ¢g=x=b

where ¢, and ¢, are constants, is measurable in [a, b]. This function is an example of a step function.

Suppose that [a,b] is the union of a countable number of disjoint sets Ey, E,, ... so that f(x) = ¢;
on E, where ¢, is a given constant. Prove that f(z) is measurable in [a,b]. Note that if
E|,E,, ... are intervals, then f(x) is a step function [Problem 3.43].

Complete Problem 3.17.
Complete Problem 3,20,

Let f(x) be measurable and g(«) be monotonic increasing [i.e. g(x) is such that g(x,) = g(x,) for
x> u,]. Prove that g(f(x)) is measurable.
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3.48.

3.49.

3.50.

3.51.

3.52.

3.53.

3.54.

3.55.

3.56.

3.57.

3.58.

3.59.

3.60.
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Prove the result of Problem 3.47 if g(x) is monotonic decreasing [i.e. g(%s) = g(x;) for xy > x4,
Thus prove the result if g(x) is monotonic [i.e. monotonic increasing 6r monotonic decreasing].

Show that lim lim (cosp! »%)22 is measurable.
D=0 =0

To what Baire class does the function of Problem 3.49 belong?

Let f,(x) =e=n® for 0=x=1 and let F(z) = lim f,(x). To what Baire classes do the
functions (@) f,(x) and (b) F(x) belong? nee

Let S be a non-measurable set. Suppose that for each p €S we define a function f,(x) =

1 z=»p Show that F(z) = lLub h es)=4F HEES 4 that
0 otherwise' (@) ow tha (@) = lLub. [f,(x) where p ] = 0  otherwise an a

(b) F'(x) is non-measurable.

Does the result of Problem 3.52 contradict Theorem 3-16, page 44?7

Prove the result of Problem 3.24 for the case where p = 2.

Prove that if f(z) is of Baire class p, then so also are (a) |f(x)], (b) [f(2)]2

Prove that the product of two functions of Baire class p is also of Baire class p.

Prove that if f;(x) and f,(x) are of Baire class p, then so also are (a) max {f;(x), f2(®)} and
(b) min {f;(%), f5(x)}. [Hint: max {fi(x), fo(x)} = §[f1(x) + fo(®)] + &{fy(x) — folx)], min {f1(2),fy(x)} =
$f1(®) + fa(@)] = §if1(2) — fa(@)].]

Use Problem 3.57 to work Problem 3.18,

Let (f,(x)) be a sequence of functions of Baire class p which converges uniformly to f(x). Prove
that f(x) is also of Baire class p.

Is the result of Problem 3.59 true in case the convergence is not uniform? Explain.




Chapter 4

THE RIEMANN INTEGRAL

The integral usually treated in introductory courses in the calculus is called the
Riemann integral after the mathematician who contributed largely to its development. A
discussion of this integral and its properties is given in Appendix A, pages 154-174, for the
benefit of those who wish a review of it.

The Riemann integral has certain defects which can be remedied by use of the
Lebesgue integral, as we shall see in this and later chapters. Although it is possible to
define the Lebesgue integral in many ways, we shall adopt a procedure which parallels as
closely as possible the definition given in Appendix A for the Riemann integral. The main
difference between the Riemann and Lebesgue integrals is that the former uses intervals
and their lengths while the latter uses more general point sets and their measures. Thus
it is not surprising that the Lebesgue integral is more general than the Riemann integral.

DEFINITION OF LEBESGUE INTEGRAL FOR
BOUNDED MEASURABLE FUNCTIONS

Let f(x) be bounded and measurable on the interval [a,b]. Suppose that « and j are
any two real numbers such that « < f(z) <g. Divide the range « to g into n subintervals
by choosing values ¥1,¥z, ..., Yn-1 so that

a = Yo<Y<Y<- - <Y1 <Yn = B (1)

Note that these values are represented geometrically by points on the y axis as indicated
in Fig. 4-1. A particular set of subdivision points is often referred to as a partition, net
or mode of subdivision.

Let Ex, k = 1,2,...,n, be the set of all # in [a, b] such that yx—: = f(x) < yx, ie.
Ex = {x:y-1 = f(x) < ¥}, E=12...,n
Since f(x) is measurable, these sets are measurable and, as easily verified, disjoint.
Consider the upper and lower sums S and s respectively defined by

S = 3umiBy @
s = ély"_‘m(Ek) 6))

By varying the partition, i.e. choosing different points of subdivision as well as the number
of points, we obtain sets of values for S and s. Let

= g.Lb. of the values of S for all possible partitions

J = Lu.b. of the values of s for all possible partitions

53
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These values, which always exist, are called upper and lower Lebesgue integrals of f(x) on
[, b] respectively and are denoted by

b b
1= feyde, 7= { f@ae %)
If I =J, we say that f(x) is Lebesgue integrable on [a,b] and denote the common value by
b
S, fwda ®)

called the Lebesgue definite integral of f(x) on [a,b].

We have the following important

Theorem 4-1. If f(x) is bounded and measurable on [a,b], then the Lebesgue integral (5)
exists and we say that f(x) is Lebesgue integrable or simply integrable on
[, b].

If (5) exists, we sometimes write

fbf(x) de < o " (6)

GEOMETRIC INTERPRETATION OF THE LEBESGUE INTEGRAL

As seen in Fig. 4-1 below, yx m(Ex) and yx—1 m(Eyx) can be interpreted geometrically as
areas of rectangles when the E\ are intervals on the z axis. In such case the Lebesgue
integral gives the area bounded by the curve y = f(x), the x axis and the ordinates at
z=a and x=0>b. For more general sets the Lebesgue integral may exist but a geometric
interpretation may be impossible.

S
L
i
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
J

b — 1]

Fig. 4-1

NOTATION FOR RIEMANN AND LEBESGUE INTEGRALS

It should be observed that (5) has the same appearance as the Riemann integral of
elementary calculus. Since the main purpose of this book is a treatment of the Lebesgue
integral, we shall use the notation (5) for this integral. When it is necessary to distinguish
between this integral and the Riemann integral, we shall use the notation

@ f "H(2) do )

for the Riemann integral. [An exception to this is Appendix A.]
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THE LEBESGUE INTEGRAL DEFINED ON A BOUNDED MEASURABLE SET
If E is a measurable set contained in [a, b], then the Lebesgue integral of f(x) on ¥ is

defined as .
J @i = [ g @
where g(x) = {f(x) for v € & )
0 forx<FkE

This can also be defined directly through use of the upper and lower sums (2) and
(3) where
Ex = {x: 2 €FE, yr-1 = f(x) < yx} (z0)

If this is done, then the results already obtained become a special case where E = [a,b].

THE LEBESGUE INTEGRAL AS A LIMIT OF A SUM

We can also define the Lebesgue integral as the common limit of the sums S and s
given by (2) and (3) respectively as the number of subdivision points becomes infinite in
such a manner that the largest value of yx —yx-1 approaches zero. See Problems 4.11 and
4.39.

THEOREMS INVOLVING THE LEBESGUE INTEGRAL

In the following we assume, unless otherwise stated, that f(x) is bounded and measurable
and thus Lebesgue integrable and that all sets indicated are measurable.

Theorem 4-2. f cf(x)de = cf f(x) dx for any constant c
E E

Theorem 4-3. f cdx = cm(E) for any constant ¢
E

Theorem 4-4. If E has measure zero, then

f flxyde = 0
E
Theorem 4-5. 1If A = f(x) = B, then

Am(E) = f f(x)dx = Bm(E) (11)
E

This is sometimes called the mean-value theorem for Lebesgue integrals.

Theorem 4-6. 1f E = E,UE> where E, and E: are disjoint, then
f fx)ydx = f f(x)dr + f f(x) dx
E E, E,

The result is easily generalized to finite unions of sets.

Theorem 4-7. 1If E = E,UE;U--- where E|,E ... are mutually disjoint, then

Lf(x)dx - Llf(x)dx + j;zf(x)dx L

This generalizes Theorem 4-6 to a countably infinite union of sets.
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Theorem ¢-8. f [f(x) + g(x)] dx f fx)dx + f g(x) dx

The result is easily generalized to any finite number of functions.

Theorem 4-9. If f(x) and g(x) are bounded and measurable on E, then f(x) g(x) is Lebesgue
integrable on E, i.e.

j; f@)gx)de < =
Theorem 4-10. If f(x) = g(x) on E, then

j; fle)yde = L g(x) dx

The result is also true if f(x) = g(x) almost everywhere on E.

Theorem 4.11. 1f f(x) is bounded and measurable on E, then |f(x)| is Lebesgue integrable on
E. Conversely if |f(x)] is bounded and measurable on E, then f(x) is
Lebesgue integrable on E.
=
= { @)z

under the conditions of Theorem 4-11.

Theorem ¢-12. lf f(x) dx
E

Theorem 4-13. If f(x) = g(x) almost everywhere on E, then

‘L flx)de = L g(x) dx

Theorem 4-14. 1f f(x)=0 and f f(x)dx =0, then f(x) =0 almost everywhere on E.
E
The result is also true if f(x) = 0 almost everywhere on E.

LEBESGUE’S THEOREM ON BOUNDED CONVERGENCE

Theorem 4-15. [Bounded convergence]. Let (f.(x)) be a sequence of functions measurable
on E such that lim f.(x) = f(x). Then if the sequence is uniformly bounded,

i.e. if there is a constant M such that |fx(z)] =M for all n, we have
lim § fa(x)dx f lim f,,(x) de = f f(z) dx
N =t 00 E E

Because sets of measure zero can be omitted in the integrals, the conditions of the theorem
can be relaxed so that they hold almost everywhere.

This important theorem, which is not true for Riemann integrals [see Problem 4.24],
indicates the superiority of the Lebesgue integral.

THE BOUNDED CONVERGENCE THEOREM FOR INFINITE SERIES

The Lebesgue theorem on bounded convergence stated above can be restated in terms
of series rather than sequences as follows.

Theorem 4-16. If w(x),k = 1,2,... are measurable on E and the partial sums

su(r) = X ux(r) are uniformly bounded on E [i.e. S ur(x)| = M for all
k=1 k=1

x € E‘] and lim sq(x) = s(x), then

L {él “"(x)} de = 2 L wi(x) dz
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RELATIONSHIP OF RIEMANN AND LEBESGUE INTEGRALS

Theorem 4-17. 1If f(x) is Riemann integrable in [a, b], then it is also Lebesgue integrable in
[a,b] and the two integrals are equal, i.e.

j;bf(x) de = (‘R)j;bf(x) dx

Note, however, that the converse is not true, i.e. if f(x) is Lebesgue integrable in [a, b] then
it need not be Riemann integrable in [a,b]. See Problem 4.9 and also Problem A.2,
page 159.

Theorem 4-18. A function f(x) is Riemann integrable in [a,b] if and only if the set of
discontinuities of f(x) in [a,b] has measure zero, i.e. if f(x) is continuous
almost everywhere.

Theorem 4-19. If f(x) is continuous almost everywhere in [a,b], then it is Lebesgue
integrable in [a, b].

Solved Problems

DEFINITION OF THE LEBESGUE INTEGRAL FOR
BOUNDED MEASURABLE FUNCTIONS

4.1. Prove that for the same mode of subdivision or partition, a lower sum s is not
greater than an upper sum S, ie. s= 8.

Using the notation on page 53, we have

Y—1 < Yk
Then since m(Ey) = 0, Yk—1MEr) = yx m(Ey)
Summing from k=1 to n, we have
n n
s = SwamB) = I umB) = 8

4.2. Prove that for the same mode of subdivision or partition (a) an upper sum has a
lower bound and (b) a lower sum has an upper bound.

(@) For k=1,...,n we have ¥y, = « so that
yr m(Ey) = am(Ey)

Summing from k=1 to n yields

S = 3 yxm(Ey)
=1

%

a kgl m(Ey) = am(E)
where E = kCJl Ey = {z: a < f(x) < B}.

Then a lower bound of S is am(E).
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4.3.

4.4

THE LEBESGUE INTEGRAL FOR BOUNDED FUNCTIONS [CHAP. 4

() For k=1,...,m we have y,_, = 8 so that
Ye—1M(Ey) = Bm(E})

Summing from k =1 to »n yields

IIA

s = 3 yp—1m(Ey) B 3 m(Ey) = Bm(E)
k=1 k=1

Then an upper bound of s is B m(E).

Prove that for all possible modes of subdivision or partitions (a) the upper sums
have a greatest lower bound I and (b) the lower sums have a least upper bound J.

(¢) By Problem 4.2(a), the upper sums for all possible modes of subdivision have a lower bound
am(E) and must thus have a greatest lower bound which we can denote by I.

(b) By Problem 2(b), the lower sums for all possible modes of subdivision have an upper bound
Bm(E) and thus must have a least upper bound which we can denote by J.

A refinement of a given partition or mode of subdivision is obtained by using addi-
tional points of subdivision. If S is the upper sum corresponding to a given partition
while S, is the upper sum corresponding to a refinement of this partition, prove that
S1 = 8. Thus prove that in a refinement of a partition, upper sums cannot increase.
Similarly we can show that s =s, ie. the lower sums cannot decrease [see
Problem 4.32].

The result will be proved if we can prove it when one point of subdivision is added to the
given partition. To do this let the given subdivision points be
a =Yy <y < " <y, =8
Suppose that the additional point of subdivision occurs in the interval (y,—1,%p) and is denoted

by u so that y,—, <u <y,

Now the contribution to the upper sum corresponding to the subdivision points of the interval
(Yp—15Yp) is
Yp m(Ep) (1)

The contribution to the upper sum when the additional point of subdivision u is taken into
account is

wnES) + gy @
where E;,l) = {x: yp—1 = fx) < u}, EP = {z: u=flx) < yp) (3
and it is clear that
E, = EXUEY, mE,) = mEL)+mEY) (4)
Because of (4) we can write () as
vpm(EL) + ypmEL) )

The change in the original upper sum caused by the additional subdivision point is given by
the difference between (2) and (5), i.e.

(u— yp) ME L) (6)

Since this is negative or zero [because y, > u and m(E’;l)) = 0], it follows that the upper
sum cannot increase by adding a point of subdivision and the required result is proved.
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4.5.

4.6.

4.7

4.8.

Prove that an upper sum for any partition is not less than a lower sum corresponding
to the same or any other partition.

The required result has already been proved when the partitions are the same [Problem 4.1].

To prove the result for different partitions, suppose that the upper and lower sums correspond-
ing to one partition are given by S,, s, while the upper and lower sums corresponding to the other
partition are given by Sj, ss.

Consider the partition obtained by superimposing the two above partitions [i.e. the partition
obtained by taking the union of all the subdivision points] and denote the corresponding upper and
lower sums by S,, s4. Since this new partition is a refinement of each of the given partitions, we
have by Problem 4.4,

S; 28y, 8 = s ()]
But we also have by Problem 4.1,
S, Z s (2)
Thus from (7) and (2) we have
Sp Z s (3)

[or S3 = s, on interchanging subscripts 2 and 3], i.e. an upper sum for any partition is not less
than a lower sum for any other partition.

Using the notation of Problem 4.3, prove that I =J.

Assume the contrary, i.e. I<J. Now I is the
greatest lower bound of all upper sums. Thus there must

be some partition or mode of subdivision giving an upper S s

sum S to the left of the midpoint of the interval IJ - // R /‘/ _

[Fig. 4-2]. I' 7
Also since J is the least upper bound of all lower

sums, there must be some partition giving a sum s to

the right of the midpoint of interval I.J. Fig. 4-2

This, however, is impossible because S cannot be less than s. Thus we have arrived at a
contradiction on assuming I < J, and it follows that I = J.

Note that although we have used a geometric argument the proof can be easily formulated
analytically [see Problem 4.33].

If S is an upper sum corresponding to any partition and s is a lower sum correspond-
ing to the same or different partition, prove that
S=zlIzJ=s

Since I is the greatest lower bound of all upper sums, we must have S = I. Since J is the
least upper bound of all lower sums, we must have J = s. Also from Problem 4.6 we have I = J.
Thus SzIz=J=Zs.

Prove that f(x) is Lebesgue integrable if and only if for any > 0 there exists a
partition with upper and lower sums S, s such that S—s <.

If for any e > 0 there is a partition such that S —s <¢, then by Problem 4.7,
0 =T—-J =S—5 < ¢
so that I =J [since e can be arbitrarily small]. Then f(x) is Lebesgue integrable.

Conversely suppose I =J. Then if ¢ > 0 there exists a partition such that S < I+ ¢2 [since
I is the greatest lower bound of all upper sums] and s > J —¢/2 [since J is the least upper bound
of all lower sums]. Then
S—8 < (I+e2)—(J—el2) = ¢
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4.9.
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(a) Show directly from the definition that the function
flx) =

{1 z is a rational number in [0, 1]

0  xisan irrational number in [0, 1]

is Lebesgue integrable in [0,1) and (b) find the value of the Lebesgue integral of
f(x) in [0,1].
(a) In the definition of the Lebesgue integral [see page 53] we choose subdivision points such that
a = Yy < Y < Yy < v < Ypo1 <Y, =B

and consider sets By = {&: yp—1 = f(x) <y}

Now let us consider Fig. 4-3, where the heavy lines are intended to indicate the graph of
f(2) in [0, 1], and the dashed lines are intended to show the subdivision points taken on the y
axis [compare Fig. 4-1, page 54]. Although it is certainly not necessary to appeal to a diagram,
the use of one helps to clarify the ideas involved.

f(x)
yp=p———H—m—m—H————————— — = — = —— — —
Yp-1pp—~——— — — ————— —— o —— — ——
Y o — — e
Y%-a1pB—- - —— —— — —— ——
heZe--A-—————— " —-——""—"——"—"—""—— z
p— |
e ———

Fig. 4-3

It is clear from this diagram that the only non-empty sets are [assuming «=0,8>1,
>0, ¥y,—1<1]
E, = {&: 9= flx) <y}

and E, = {&: yp1 = f(@) < yn}

The set E, is the set of irrational numbers in [0,1] while the set E, is the set of rational
numbers in [0,1]. It follows therefore that m(E;) =1 and m(E,) =0 while m(Ey) =0 for
k=23,...,n—1.

Then since an upper sum and lower sum are defined respectively by

n n
S = kgl yem(Eg), s = ’21 Y —1 M(EY)
we see that these reduce to
S =y, s=y

Now by varying the partition it is then clear that since ¥, is any number > 0 while y, =«
is any number = 0,
I =1lub.S = lub.y, = 0

J = glb.s = glb.y, = 0
Thus since I =J =0 we see that f(x) is Lebesgue integrable in [0,1].

(b) Since the common value of the upper and lower integrals I and J is 0, it follows that the
Lebesgue integral of f(z) in [0,1] is 0, Le.

1
f fxyde = 0
0
Note that the function is not Riemann integrable [see Problem A.2, page 159].
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4.10. Prove that if f(x) is bounded and measurable on [a, b], then it is Lebesgue integrable
on [a,b].

Using the notation on page 53, we have

§—s = 3 (=) mEy

Now we can certainly arrange to have a partition or mode of subdivision so that y, —y,—, < ﬁ.

Thus we can say that

n n
€ — € —
S—s < kglb_am(Ek) = b_akglm(Ek) = .

so that from Problem 4.8, f(x) is Lebesgue integrable.

THE LEBESGUE INTEGRAL AS THE LIMIT OF A SUM

4.11. Prove that the definition of the Lebesgue integral as a limit of a sum [see page 55]
follows from the definition given on page 53.
For the case where the number of subdivision points is %, let S, and s, be the corresponding
upper and lower sums. Then if I is the g.l.b. of all upper sums and J is the l.ub. of all lower sums,
we must have

s, =J =1=8, (1)
n n
Now Sn = kEI Yk m(Ek)r 8, = kE yk—lm(Ek)
= <
n
so that 0 = S, —8 = kgl Yk — yx—1) m(Ex) (2)

Then given ¢ > 0 we can choose n > 1y so that yp —yp—; < ¢/(b—a) for k=12 ...,n Thus

for n > n,,
S, — 8, = kélb—i—am(Ek) = .
ie. ignw (S,—s,) = 0. Thus from (1) we see that
IimS, = lims, = I = J = fbf(x)dx
R+ R a

We can also show the converse [see Problem 4.39].

THEOREMS INVOLVING THE LEBESGUE INTEGRAL
4.12. Prove Theorem 4-5, page 55: If A = f(x) =B, then

Am(E) = f flx)de = Bm(E)
E
From Problems 4.2 and 4.7,
AmE) = s =1=J =S = BmE)

Since we are assuming that f(x) is Lebesgue integrable so that I = J, it follows that

AmE) = Lf(x)dx = Bm(E)
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4.13.

4.14.

4.15.

THE LEBESGUE INTEGRAL FOR BOUNDED FUNCTIONS [CHAP. 4

Prove Theorem 4-6, page 55: If E = E\UE, where E, and E: are disjoint, then
f flx)yde = f f(x) dz +f f(x)dx
E Ey E,

by using the Lebesgue integral as a limit of a sum.
Choosing subdivision points y, such that
a = Yo <y < " < Y, =P

the set E is divided into subsets Ey while E, and E, are divided into disjoint subsets E(", E\>
such that E, = E” UE{Y and

mEy) = mE") + mEY)
Then

I

n n
lim kE v M(ELY) + lim kz v mED)
=1 =1

L! f(x)de + sz(x) dx

fx)de = lim I y,m(Ey)
E k=1

For another method see Problem 4.14.

Prove Theorem 4-6, page 55 without using the Lebesgue integral as the limit of a
sum [see Problem 4.13).
Suppose that for « € E, a < f(x) < 8 while for E, and E,, «, < f(x) < 8; and ap < f(x) < By
respectively. We can take a as the smaller of aj, ay and B as the larger of g, .
Let us choose as mode of subdivision of («, 8) the points a=y,<y; <+ * <y,=p8. Two
cases can arise.
(1) Some of these are points of subdivision for (a;, 8;) and the remaining ones are points of sub-
division for (ay, 85).
(2) Two of the subdivision points do not happen to be the same as the larger of a;, ay or the
smaller of By, B,.

If the second case arises we revise the points of subdivision so as to include the two extra
points of subdivision. The refinement does not increase upper sums nor decrease lower sums
[Problem 4.4].

Then if we denote upper sums corresponding to E, E |, E, by S, S}, S, respectively, we have

S =S, +8S,
or using the fact that f(x) is integrable on E, E, and E,,
j fx)de = f f(x)dx + f f(x) dee 1)
E E; E,

Similarly if we denote lower sums corresponding to E, E,, E, by s,8,,8,, we find

8 = 8, + 8

fxyde = fx)de + flx)d X 2
or L () do , (%) de J;;z () da 2)
From () and (2) we see that
flx)dx = f(x)dx + fx) d
J, J,perae v § reras

Prove Theorem 4-7, page 55: If f(x) is bounded and measurable on E = k(:)l Ey
where the sets Ex are measurable and disjoint, then

j;f(x)dx = j;f(x)dx_{_ Ef(x)dx+

-]
Let E =S,UR, where S, = kC) E., R, = * LJ+1 Ey. Then since f(x) is integrable on
=1 =n
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S, and R,, we have

j;f(x) de = f f(x) dxe + Lnf(x) dx

Sp
= Llf(x) dx + -+ + Lnf(x) dx + Lnf(x) dx

Now by Theorem 4-5 [the mean-value theorem] since |f(x)| = M,

Ln f(z) dz

But since m(E) = m(S,) + m(R,) = m(E,) + --- + m(E,) + m(R,) and since m(E) = m(E,) +
m(E5) + --- is finite, the infinite series converges so that lim m(R,) = 0. Thus taking the limit
as n— » in (1), we find that nev e

= Mm(R,) (1)

; de = 0
7}31; Lnf(x) % (2)
Then f flx)dx = f flx)dx + f flx)de + -
E E, E,

4.16. Prove that if f(x) is bounded and measurable on E, and ¢ is any constant, then

L[f(x)Jrc] de = Lf(x)dx + cm(E)

Suppose that the mode of subdivision of o < f(x) < 8 is made by the points o=y, <
y; < +-+ <y, = B. Then the upper sum corresponding to f(x) is

S = I yem(E)) (1)
k=1

where E, = {x: 2€E, y,_; = flx) < yp} (2)

Similarly the upper sum corresponding to f(x) + ¢ is
n n n
S, = kE (yp +e)m(E,) = kEI e m(Ey) + ckEl m(Ey)
=1 = =

ie. S, = S+ em(E)

Taking the limit as n —> «, we have

f [flx) +e]de = f f(x)dx + em(E)
E E

4.17. Prove Theorem 4-8, page 56: If f(x) and g(x) are bounded and measurable on E, then
fE [f(z) + g(@)]de = L f(@)dz + fE (@) da

n
Let E = U E, where the E; are given by (2) of Problem 4.16. Then
k=1

IRCECL: 3 [ -+
E k=1vE,

IV

p] [Y—1 + g(@)] dx
k=1

Ey

= X y—1mB) + 3 f g(x) d
k=1 k=1

= s+ fg(x)dx
E
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4.18.

4.19.

4.20.
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Thus we have L[f(x)+g(x)] dr = fE f() de + Lg(x) dx (1)
Similarly f [f(2) + g(x)] dx = kglek [f(x) + g(x)] dw

= E o [y + 9(x)] dw

= 3 uem@) + 3 fE 9(a)

= 5+ ng(x) dz
Thus we have fE @)+ g@)] dz = fE f(z) dor + L 9(x) dx 2)

From (Z) and (2) we must have

f(x) +g(=)] dx = f(z) dz + (x) d
L[xgx]x wa Lgxx

The result is easily extended to any finite number of functions [see Problem 4.48].

Prove Theorem 4-10, page 56: If f(x) = g(x) on E, then

S s fE

Since g(x) — f(x) is non-negative on E, ie. g(x) — f(x) = 0, we have

f [9z) — f@)]dz Z 0
E

ie. Lf(x) de = f g(x) dx

E

Prove Theorem 4-11, page 56: If f(x) is bounded and measurable on E, then |f(z)| is
Lebesgue integrable on E. Conversely if |f(x)| is bounded and measurable on E,
then f(x) is Lebesgue integrable on E.

If f(x) is bounded and measurable on E, then so also is |f(x)| [see Theorem 3-13, page 44]. Thus
|f(x)| is Lebesgue integrable on E.

Similarly if |f(x)| is bounded and measurable on E, then so also is f(x). Thus f(x) is Lebesgue
integrable on E.

= f |f(x)]dx under the conditions of
E

Prove Theorem 4-12, page 56: 'f f(x) dx
Theorem 4-11. £

Method 1.
We have —lfl@)| = fle) = |f(»)]

Then by Problem 4.18 we have on integrating over the set E,

_L]f(x)ldx = Lf(x)dx = L!f(x)ldx
S 1) as
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4.21.

Method 2.
If E* =E[f(x)=0] and E~ = E[f(x) <0], then

fE fw)de = fE+f(x)dx + fE @) de = L+|f(x)!dx —L_!f(x)!dx

and ) de = x)|dx + x)| dx
f [F(z)] f+ f ()] f_lf( i
Then x) dx = f(x)| dxe — f(x)| dx
e ff() f+!()! f_l()[
= x)| de + x) de = %)| dx
f+!f( )| f_]f( i f [f(@)]

Prove Theorem 4-14, page 56: If f(x)= 0 is bounded and measurable on E and
f f(x)dx =0, then f(x)=0 almost everywhere on E.
E

Method 1.
Since f(x) is bounded, there is a constant M such that 0 = f(x) = M. Consider the sets
E, = {x: f@) =0}, E, = {x:%l<f(x)§M}, B, = {x:%<f(x)§%4}
and in general E, = {x:%<f(x)ékTMl}, k=23, ...

Since the sets are measurable and disjoint,
mE) = m(E) + m(Ep) + ---
where E = kfj E,. Now by the mean-value theorem,
=
M
Em(E’k) = f flx)de = -k—ﬂ_iim(Ek), k=23, ...
Eg

From the inequality on the left and the fact that the integral over E; cannot exceed the integral
over E, we have

m(E,) = ]%f fx)dx = %f flxyde = 0
Ey E
Then m(E,) =0 for k£ =2,3,.... It follows that
ME,UEU- ) = m(Ey) + m(Eg) + «+ = 0

i.e. the measure of the set for which f(x) = 0 is zero, so that f(z) =0 almost everywhere.

Method 2.

Suppose that contained in E there is a set A of positive measure for which f(x) > 0. Then
we can express A as the union of mutually disjoint measurable sets

Ay = {z: flx) > 1}, Ay = {x: f(®) >4}, Az = {z: flx) >3} -+

Since m(4) = m(4,) + m(A,) + --- and m(A) > 0, it follows that there is some set 4 such that
m(A,) is a positive number, say p.

Then by the mean-value theorem and the fact that the integral over A, cannot exceed the integral
over E, we have
m(Ay) »
flx)yde = flx)dxe = A = % > 0
E Ak

which contradicts the hypothesis that the integral over E is zero. Thus the set A cannot be of
positive measure and it follows that f(x) =0 almost everywhere.
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LEBESGUE’S THEOREM ON BOUNDED CONVERGENCE

4.22.

4.23.

Prove Lebesgue’s theorem on bounded convergence [Theorem 4-15, page 56]: Let
(f»(x)) be a sequence of functions measurable on E such that hm fu(x) = f(x). Then

if |fu(x) = M
lim f etz =, o)

From the fact that |f,(x)] =M and lim f,(x) = f(x), it follows that |f(x)] = M. Then f(x)
n =+ 0

is bounded and measurable and thus integrable. The result to be proved is equivalent to proving
that

lim fE [fz) ~ fu(@)]dz = 0 (1)

or since

f v - nea| = | @ - el
E E

it will follow if we can prove that

tim V) - f(0) o

Il
o

(2

Let E be represented as the union of the disjoint measurable sets
By = {z: [f-Hl<elf—fol<e...}
E, = {x: !f fl! = 6 !f_le <eg ...}
By = {z: [f—folZelf—fol<e...)

En = {x: !f_fn—llgey !f“fn!<5y-"}

ete., i.e. E = G E,
k=1
Then if S, = U By and B, = U Ej we have
k=1 k=n+1
— f@dz = ~ @) de + — (@) d 3
S 110 — ry(o fs 1@~ @lde + 1) = ) e ®

Now on S, we have |f(x)— f.(x)] <e Also since |f,(x)] =M and |f(z)]= M, we have on R,
lf@) — f, (@) = [f(x)| + |fu(x)] = 2M. Thus (3) becomes on using the mean-value theorem,

f lf@) — fo(@)ldx = em(S,) + 2M m(R,) (4)
E

Since lim m(S,) = m(E) and lim m(R,) =0, we have from (4)
ne—+ 0

Tim f [flx) — fol@) dx = em(E)

n=+ 0

or letting ¢ - 0, lim f [f(x) — fo(@))de = 0
N+ O E

je. 1' — . =

i.e lim L If(x) — fo(2)] dx 0

which proves the required result.

Prove that the conditions in Problem 4.22 can be relaxed so that they hold almost
everywhere.

This follows at once since sets of measure zero do not affect the values of the integrals of f(x)
and f,(x) on E.
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4.24. Give an example of a sequence of functions (f.(z)) such that lim f,(z) = f(x) and
having the property that noe

lim fol@)yde = f lim fu(x)dx

b
lim (R) J fa(x)der +# (R)} lim fa(x)dx
N~ a a n—+x
_ Let (r,) denote a sequence representing all the rational numbers in [0,1]. [This is possible
since the set of rational numbers in [0,1] is denumerable]. Define a sequence of functions (fp(x)) in
[0, 1] such that

1 x=7r,79%...,7
f % — I» r'n
n(®) 0 Z#7r,7r9...,7,
Then lm f,0) = fl) = 1 = 1.s a ratlon?.l number in [0, 1]
ne 0 =z is an irrational number in [0, 1]

Now from the definition of f,(x) we have

1 1
f fol@yde = 0  andso lim f fo(@)de = 0
0 0

ne+ oo

Also using Problem 4.9, 1 1
f lim f,(x) = f flxyde = 0
=+ 0 0

0
1 1
Thus lim f fol@)dx = f lim f,(x) dx

We would expect this of course in view of Problem 4.22.

However, if we use the Riemann integral we have

1 1
(R) ) ful@)dxr = 0  sothat lim (R fol@)de = 0
J. at  lim ( >f0 %) d
but from Problem A.2, page 159,
@ [ lim f0de = @ [ )
im f,(x)dx = x) dx
0 N 0 0

does not exist. Thus

1 1
lim (R) f folx)dx = (R)f lim f,(x)dx
Neb 0 0 0 no

RELATIONSHIP OF RIEMANN AND LEBESGUE INTEGRALS
4.25. Prove that if f(x) is Riemann integrable in [a, b], then f(x) must be measurable.
Suppose that the interval [a, b] is subdivided into = parts by the subdivision points i
a =2y < 23 < 2y < -0 < 2, = b (1)
Consider the functions
V(@) = mP, T (x) = M™, 2 < X =4 (2)
where mfc") and M,(c") are the g.l.b. and lL.u.b. of f(x) in the interval x, < 2 = x;,,;. We have used

the superscript n to emphasize the fact that there are » subdivisions.

Integrating the functions in (2) from a to b, we have
b n
vp(x)de = k§1 mW (%), — Tp—1) 3

Yy de = Z M@ ) *)
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4.26.

4.27.

4.28.

THE LEBESGUE INTEGRAL FOR BOUNDED FUNCTIONS [CHAP. 4

These integrals are respectively the lower and upper Riemann sums of f(x). It follows since f(x)

is Riemann integrable, that
b

b b
lim f Yplx)dz = lim Y (x)de = (‘R)f f(z) dx )

n—+x a n—+o g a
Now as n = » the functions y,(x) and ¥,(x) converge to the functions ¢(x) and ¥(x) respectively
where y(x) represents the greatest lower bound of f(x) in a § neighborhood of x as § » 0 while
¥(x) represents the least upper bound of f(x) in a § neighborhood of z as § = 0.

Since y,(x) and ¥,(x) are measurable functions, the limits of these are also measurable
[Theorem 3-19, page 44] so that y(x) and ¥(x) are measurable. By Lebesgue’s convergence theorem

and (5) we have b b b
im [ @i = [ e = @) e ©)
b b b
im [ @ = [ vwa = @ [ fa %)
b
so that on subtraction, f [¥(x) —y(x)]de = O 8)

But since ¥(x) = y(x), it follows from Problem 4.21 that ¥(x) = y(x) almost everywhere in
[@,b]. Now it is clear that y(z) = f(z) = ¥(x), from which we see that f(x) = ¢(x) almost every-
where and that f(x) is measurable since y(x) is.

Prove Theorem 4-17, page 57: If f(x) is Riemann integrable in [a, b], then (a) it is
Lebesgue integrable in [a,b] and (D) the Riemann and Lebesgue integrals of f(x) in
[a,b] are equal.
Using the notation of Problem 4.25, we have
wx) = flx) = ¥(x)
so that by (6) and (?) of that problem,

(®) f ey de = (vt = | e

b b
Thus [ i = @ [ fea

IA

f ’ Y(x)de = (‘R)fbf(x) dx

a

and the required results are proved.

Prove Theorem 4-18, page 57: A function f(x) is Riemann integrable in [a, D] if and
only if the set of discontinuities of f(x) has measure zero, i.e. f(x) is continuous
almost everywhere.

If f(x) is continuous at a point x, then using the notation of Problem 4.25 we must have
w(x) = ¥(x). Conversely if y(x) = ¥(x) at z, then f(x) is continuous at x. In other words f(x) is
continuous at « if and only if y(x) = ¥(x) at «.

Now from the results of Problem 4.26 we see that f(x) is Riemann integrable in [a, b] if and
only if [see equations (5), (6) and (7) of Problem 4.25].

b b b b
f wiz)de = lim f Yp(®)de = lim f Y, (x)dx = f ¥(x) do
a Nt a n—+oo/ g

a

or y(x) = ¥(x) almost everywhere, i.e. f(x) is continuous almost everywhere.

Prove Theorem 4-19, page 57: If f(x) is continuous almost everywhere in [a,b],
then it is Lebesgue integrable in [a,b].
This follows at once from Problems 4.26 and 4.27.
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Supplementary Problems

DEFINITION OF THE LEBESGUE INTEGRAL FOR BOUNDED MEASURABLE FUNCTIONS
4.29. Use the definition of the Lebesgue integral to show that if ¢ is any constant

b
f cdx = c(b—a)

a

5 -1 0<x<3
4.30. Evaluate J; f(z) de if flx) = { 4 3< 2 <5 by using the definition.
0=2<1
431. Work Problem 4.30 if f(x) = 3 2<z=4.
-1 4<zx=5H

4.32. Prove that in any refinement of a partition or mode of subdivision the lower sums cannot decrease
[see Problem 4.4].

4.33. Give a proof of the theorem in Problem 4.6 without referring to a diagram.

4.34. Show how to work Problem 4.9 by not referring to a diagram.

1 if z is an irrational number in (—4, 4)

4
4.35. Let f(x) = { Evaluatef f(x) d=x.
-4

—2 if x is a rational number in (—4, 4)

4.36. If Q is the set of all rational numbers and f(x) = 3, find f f(x) dx.
Q

4.37. If K is the Cantor set [page 5] and f(x) =2 on this set, evaluate f f(x) d=.
K

4.38. Prove that the definition of the Lebesgue integral on page 53 is independent of the choice of « and 8
so long as o < f(x) < B.

4.39. Prove the converse of the result in Problem 4.11.

THEOREMS INVOLVING THE LEBESGUE INTEGRAL
4.40. Prove Theorem 4-2, page 55.

441. Prove Theorem 4-3, page 55.

¢, *E€E,

4.42. Prove that if E, and E, are measurable disjoint sets and E = E,UE,, thenif f(x) = {c g
2 2

where ¢, and ¢, are given constants,

f fryde = cym(E)) + com(Ey)
E

4.43. Generalize the result of Problem 4.42.

444. Use Problems 4.42 or 4.43 to work (a) Problem 4.9, (b) Problem 4.30, (¢) Problem 4.31,
(d) Problem 4.35.

4.45. Prove Theorem 4-4, page 55.

4.46. Prove or disprove: If f(x) is continuous on a measurable set E, then there exists a number ¢
such that

[ @iz = fomm)
E
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4.47.

4.48.

4.49.

4.50.

4.51.

4.52.

4.53.

4.54.

4.55.

4.56.

4.57.

4.58.

4.59.

4.60.

4.61.

4.62.

THE LEBESGUE INTEGRAL FOR BOUNDED FUNCTIONS [CHAP. 4

Extend the proof of Theorem 4-6, page 55, [see Problem 4.13] to any finite union of sets
E,E,, ... ,E,.

Extend the proof of Theorem 4-8, page 56, [see Problem 4.17] to any finite number of functions.

Prove that the functions (a) =, (b) «2, (c¢) 322+ 42 —2 are Lebesgue integrable in [0,1]. Can you
find the value of the integrals? Explain.

Verify that the sets E, of Problem 4.16 are measurable and disjoint and that if E = UE,, then
m(E) = I m(Ey).

Prove the result of Problem 4.16 without using the Lebesgue integrals as a limit of a sum.

If f(x) 2 0 is bounded and measurable on E, prove that f f(x)dx = 0. Can the equality sign
be removed if f(x) > 0? Explain. E

Prove that if f(x) and g(x) are bounded and measurable on E, then

fE[f(x)—g(x)] i = fE rwdn — [ o) as

E

Prove that f
E,UE,

flx)de = f f(x) dx + f f(x)dxe — f f(x) de
E;

E, E NE,
Generalize the result of Problem 4.54 to three or more sets E,Ey Ej, ... .
If (fi.(x), k=1,2,...,n are bounded and measurable on E and ¢, k=1,2,...,n, are any

constants, prove that ” n
f |:E ckfk(x)] de = 3 ckf fr(x) dx
E Lk=1 k=1 E

Prove Theorem 4-9, page 56.

Prove that

1
d = _1: 2dx 2d J
S 0o a| = 3| f mepa + S lotwyeas

if f(x) and g(x) are bounded and measurable on E.

Prove Theorem 4-13, page 56.

If f,(x) and fs(x) are bounded and measurable in (a, ) and

b
[ 1h@ - @R = o

prove that f,(x) = fo(x) almost everywhere in (a, b).

State and prove a theorem analogous to that of Problem 4.28 if the interval [a, b] is replaced by
a set E.

m
Evaluate f sin z dx. Ans. 2
0
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1
dx
4.63. Evaluate f_l prop Ans. /2

4.64. Let f(x) be bounded and integrable on E. Prove that given ¢ > 0, there exists § > 0 such that if
A is any measurable set contained in E then

f [f(x)de < ¢ whenever m(4) < s
A

LEBESGUE’S THEOREM ON BOUNDED CONVERGENCE

1
4.65. Evaluate lim e—ne’ dx. Ans. 0

ne+ o 0

1

. dx
s im tim ), G a
4.66. Evaluate (a) Sm a+ a2 + ) ®) o o (1+x/n)r

4.67. Prove Theorem 4-16, page 56.

4.68. Illustrate Theorem 4-16 by means of an example,

o
4.69. Prove that if f,(x) =0 and E f fr(x) dx converges, then ¥ fi.(x) converges almost
everywhere. k=1

4.70. Prove Lebesgue’s theorem on bounded convergence by using Egorov’s theorem, page 45.




Chapter 5

THE LEBESGUE INTEGRAL FOR NON-NEGATIVE UNBOUNDED FUNCTIONS

In Chapter 4 we defined the Lebesgue integral and obtained its properties for bounded
measurable functions. In this chapter we extend these results to unbounded measurable
functions.

Consider first the case where f(z) Z 0 is unbounded and measurable. If p is a natural
number we shall use the notation

f(x) forall x € E suchthat f(x)=p
p forall x € E suchthat f(x)>p

Then for each p, [f(x)], is bounded and measurable and thus Lebesgue integrable. We define
the Lebesgue integral of f(x) on E as

S t@ae = 1m { @l (@)

The limit is either a non-negative number or is infinite. If the limit is a non-negative
number, then the Lebesgue integral of f(x) exists and is equal to this number and we say
that f(x) is Lebesgue integrable or briefly integrable on E. If the limit is infinite we say
that f(x) is not Lebesgue integrable on E or that the integral does not exist.

[f(@)] (1)

THE LEBESGUE INTEGRAL FOR ARBITRARY UNBOUNDED FUNCTIONS
If f(x) =0 we can define the Lebesgue integral of f(x) as

frwa = -f il @
where the integral on the right is obtained as above since |f(x) = 0.
In the general case where f(x) may have arbitrary sign, we let

f(x) forall x € E suchthat f(x)=0
@ o= 1y *
orall x € E such that f(x) <0
i- _ 0 for all x € E such that f(x) = 0 5
(@) = —f(x) for all x € E suchthat f(x) <0 (%)

where it is to be noted that f+*(x) and f~ (x) are both non-negative. Then it follows that
fle) = f*@) — f (@) (6)

This leads us to define the integral of f(x) over E as the difference of the integrals of non-
negative functions, i.e.

fE f@yde = fE f+(z) de — fE (@) dz )

72
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The integral on the left of (7) will certainly exist when the two integrals on the right exist
and in such case we will say that f(x) is Lebesgue integrable or briefly integrable on E.

It should be mentioned that in case f(x) is bounded the definition given by (?) reduces
to that given in Chapter 4. [See Problem 5.43.]

THEOREMS INVOLVING LEBESGUE INTEGRALS OF UNBOUNDED FUNCTIONS

Most of the theorems of Chapter 4 involving Lebesgue integrals of bounded measurable
functions can be extended to the case of unbounded measurable functions. In general,
proofs of such extended theorems are achieved by first using a limiting procedure as in (2),
page 72, for the case where the functions are non-negative and then using the definition
(7), page 72, to obtain the case where the functions are arbitrary in sign.

In the following we list some important theorems many of which are related to those
in Chapter 4. Unless otherwise stated we assume that all sets and functions are measurable
and that the functions may have arbitrary sign and may be unbounded.

Theorem 5-1. If f(x)= 0, then f f(x) dx exists if and only if f [f(x)]p dx is uniformly
bounded. £ g

Theorem 5-2. If |f(x)| = g(x) where g(x) is integrable on E, then f(x) is also integrable
on E and
f |f(x)| dae = f g(x) dz
E E
The result is also true if |f(x)] = g(x) almost everywhere on E.

Theorem 5-3. A function f(x) is integrable on E if and only if |f(x)| is integrable on E

and in such case
{ twyaz| = § fw)dz

Because of this we say that f(z) is integrable on E if and only if it is absolutely
integrable on E.

Theorem 5-4. If f f(x) dz exists, then f(x) is finite almost everywhere in E.
E

Theorem 5-5. If E has measure zero, then
f f(xyde = 0
E

Theorem 5-6. If f f(x) dx exists and if 4 is a measurable subset of £, then f f(x) dx also
E A

exists. In such case we have
{ e = { @) da
A E
Theorem 5-7. 1If E=E,UE,; where E, and E: are disjoint, then
f flx)de = f fx)dx + f f(x)dx
E E, Ey

The result is easily generalized to finite unions of sets.
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Theorem 5-8. 1f E=E,UE;U--- where E, E; ... are mutually disjoint, then if
f f(x) dx exists

f fxyde = ‘Ll f(xydx + Lz f(x)dx +

The result is not necessarily true if f(x) is integrable on Ey, E,, ... without specific
mention of its integrability on E [see Problem 5.16].

Theorem 5-9. L [f(x) + gz f flx)de + f 9(x

The result is easily generalized to any finite number of functions.

Theorem 5-10. f cflx)de = cf f(x)dx for any constant c.
E E
The result is easily generalized to any finite number of functions.

Theorem 5-11. If f(x) is integrable on E' and g(xr) is bounded, then f(x)g(x) is integrable
on E.

Theorem 5-12. If f(x) = g(x) almost everywhere on E, then

L flx)de = L g(x) dx

and the existence of one integral implies the existence of the other.

Theorem 5-13. If f(x)=0 and f f(x)dx =0, then f(x) =0 almost everywhere on E.
E
The result is also true if f(x) =0 almost everywhere on E.

Theorem 5-14. 1If f(x) is integrable on E, then given ¢ > 0 there exist a § > 0 and a set
ACE such that if m(A) <3

l j; flx) dx

Theorem 5-15. Let f(x) be integrable in E. If (Ey) is a sequence of sets contained in E
such that lim m(Eyx) =0, then

k0
lim f fx)ydz = 0
ke oo E;

<8

LEBESGUE’S DOMINATED CONVERGENCE THEOREM
The following theorem is a generalization of the Lebesgue bounded convergence theorem

[Theorem 4-15] on page 56.

Theorem 5-16 (Dominated convergence). Let (f.(x)) be a sequence of functions measur-
able on E such that lim f.(x) = f(x). Then if there exists a function M(x)
integrable on E such that |f.(x)| = M(x) for all n, we have

tim { fulw)de =  lim fo(@) do f f@)d )
Nt E

nes <

Because sets of measure zero can be omitted in the integrals, the conditions of the
theorem can be relaxed so that they hold almost everywhere.
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THE DOMINATED CONVERGENCE THEOREM FOR INFINITE SERIES

The Lebesgue theorem on dominated convergence stated above can be restated in terms
of series as follows.

Theorem 5-17. If wux(x),k=1,2,..., are measurable on E and if there exists an integrable

function M(z) on E such that |[si(x)] = M(x) where s.(x) = 2 ur(x) and if
lim su(x) = s(x), then

J{Zuwie = 5 f wwa ®

We also have the following theorem which is often useful.

Theorem 5-18. If > wux(z) is such that [s.(z)| = ‘2 uk(x){ = M for some constant M and
k=1 k=1

if vzx) is bounded and measurable on E, then

L {v(x) :21 uk(x)} de = 2 f v(x) ur(x) do 9)

FATOU’S THEOREM

Theorem 5-19 [Fatou]. Let (f.(x)) be a sequence of non-negative measurable functions
defined on E and suppose that lim f.(x) = f(x). Then

lim f fo(x)dx = f f(x)dx (20)
ne E E
Note that the theorem is also true if lim f.(x) = f(x) almost everywhere.

If f(x) is not integrable, the left hand side of (10) is infinite.

THE MONOTONE CONVERGENCE THEOREM

Theorem 5-20. Let (f.(x)) be a sequence of non-negative monotonic increasing functions on
a set E and suppose that the sequence converges to f(x). Then

lim f fa(x)dx = L f(x) dx (11)

N+

provided that either side is finite.
The theorem can also be stated as a theorem on series as follows

Theorem 5-21. Let wux(x) = 0. Then

f{i }dx = gfukx)dx '(12)

provided that either side converges.

APPROXIMATION OF INTEGRABLE FUNCTIONS BY CONTINUOUS FUNCTIONS

Although every continuous function in [, ] is integrable, an integrable function need
not be continuous. However, an integrable function can be approximated by continuous
functions. A fundamental theorem in this connection is

Theorem 5-22. Let f(x) be integrable in [a,b]. Then given any > 0, there exists a con-
tinuous function g(x) in [a, b] such that

I e - ot az < ¢ (19)
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An important theorem which is related to Theorem 5-22 is the following.

Theorem 5-23. Let f(x) be integrable in [a,b]. Then

Iimj; lf(x+h)— f(x)|de = 0 (24)

h=0

THE LEBESGUE INTEGRAL ON UNBOUNDED SETS OR INTERVALS

Up to now we have considered the Lebesgue integral on bounded sets. In order to extend
the definition to unbounded sets such as the intervals (a, =), (—®,b) or (—, «), we need
only adopt a suitable limiting case of bounded sets.

Let us illustrate by defining the Lebesgue integrable on an unbounded set such as (a, ).
Suppose first that f(x) is non-negative, i.e. f(x) = 0, and that f(x) is Lebesgue integrable in
(a, b) for all finite values of b. Then we define

f “f@yde = tim ( f(x)da (15)

ber a

and say that f(z) is Lebesgue integrable, or briefly integrable, on (@, «) if the limit in (15)
exists.

If f(x) has arbitrary sign, then we define

j;wf(x)dx = j:cf*(x)dx — j;wf—(x)dx (16)

where f* (x), f~ (x) are non-negative and say that f(x) is integrable on (a, ) if each of the
integrals on the right of (16) exist in accordance with the definition (15).

Obvious extensions can be made for the intervals (—«,b) and (—, ©). In the last one,
for example, we consider (a, b) and then let @ > —«, b > «. If the set E is not an infinite
interval but is nevertheless unbounded, we can define

L flxyde = Iir{le; - f(x)dx (27)

ber

THEOREMS FOR LEBESGUE INTEGRALS ON UNBOUNDED SETS

Most of the theorems which have been proved involving Lebesgue integrals on bounded
sets are also valid for unbounded sets. For example, we have [compare Theorem 5-3,
page 73]. '

Theorem 5-24. A function f(x) is integrable on E if and only if |f(x)| is integrable on E
regardless of whether E' is bounded or unbounded and in such case we have

fE f@)da| = fE \f(z)| dz (18)

Thus f(x) is integrable on E if and only if f(x) is absolutely integrable on E.

Similarly we can show that the other theorems proved for bounded sets, such as the
Lebesgue dominated convergence theorem and Fatou’s theorem, are also valid in case the
sets are unbounded.
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COMPARISON WITH THE RIEMANN INTEGRAL FOR UNBOUNDED SETS

Unlike the Lebesgue integral, the Riemann integral of f(x) on an unbounded set E can
exist even though the Riemann integral of |f(x)| does not exist on E. For example, although

© . b .
sinz . sinx
f de = lim = dx
0

X b 0 0

exists as an (improper) Riemann integral, the integral

J,
does not exist [see Problems A.32, page 170, and A.33, page 171]. Thus the Riemann integral

may exist when the Lebesgue integral does not exist. However, we have the following
important theorem.

sinx
T

dx

Theorem 5-25. 1f |f(x)| is measurable and |f(x)| is Riemann integrable on E, then f(x) is both
Riemann and Lebesgue integrable on E and the two integrals are equal.

Solved Problems

DEFINITION OF THE LEBESGUE INTEGRAL FOR NON-NEGATIVE
UNBOUNDED FUNCTIONS
5.1. Show that the function [f(z)], defined on page 72 can be written as min {f(x), p} where
min denotes minimum.
‘We have
f(x) for all x € E such that f(z) =p
@l = { P for all x € E such that f(x) > p

Then if f(x) is less than or equal to p, [f(2)], = f(x) = min {f(x), p} while if f(x) is greater than
P, [f(®)]p = » = min {f(z), p}.

In either case [f(x)], = min {f(z), p}.

52. Show that lim [f(z)], = ().

Do

This follows at once from Problem 5.1 since min {f(x), »} = f(x).

53. Show that [f(2)]» is bounded and measurable, and thus integrable for each p if f(z)
is measurable.
From Problem 5.1 we see that [f(z)], = p and is thus bounded for each p.
Also since [f(x)], = min {f(x), p} where f(x) and p are measurable, it follows from Problem
3.18, page 48, that [f(z)], is measurable.
The last result can also be shown directly from the definition of a measurable function [see
Problem 5.39].
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8
54. Prove that f isifc— exists and find its value.
0 V7

Define the function

{1/% for 1/% =p or x = 1/p8

@), = » for 1/\8/w >p or x < 1/pd
8 dy 8
Then 5= = i f@)pd
€ ﬁ 3 p pBI:c J; [ e ]p e

1/p3 8 d
= lim ? pdx + f g—w]
Per 0 0 o8 '\/-{E

1

. 1/p3 3 8
= ,}E‘}o[pwlo + et 1/,,3}
i | 1 _ 3
- Z}I.I.I:o [p_z + 6 ZpZ]
= 6

Thus the integral exists and has the value 6. Note that the above Lebesgue integrals can be
evaluated as for Riemann integrals because of Theorem 4-17, page 57.

8 .
Note also that the Riemann integral, (R) f —§l~gc~, exists as an improper integral defined as
0o V=
8 d 3 .88 . 3
lim(‘RJ 7= = lim [——x2/8l il = lim [6 — —52/8] = 6, i.e. it has the same value as the Lebesgue
€0 € 1’:!7 e0|2 € €0 2

integral above [see Appendix A, page 158]. The Lebesgue integral given above is not an “improper
integral”, however, even though the integrand is unbounded.

5.5. Graph the functions f(z) = 1/\8/5 and [f(x)],, 0 <x=8 of Problem 5.4 and thus
illustrate geometrically the results of that problem.

The graphs of f(x) and [f(x)], are indicated in Fig. 5-1 and 5-2 respectively. The function
[f(2)], is often called a truncated function since [f(x)], =p if f(z)> p.

y = f(x)

Fig. 5-1 Fig. 5-2

The value lim [f(x)], d= 6.
. P

represents the limit of the area shown shaded in Fig. 5-2 as p - =,

DEFINITION OF THE LEBESGUE INTEGRAL FOR ARBITRARY FUNCTIONS
5.6. Show that the functions f*(x) and f~(x), page 72, can be defined by f*(x) =
max {f(z), 0}, f~(z) = max {0, —f(x)}. ‘
f(x) for all x € E such that f(z) Z0
ft@ = {

h
We have 0 for all x € E such that f(z) <0
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Then if f(x) =0, we have ft(z) = f(z) = max{f(z),0} while if f(x) <0, ft(x) = 0 =
max {f(z), 0}. In either case f*(x) = max {f(x),0}.

By similar reasoning we show that f—(x) = max {0, —f(x)}.

5.7. Prove that (a) f(x) = f*(x) — f~(x), () [f(x)] = f*(2) + ().

(¢) We have f*(z)=f(x) if flx)=0 and f~(x)=0 if f(x)=0. Then f(z)=ft(z)—f ()
if f(z) = 0.

Similarly we have f*(z) = 0 if f(x) <0 and f~(x) = —f(x) if f(x) <0. Then
fl@)=ft@)—f (=) if f(x)<0.

Thus in all cases f(z) = f*(z)— f— ().

() If f(z)=0, then [f(x) = f(@) = fr@)+f(x). If flx) <0, then [|f(z) = —f(z) =
ft(@)+ f~(z). Thus in all cases [f(z)] = ft(z)+ f~ ().

THEOREMS ON LEBESGUE INTEGRALS FOR UNBOUNDED FUNCTIONS

5.8. Prove Theorem 5-1, page 73: If f(x) =0, then f f(x)dx exists if and only if
f [f(x)]p dz is uniformly bounded. F
E

From the definition of [f(x)], it is seen that

[f@)h = [f@] = - (1)

that d. = d = ... 2

s0 tha fE [f@)], d= fE [F(a)]s dz ®
Thus the sequence whose pth term is

NS @

is a monotonic increasing sequence. It follows that if this sequence is uniformly bounded, i.e. if
there is a constant M such that for all p

f [fz)pde < M
E

then
lim fE )], do = fE (@) da

exists.

Conversely if f f(x) de exists, then since [f(x)], = f(x) we have
YE

L[f(w)]pdw = Lf(w)dw < M

so that f [f(2)], dz is uniformly bounded [see Problem 5.41].
E

5.9. Prove Theorem 5-2, page 73, for the case where (a) f(z) =0, (b) f(x) has arbitrary
sign.

(@) If 0= f(x) = g(x), then [f(x)], = [9(®)]p- Thus

S vena = f e <z>
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5.11.

5.12.

5.13.

THE LEBESGUE INTEGRAL FOR UNBOUNDED FUNCTIONS [CHAP. 5

Then taking the limit as p > », we obtain

fE fe)de = ng(w)dw (@)

which follows since f g(z) dz exists and since the integral on the left of (2) exists as a result
of Problem 5.8. E

(b) This follows at once from part () on replacing f(z) by |f(z)| which is non-negative.

Prove Theorem 5-4, page 73, for the case where f(x) =0

Let S = E[f(z) = =], i.e. the set of all # for which f(x) is infinite. Then using the definition
of [f(x)],, we have

L [f(z))pde = L [fx)]pde = L pdx = pm(S) (1)
Taking the limit as p = <, we have
f fix)de = lim m(S) 2)

Now if m(S) > 0, (2) will yield a contradiction since by hypothesis f f(z) dx is finite. Thus we
must have m(S) = 0, i.e. f(x) is finite almost everywhere.

For a proof of the theorem where f(x) has arbitrary sign see Problem 5.47.

Prove Theorem 5-6, page 73, for the case where f(x) = 0.

We have f(x),dx = ()], do 1)
Then taking the limit as p = », it follows that
fix)de = f(x) dx (2

i.e. the integral on the left of (2) exists since the integral on the right of (2) exists.

Prove Theorem 5-7, page 73, if f(x)=

We shall prove the theorem for any finite union of disjoint sets, i.e. where E = E,UE,U+--UE,
and E,E,, ..., E, are mutually disjoint. Since the theorem is true for bounded functions [see
Problem 4.14, page 62] we have

f [fpde = J [f)]pdw + +o0 + f [F(a)]p d=

Then taking the limit as p - «, we have as required

L fx)de = Ll flx)de + -+ + Ln f(z) dx

since f(x) is supposed to be Lebesgue integrable on E and thus on the measurable subsets
ELE,, ..., E,

Prove Theorem 5-7, page 73, if f(x) has arbitrary sign.
The result of Problem 5.12 is true for f+(z) and f~ (), so that we have

) de + e + +(z) d
Llf (z) do fEnf (2) de

fEl f (@) dw + - +fE,. f~ (=) de

5] >
~
+
O
&
]
i

\—3
-~
|
O
&
]
il
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Then by subtracting and noting that f flx)dx = f fr(x)do —f f~(x)dx, we obtain the

requlred result
f(w) dw f w) dw et flx dx
L Ll ( L" ( )

5.14. Prove Theorem 5-8, page 74 for the case where f(x)= 0.
We have by Problem 4.15, page 62,

L [f@)]pde = L [f(2)], d= -f-f [f@)],de + -+

= fE [f@)], dw+---+f [f(=)], dz

Then by letting p - «, we have

L flx) dw

Letting n - « in (1), we find

L f(z) dx

Now for k. =1,2,... we also have

f @), de = f fl@) do
Ey E
so that on summing over k,

f [f(2)], do + f [f®))pde + --- = f f(z)dz + f fx)de + -+
E, E, E,

E,

ie. L [f(x)],de = Ll f(z) dx +L2 fle)dx + ---

Letting p —» «, we thus obtain

L f(z) dx

E,
From (2) and (3) it follows that

f f(x) dx f flz)ds + L2 fa)de + ---

E E,

(1)

v
&
=
&
ISy
]

+
+
Sy
=
&
138
8

2

W
%
-~
)
j=%

8
+
S~
-~
®
j=5
8|
+

I

f f(x) de + f flx)dz + -~ 3
E;

5.15. Prove Theorem 5-8, page 74, for the case where f(x) has arbitrary sign.

From Problem 5.14 we have

f [T (x)de

E

J;f“(w)dw = f f (w)dw+f Fm(@)de + -

Then by subtracting and using the fact that f f(x)dx = f fT(z)de —f f~(x)dxz, we obtain

the required result Ey
d. dx + de + -+
fE (&) dz f f(a) da f f(z) da

f ft(z)de +f fT(x)de + -
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5.16. Give an example to show that Theorem 5-8, page 74, need not be true if no mention is
made of the integrability of f(z) on E.

Let 2n - 1

o o1 % =g, =1 . s
z) = or n=1,2,...
—n 1 <z= 2n
B T S |

Then for each n we have

1/2n—1) 1/¢2n—1) 2n/(4n2—1)
f flx)dz = f ndx + f —ndx
1/(2n+1) 2n/(4n2—1) 1/(2n+1)
- 1 . 2n o 2n 1
- 2n —1 4n2—1 4n2 -1 2n+1
= 0
1 - 1/(2n—1)
Now f [fl@) de = 3 f |f ()] d=e
0 n=1"1/(2n+1)
o 1/¢2n—1)
= ¥ f ndx
n=1v9,¢n+1)
o
. n
- n§1 4n2 —1
o0
n
> _r
B ngl 4n?
131
T4 ,El n

1 1
But since the last series diverges, it follows that f |f(z)| dz is infinite and so f f(x) dx does
not exist. 0 0

5.17. Prove Theorem 5-9, page 74, for the case where f(x) =0 and g(x)=0.
Let h(x) = f(x) + g(x). Then if we let

B f(x) for all x € E such that f(x) =p
[7=)] - { P for all x € E such that f(z) > p

with similar definitions for [g(x)], and [h(x)],, we have

[r@)]p, = [f@)]p + [9@)], = [M=)]2p
Thus we have

L [A(x)]pde = L [f(x)], do + L [g(x)]pdx = L [A(x)]2p d

Letting p > «, we find

h x dx = f x dw x dw = h x d
WhiCh ShOWS that ’ x dx gz dw - hix da:

i.e. f [f(x) + g(=)] d f f(x)da + f g(x) dz

The result is easily extended to any finite number of functions.
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5.18. Prove Theorem 5-9, page 74, for the case where f(x) and g(x) have arbitrary sign.

In case f(x) and g(x) have arbitrary sign and h(x) = f(z) + g(x), the following six cases arise:

1) flx)z=0, gx) =0, M{z) =0 (4) flx) =0, g(x) <0, h(x) <O
(2) flx) <0, g(x) <0, h(z) <O (5) f(x) <0, g(x) =0, h(x) =0
3) flx)=0, g(x) <0, hix) Z0 6) fix)<0, g(x)=0, h(z) <0
Let E,E,, ...,Eq denote the respective sets in which each of these cases arises. It is then clear

6
that £ = U E,.
k=1

Now if we can show that

de = d d
Lk [f() + g(x)] da Lk [f(2)] dac + J;k [9(x)] dx 1

for k=1,2,...,6 the required result will follow by addition and use of Problem 5.15.

We have already established (Z) for the case k =1, i.e. the set £, in Problem 5.17. The result
can also be established in a similar manner for any of the other values of k. As an example let us
illustrate the case where k = 4. In such case we can write h(x) = f(x) + g(z) as

[~9()] = [/(=)] + [~h(z)]

Then since f(x) =0, —g(x)Z0, —h(x)Z0 on the set E,, we obtain as a consequence of
Problem 5.17,

f —g(z)dx = f f(x) dx +f —h(x) dx

E4 E4 E4

Using Theorem 5-10 this becomes

_f f f(x) de — f h(z) dx
or f h(x = J;4 f(x) dx J;4 9(x) dx
ie. f [f(x) + g(x f flx) de + f 9(x) dx

E4

5.19. Prove Theorem 5-3, page 73: (a) f(x) is Lebesgue integrable on E if and only if
|f(x)| is Lebesgue integrable on E and (b) ’f f(z) dx’ = J [f(z)] .
E E

(a) From Problem 5.18 we have

L flx)de = L ft(x)de —J; f(x) dx
fE |f(x)| dx = L friz)de + fE f(x) dx

Then if f(x) is Lebesgue integrable on E, so also is |f(x)|; and conversely if |f(x)| is Lebésgue
integrable on E, so also is f(x).

(b) From part (a) we have

fE f(z) da

ta)yde — | f (@) d
@ fEf(x)w

IA

(x) dx

E E
t(w)de + “(x)d
L ftz)de fE f(x)dx
 Ir@lds
E

) dx

i
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5.20. Prove Theorem 5-11, page 74.
Since g(x) is bounded, we have |g(z)| = M so that
If(=) glx)| = M |f(x)]

MfE (@) de

and the required result follows since f(«), and thus |f(x)|, is integrable on E.

Then we have

IA

f @ o) ds

E

5.21. Prove Theorem 5-14, page 74: If f(x) is integrable on E, then given ¢ > 0 there exist
a 8§ >0 and a set ACE such that

‘j; f(x)dx‘ < 8

From Problem 5.19 it follows that |f(x)| is integrable on E. Thus given ¢ > 0 there exists a
natural number p, such that

if m(4) <.

| W@l - U@y < o 6
E
where the integrand in (1) is non-negative.
Now if A is a measurable subset of E, we have by Theorem 5-6,
S o~ e = f 1)~ 1w, ds @
Then from (Z) and (2) we obtain
f@)de < ¢ + f(@)|]p, d )
fA @) 1 fA (@], d=
But from the fact that [|f()|],, =Py we have
fA [f@]pyde = pom(4)
so that (3) can be written

[ @z < o+ pmay ®

A

Now let ¢ = ¢/2 and choose m(A) < § = ¢/2p,. Then we have from (4),

fA f(e) de

= f f(@)de <
A

if m(4) < 8, as required.

LEBESGUE’S DOMINATED CONVERGENCE THEOREM

5.22. Prove Lebesgue’s dominated convergence theorem [Theorem 5-16, page 74]: Let
{f2(x)) be a sequence of functions measurable on E such that lim f.(x) = f(x). Then

if there exists a function M(x) integrable on E such that |f.(z)| = M(x), we have

3112]; fr(@)de = J; f(x) dx

From the fact that |f,(z)] = M(x), we have |f(z)] = M(x) so that f(x) is integrable. Now since
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A

| v - n@nds| = § 10 - fato s
E E

the required result will follow if we can prove that
lim f |[f(®) = fo(®)ldz = 0 ) (1)
ne—o g
To do this we use the sets of Problem 4.22, page 66, and write
f lf(@) — fal@) dz = L [f(@) — fp(x)] dz + f [f(@) — fola)| do (2)
E ,. Ra

On S, we have [f(x)— f.(2)] <e Also since |f,(z)] = M(z) and |f(x)] = M(x), we have
f(x) — fo(x)| = |f(z)] + [fo(z)] = 2M(x). Then on using the mean-value theorem, (2) becomes

f [f(@) = fa(@)|dz = emlS,) + Zf M(z) da 8)
E R,

As n —> » the last integral goes to zero since the infinite series defined by

L M(x)dx = Ll M(z)dz + Lz Mz)dz + - -

J;x M(z)dx + -+ + ‘L" M(x)dx + J;" M(x) dex

I

converges. Thus since lim m(S,) = m(E), we find from (3)

Tim Llf(w)—f,.(x)ldx = em(E)

Then letting ¢—> 0 we obtain (I) as required.

FATOU’S THEOREM

5.23. Prove Fatou’s theorem [Theorem 5-19, page 75]: Let (f.(x)) be a sequence of non-
negative measurable functions defined on E and suppose that lim f.(x) = f(x). Then

1{1711}0]; fa(x)dx = ‘L. f(x)da

Define as usual

f(x) forall x € E suchthat f(x) =p

=)l = p  forall x €E such that f(x) <p
fa(z) for all x €E such that f,(z) =p
Fa@), = p forall x € E such that f,(x)> p

Since lim f,(x) = f(x), we have
N =+ 0

lim [fa@)], = [f=)]p

Thus by Lebesgue’s theorem of bounded convergence,

im [ th@lde = [ (@), 1)
Now since [f,(%)], = fa(x) we have
W) de = 22)]p d (2
fEf(W) £ L[f )], d )
Then taking lim of both sides of (2), we have
nh_}i;J; fol@w)de = ?}_LI%L [fn(@)]p do (3)
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But since the limit as n = « of the right hand side of (3) exists as in (1), we have

l_l_m_L fol)yde = f [f(x)]p de
N~ 0 E

Taking the limit as p = « in (4), we thus have as required

lim n\Z dx = ) de
5.24. PrOVe Theorem 5-20, page 25.

Suppose that lim f fa(x) dz is finite. Then by Fatou’s theorem we have
N~ 0 E

fE @) de =

lim fnlx) dx
neoo Vp
so that the left side of () exists. Then since f,(x)

f(x), we have

L falx)dx = Lf(x)dx

so that on taking the limit as n > « in (2) we have

lim fE f@)de = fE f(e) da

ThuS frOm (1) and (3) we have
1i ’n x dx - ’ x dx

E
convergence theorem,

Similarly if f f(x)dx is finite then since f,(x) = f(x) we have by Lebesgue’s dominated

lim | fo)de = f lim f,(@)de = f f(z) da
ne E g " E
Thus the required result is proved.

APPROXIMATION OF INTEGRABLE FUNCTIONS
BY CONTINUOUS FUNCTIONS

525. Let I, =[a;,b:] be an interval contained in I = [a,b].

1, rx €l
Define f(x) =
Prove that given > 0 there is a continuous function g(x) defined on I such that

j‘: iflx) —g(x)|de <

Choose points P;:a;— 38 and @;: b+ & in the intervals (e, a;) and (b,, b) respectively where
0 < 8§ < ¢/2 as indicated in Fig. 5-3. Let A; and B, denote the points where « =a,;, f(x) =1 and
x = by, f(x) =1 respectively. Construct lines P, A4, and B;Q,.

1+ /,1_1—81
/ \\
// N\
4 Pl;/ i 4 \\-‘ 1 'B
T L) T ] T T
0 a a;— 38 ay bl bl + 8 b

0, xell'

[CHAP. 5

(4)

(1)

@

)
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Let g(x) be the function whose graph is represented by AP,A4,B,Q,B in Fig. 5-3, i.e.

0 a =z =a —398

1+ (x—a;)/s a—8 Ex = aq

g(x) = 1 a =z =b
1—(x—by)/8 b= =b+ 8

0 by+s =2 =0b

It is clear that g(x) is continuous in [@, b]. Furthermore we have

b ay _ b;+8 _
f f(z) — g(x)| dee = f 6<1+x8al>dx+J; <1—x8bl>dx' = 25 < «

and the required result follows.

5.26. Let I.=[ax,bx], k=1,2,...,n, be n disjoint intervals contained in I=[a,b].
1, x€ Ul

Let f(x) = . Prove that given ¢ > 0 there is a continuous function g(x)
0, x& Ul

defined on I such that
b
{ 1) - @z <

1, xz €1

Let fi(x) = k. Then by Problem 5.25 there is a continuous function g.(x) such
0: x & Ik

that for ¢ > 0

b
f |fx (@) — gy(z) dx < i k=1,...,n

n
Thus letting g(x) = 3 g,(x), we have
K=1

[ - gnas = [ dz

a a

f@) — 3 gul®)
k=1

A

n b
3 S o - ol s

< €

1, r€FE
5.27. Let E be a measurable set contained in I=[a,b] and suppose f(x) = {0 ¢E
, X
Prove that given ¢ > 0 there is a continuous function g(x) such that .

j;blf(x)—g(x)ldx < e

Since E is measurable, there is an open set O D E such that if ¢ > 0,

mE) = m0) < m(E) + ¢ (1)
Now by Theorem 1-19, page 7, the set O can be expressed as a countable union of disjoint intervals
Iy so that w
mo) = 3 m{y (2)
From (1) and (2) we see that
) 0

mE) = SmI)+ 3 mI) < mE) + ¢
k=1 k=n0+l
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Since the series converges we can choose %, sufficiently large so that

ke

S omly <

k=n0 1
0
and m(E) = kE m(I,) < mE) + ¢
=1
Now consider the intervals I, ], .. .,In0 and let
0]
1, € U I
k=1
frg®) = "
0, & U I
k=1

Then by Problem 5.26 there is a continuous function g(x) such that

b
f [fno(x)—g(x)ldx < g

a

o0
Let E,=EnlL, k=1,2..., sothat E= U E,.
Iy = (Iy — Ep)VE,,
S

flk |F(@) = fy ()] da
S,

[0 —1]| dx +f 11—1|de
Ey

= & = m@-E) =
Ie—Ep
If k=mng+1, mo+2, ..., then since f () =0 for z€ U
k=n0+l

fl \f@) = fay (@) dw =

Thus we have on using (3) and (4),
"

Now if k=12, ..

[CHAP. 5

C)

4)

G

.,my we have since

@)= @) dz + § 1) oo 0

m(lx) — m(E\)

Ik;

J;[f(x)[dx = J;dx = m(I)

b 0
fa @)~ o) dz = 3 f, @) = @] e+ k%ﬂf, @)= gy @) da
i) 0
= 3 [ml)-mEY] + 3 ml)
k=1 k=n0+l
) ) o0
= [E m(t) ~m(E) | + [m(E) -3 mEo |+, 2 i
k=1 k=1 k=ny+1
7y 0 )
= [2 m(Iy) —m(E’)] + 2 mEY+ 2 mI)
k=1 k=mng+1 k=n0+l
] © ©
= Imly) —m@E + 3 mL)+ 3 ml)
k=1 k-_:no 1 k=n0+l
=S g+ e+ g
= 361

Thus on using (5) we find,

b b b
(@ -g@lde 5 (1@~ f@lde + [ (o) - o) de
< 3¢ + ¢
= dq

Choosing ¢; = ¢/4, the required result follows.
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528. Let Ex, k=1,2,...,n, be n disjoint measurable sets contained in I=[a,b].

1, x € Ek n
Define f, (x) =

d = her tants. P
0 2@ B, and f(x) ,Zl a,f, () where «, are constants. Prove
that given ¢ > 0, there is a continuous function g(x) defined on I such that

j;b[f(x)——g(x)[dx < e

By Problem 5.27 given ¢ > 0 we can find a continuous function g,(x) such that

b
[ h@-odmids < o k=12..n
Define g(x) = kglakgk(x)
b bl =
Then ' f (@) —g(@)|dz = f =2 alfk(@) — gx(@)] | da

A

n b
e

n

< g k§1 !ak!

n
Letting ¢ = e/E lax] we have as required,
k=1

b
f [f(x) —g(x)|de < e

5.29. Let f(x) be bounded and measurable and thus integrable in I = [a,b]. Prove that
given ¢ > 0 there is a continuous function g(x) defined on I such that

b
{1 - g@lde <
a
Choose subdivision points
a = Y < Y1 < 0 < ypg < Y = B
Suppose that the largest of the values ¥, — yx_, is denoted by § and let
Ep = {2 yr—1 = fl@) <wih k=12,...,n

These sets are measurable since f(z) is measurable.

1, x€E,
Let Iy (x) = and define
0, x€E,
n
h(z) = k§1 Yr—1 hi()
so that hz) = yp—, for xz € E,

Now by Problem 5.28, given ¢, > 0, there is a continuous function g(x) such that

b
[ 1w gz < o

a

Letting 8 be the largest of the quantities Ay, = yy — yr—;, we find
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IA

b b b
S e -se@ia = [ e -nwlde + [ e - o) e

A

S| @ —h@)dz + o
k=1 Ep

IIA

S| sde+ ¢

k=1 Ey
d(b—a) + ¢ < e

A

if we choose ¢ = ¢/2 and § < ¢/2(b — a). Thus the required result is proved.

5.30. Let f(x) be unbounded and integrable in [a,b]. Prove that given ¢ > 0, there is a
continuous function g(x) such that

[ @) - g@)lde < <

Let
_ flx), fx)z0 _ 0, fx)zo
e = 1o jmsor PO i), @) =0

so that f(z) = f,(x) — fo(x) and

J;bf(x)dw = J;bfl(x)dw —J;bfz(x)dx

F _ Jh@), hHh@)=n P _ [h(®), fix)=mn
](x) - n, f] (x) >n ’ Z(w) - n, f2 (x) >n

Then F)(x) and Fy(x) are bounded and measurable in [a, b]. Thus by Problem 5.29, given ¢ > 0,
there are continuous functions g,(x) and g,(x) such that

b b
Jn@-a@a < o [ Re-ae < q

Define

Also we can choose n so large that
b b
[ h@-mede < a [ he-Felde <
a a

If we call g(x) = g,(x) — gs(x), then

[f(@) —g(@)| = |f1(x) = fo(2) — g:(x) + ga(x)|
[f1(®) = F1(®) + F1(2) — 9:(2)] + |f2(2) — F2(2) + Fa(2) — g()|
1@ = F1@)| + [F1(2) ~ 91 (®)] + [f2(2) — F2(2)] + |F2(x) ~ g2(2)]

A HBA N

b b b
Thus f flx) —g@)|de = f [f1(x) — Fy(2)] d + f [Fy(x) — g1(2)| do
@ a b a b .
+ f |fo(x) — Fa(x)| dz + f |Fy () — go(z)| dz
< egtegt+egt+eg = 4e

and the required result follows on choosing ¢, = €/4.

531. Prove Theorem 5-23, page 76: If f(x) is integrable [and not necessarily bounded] in
[a, D], then b
lim f [f(x+h) — f(x)|dz = 0

Let the interval [a, b] be enclosed in an interval [¢, d] as indicated in Fig. 5-4 below and assume
that f(x) is suitably extended so as to be integrable in [c,a] and [b, d].
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By Problem 5.30 there exists a continuous fune-
tion g(x) in [¢,d] so that given ¢ > 0

X i 1
T T T T

c a b d

d
f flx)—gx)|de < ¢ Fig. 5-4

Also since g(x) is continuous in [, d], it follows that for every ¢; > 0 there is a § > 0 such
that for all z in [a, b],

lg(z + k) — g(x)] < blea whenever |h| < §

where we can suppose that |h| is less than the minimum of ¢ —¢ and d —b. Thus

b b
[ uetn-gwie = [ od = q

b—a

Now
fla+h) — flx) = [flx+h) —gx+h)] + [gz+ k) — g@)] + [g(z) — f(=)]
from which we have
flx+ k) = flx)] = |flz+h) —gl@+h)|+ |glz+ k) — g@)| + |flx) — g(@)]
so that for |h] <38,

IA

b b b
f [flx+h) — f(x)| de = f |[flx+Rh) — g(x+ k)| doz + f lg(z + h) — g(x)| dx

b
+ f [f(x) — g(x)| d=

b+h b .
S @ - a@ldn + [ g+ m - glolda

a+t+h

b
+ f lf(z) — g(x)| dz

A

d b
[ 1) — g@la + [ lote+ b - oo de

d
+ [ 1) - o) do

e + e + ¢

A

= 3¢

Choosing ¢; = ¢/3, we see that

fb lfx+h) — flx)|dz < ¢ for |B| <38

b
ie. ’lli_% J; flx+h) — flx)ldz = 0

LEBESGUE INTEGRALS ON UNBOUNDED SETS
5.32. Prove that if f(x) is measurable on an unbounded set E, then

,L fz)yde| = fE|f(x)|dx

d. = d.
L N [a, bl f(x) N L N [a,b] [f(x)[ N

Then taking the limit as ¢ > —« and b — « the required result follows.

By Problem 5.19 we have
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Supplementary Problems

DEFINITION OF THE LEBESGUE INTEGRAL FOR UNBOUNDED FUNCTIONS
5.33. Determine [f(z)], if (a) f(x) = 1/, (b) f(z) = e for o > 0.

4
5.34. Prove thatf il\/% exists as a Lebesgue integral and find its value. Ans. 4
0 x

2
5.35. Prove that f i—‘; does not exist.
0

5.36. Investigate the existence of (a) f

) \/wT ® f i
5.37. Prove that f(x) =22 is Lebesgue integrable in (0,1) or not according as ¢ <1 or not.

5.38. Show that if f(z) is bounded, measurable and non-negative, then the definition (2) on page 72 for
the Lebesgue integral reduces to that given in Chapter 4.

5.39. Work Problem 5.3, page 77 by direct use of the definition of a measurable function, i.e. without
relying on Problem 3.18, page 48.

5.40. Prove that (a) [f(x)]; = [f(®)]s = -+, () f [f(x)] dx = I‘ [f(x)]sde = -+-. Thus verify equa-
tions (Z) and (2) of Problem 5.8. E “E

5.41.  Prove that if f(x) =0 then (a) [f(x)], = f(x) and (b)f [f(=)]p d= éf f(z) dx if f(x) is integrable
on E. E E

542, Find (a) f*(z) and (b) f~(x) for the function f(x) = 8+ e* —e~2, —3 =z = 3.
5.43. (a) Prove that if f(x) is bounded and measurable, then so also are f+(x) and f—(z). (b) Use the

result of part (a) to show that the definition of the Lebesgue integral given by (?), page 72, reduces
to that given in Chapter 4 in case f(x) is bounded and measurable.

5.44. Show that if f(z) is unbounded and non-negative, then the definition of the Lebesgue integral
given by (?), page 72, reduces to that given by (2), page 72.

5.45. Let E be the interval (—8,8) and f(x) = (x1/3 —1)/x2/3, Use the definition to determine whether or
not f f(x) dx exists. If it exists find its value.
E

5.46. Give a geometric interpretation to the result of Problem 5.45.

THEOREMS INVOLVING LEBESGUE INTEGRALS OF UNBOUNDED FUNCTIONS
5.47. Prove Theorem 5-4, page 73, if f(x) has arbitrary sign [compare Problem 5.10].

5.48. Prove Theorem 5-5, page 73, if (a) f(z) = 0, (b) f(x) has arbitrary sign.

5.49. Prove Theorem 5-6, page 73, if f(x) has arbitrary sign [compare Problem 5.11].

5.50. Prove Theorem 5-9, page 74, for the cases (a) f(z) <0, g(z) <0, (b) f(x) =0, g(z) <0, h(z)
0

fle) +9(@) 20, (c) flw) <0, g(x) 0, Mx) = f(x) + g(x) 20, (d) flx) <0, g(x) = 0, hiz)
f(x)+9(x) <O0.

5.51.  Generalize Theorem 5-9 to any finite number of functions.
5.52. Prove Theorem 5-10, page 74.

5.53. Prove Theorem 5-12, page 74, for the cases (a) f(z) = 0, g(z) 2 0, (b) f(x), g(z) have arbitrary sign.
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5.54. Prove Theorem 5-13, page 74.

5.55. If ¢, ¢, are any constants and f,(z), fo(x) are integrable on E, prove that

S len@+aneie = of @+ o hee
E E E
5.56. Generalize Problem 5.55 to any finite number of functions.
557, If f |f(z) — g(x)| de = 0, prove that f(x) = g(x) almost everywhere on E.
E
5.58. Prove Theorem 5-15, page 74.

LEBESGUE’'S DOMINATED CONVERGENCE THEOREM

5.59. Discuss conditions under which Lebesgue’s dominated convergence theorem reduces to Lebesgue’s
theorem on bounded convergence.

n, 1/m8 =x = 8/n3
560.  Let ful®) = 0, 0Sax<1/n3 or 8/n3<w =1

(¢) Prove that lim f,(x) =0 in [0,1] but that the convergence is not uniform.
Nn = 0

3
2/Vw, 0<z=1
0, z =0

A

(b) Prove that |f,(z)] = M(x) where M(z) = {

Nt v

1 1
(¢) Is it true that lim f fnlx) dx =f lim f,(z)dz? Explain.
0 0 "

5.61. Suppose that lim f,(z) = f(x) almost everywhere in E and that |f,(z)] = M(x) almost every-
N0

where in E where M(x) is integrable on E. If v(x) is bounded and measurable on E, prove that
lim f @) v@)de = f () v(zx) de
newdp E
5.62. Prove Theorem 5-17, page 75.
5.63. Prove Theorem 5-18, page 75.
5.64. Are the results of Problem 5.61 and Theorem 5-18 still valid if v(x) is integrable on E? Explain.

5.65. Work Problem A.60, page 173, if the integrals are Lebesgue integrals.

FATOU’S THEOREM
5.66. Prove that l_l_lp_f fnlx) do éf lim f,(x)dx where (f,(%)) is a sequence of non-negative
7l 0 E E no®

functions defined on E. Discuss the relationship with Fatou’s theorem.

5.67. Prove that if the conditions of Problem 5.66 are satisfied, then

Tim f fo@de = f im f,(x)de
E E n =+ x

N—+ 0 v

Discuss the relationship with Fatou’s theorem and with Problem 5.66.
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5.68. Let
n3, 1/n3 = = 8/n3
fol®) =
0, 0=2x2<1/n3 or 8/m3 <=1

1 1
(a) Is it true that lim fo(@)de = f lim f,(x)dx?
0 0 N

n=+0o0

I

1 1
(b) Isit true that lim fo(x) de j lim f,(x)dx? Explain the relationship between parts
(@) and (b). "T77° o e

LEBESGUE INTEGRALS ON UNBOUNDED SETS

5.69. Prove that f % exists as a Lebesgue integral and find its value. Ans. 1
1
* sin2g . . .
5.70.  Prove that f —dea: exists as both a Lebesgue and a Riemann integral.
20

5.71. Prove Lebesgue’s dominated convergence theorem for the case where the set E is unbounded.
5.72. Prove Fatou’s theorem for the case where the set E is unbounded.
5.73. Is the result of Problem 5.61 still true if E is unbounded? Explain.

z/n2, 0<z<n

n
574. Let f,(x) = { (a) Evaluate lim j fa(@)dz. (b) Is the result in (a) the
n~— cc 0

0, otherwise )

same asf lim f,(x)dz? Explain.
0

ne—

5.75. Can we define a Cauchy principal value for Lebesgue integrals? Explain.

5.76. Prove Theorem 5-25, page 77.



Chapter 6

INDEFINITE INTEGRALS

If f(x) is integrable, we call

F@) = i (1)

an indefinite integral or briefly an integral of f(x). Nobe that the dummy symbol u is \used
to avoid confusion with x in the upper limit of integration. If any constant is added to the
right side of (1) the result is also called an indefinite integral.

SOME THEOREMS ON‘ INDEFINITE RIEMANN INTEGRALS
If (1) is a Riemann integral, we have the following theorems [see Appendix A, page 157].

Theorem 6-1. If f(x) is bounded and Riemann integrable on [a, D], then

F(z) = f " fw) du

is continuous in [a, b].
Theorem 6-2. If f(x) is bounded and Riemann integrable on [a, b], then
d d (° .
P = frw = L wa = s @
at each point of continuity of f(x).

Theorem 6-3 [Fundamental theorem of calculus]. Let f(x) be Riemann integrable on
[a,b] and suppose that there exists a function F(x) continuous on [a, d] such
that f(x) = F’(x). Then

[ Hwyar = Fo) - F@ © ()

or Srwa = Fa) - F@ )

It is the purpose of this chapter to investigate the relationship of differentiation and
integration corresponding to the above theorems for the case of indefinite Lebesgue integrals.

MONOTONIC FUNCTIONS

A function f(z) in [d, b] is said to be monotonic increasing if f(xs) = f(#1) for z»> i,
and monotonic decreasing if f(x2) = f(x1) for 2 > z1. If f(x) is either monotonic increasing
or monotonic decreasing, it is called monotonic.

95
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The jump of f(x) at xo is defined as f(xo + 0) — f(xo— 0) where f(xo+0) = hlirorl f(xo + ),
f(xo—0) = ,,11131_ f(xo+ k). If f(x) is monotonic increasing, the jump at any point is non-

negative. If f(r) is monotonic decreasing, the jump is non-positive. If f(x) is continuous
at xo, then the jump at x, is equal to zero.

If f(x) is monotonic increasing, then —f(x) is monotonic decreasing and conversely.
Because of this result many properties proved for monotonic increasing functions are also
true for monotonic decreasing functions.

SOME THEOREMS ON MONOTONIC FUNCTIONS

Theorem 6-4. If f(x) is monotonic increasing in [a, b], then there can be at most a finite
number of discontinuities with jump greater than some given ¢>0. A
similar result is true for monotonic decreasing functions.

Theorem 6-5. If f(x) is monotonic increasing [or monotonic decreasing] in [a, b], then the
set of discontinuities of f(x) can at most be denumerable.

FUNCTIONS OF BOUNDED VARIATION
Suppose that the interval [a, b] is divided into »n parts by use of the points of subdivision

@ =< <<z, = b. Then we say that f(x) is of bounded variation in [a,d] if
3 if@) — fwe)| )

is bounded for all possible partitions or modes of subdivision.

The least upper bound of all the sums (5) for all possible modes of subdivision is called
the total variation of f(x) in [a,b] and will be denoted by “V:(f) or briefly V..

SOME THEOREMS ON FUNCTIONS OF BOUNDED VARIATION

Theorem 6-6. A monotonic increasing [or monotonic decreasing] function in [a,b] is of
bounded variation in [a, b].

Theorem 6-7. If f(x) is of bounded variation in [a, b], then it is bounded in [a, b].

Theorem 6-8. If f(x) and g(x) are of bounded variation in [a, b], so also are f(x) + g(x),
f(x) — g(x), f(x)g(x) and f(x)/g(x) where in the last case g(x)+ 0.

Theorem 6-9 [Jordan decomposition theorem]. A function f(x) is of bounded variation if
and only if it can be expressed as the difference G(r) — H(x) of two bounded
monotonic increasing functions G(x) and H(x).

Theorem 6-10. If f(x) is of bounded variation in [a, b], then it can have at most a denumer-
able set of discontinuities in [a, b], and at every point ¢ in (a, b) the right and
left hand limits lim f(x) = f(c+0) and lim f(x) = f(c—0) exist.

r=ct r=>c—

Theorem 6-11. If f(x) has a bounded derivative in [a, b], then f(x) is of bounded variation
in [a,b]. However, if f(z) is continuous in [a, b] it need not be of bounded
variation [see Problem 6.5].
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DERIVATES OF A FUNCTION
The derivative of f(x) is defined as

Di@) = f(x) = limI@TN=1@) (6)

h=0 h

and may or may not exist. Let us define four quantities

D) = Im [EEN-1@ )
D-fe) = Im (2N ®)
D:f(@ = lim f(x—’Lh,)z—’M 9
D_f@) = hl-%l—ﬂx_ﬂhhz:ﬂ (10)

called derivates of f(x), which are either finite, positively infinite or negatively infinite.
In case D*f(x) = D+f(x)

then f(z) has a right hand derivative denoted by £} ().
In case D f(x) = D-f(x)

then f(x) has a left hand derivative denoted by 7. (x).
In case D*f(x) = D+f(x) = D flx) = D-f(x)

then f(x) has a derivative f'(x). Conversely if f(x) has a derivative, then all of the four
derivates are equal.

DERIVATIVES OF FUNCTIONS OF BOUNDED VARIATION
The following theorems are of great importance.
Theorem 6-12. If a function is monotonic, then it has a derivative almost everywhere.

Theorem 6-13. If a function is of bounded variation, then it has a derivative almost
everywhere.

The following theorem is often useful.

Theorem 6-14. If >’ fx(x) is a series of functions of bounded variation which converges to
k=1 .

s(x) in [a, b], then almost everywhere in [a, b],

s'(x) = 2 fi ()

ABSOLUTE CONTINUITY

A function f(x) is said to be absolutely continuous in [a,b] if given ¢> 0 there exists
8 > 0 such that

él @+ i) — ()] < e (11)

for every finite set of intervals (xx, xx + hx) such that
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Z b < 8 (12)

The definition is sometimes used with xx + A = T4y, i€ Ar = Ti+1— Tk,

SOME THEOREMS ON ABSOLUTE CONTINUITY

Theorem 6-15. An absolutely continuous function is continuous but the converse need not
be true.

Theorem 6-16. If f(x) and g(x) are absolutely continuous in [a,b], so also are f(x) + g(x),
f(x) — g9(x), f(x) g(x) and f(x)/g(x) where in the last case g(x) + 0.

Theorem 6-17. An absolutely continuous function is of bounded variation but the converse
need not be true.

Theorem 6-18. An absolutely continuous function has a derivative almost everywhere.

Theorem 6-19. If f(x) is absolutely continuous in [a,b] and f’(x) =0 almost everywhere
in [a, b], then f(x) is a constant in [a, b].

Theorem 6-20. Let f(x) be absolutely continuous and strictly increasing in [a, b] [i.e. f(xx) >
f(xk—1) for xx > xx-4). Then if g(u) is absolutely continuous in [f(a), f(b)],
9(f(x)) is absolutely continuous in [a, b].

In connection with Theorems 6-15 and 6-17 it is of interest to note that even a continuous
function of bounded variation may not be absolutely continuous.

THEOREMS ON INDEFINITE LEBESGUE INTEGRALS
Theorem 6-21. If f(x) is (Lebesgue) integrable on [a, b], then

Fy = j;xf(u) du
is éontinuous and of bounded variation in [a, b].
Theorem 6-22. If g(x) is integrable on [a,b] and
fx glwydu = 0
for all z in [a,b], then g(x) =0 almost everywhere in [a,b].

Theorem 6-23. If g(x) is continuous and monotonic increasing in [a,b], then g'(x) is
integrable on [a, b] and

b
f g'@)yder = g(b) — g(a)
or on replacing b by z,

f,, “gaydu = (@) — gla)

Theorem 6-24. A function F(x) is an indefinite integral if and only if it is absolutely
continuous.
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Theorem 6-25. If F(x) is absolutely continuous, then

j;b Fr(xyde = F(b) — F(a)

or replacing b by =,

f "Puydu = F(z) — F()
Theorem 6-26. If F'(x) exists everywhere in [a,b] and is bounded, then

be’(x)dx = F(b) — F(a)

or f “Fydu = F(z) — Fla)

INTEGRATION BY PARTS

Theorem 6-27. Let F(x) and G(x) be indefinite integrals of the integrable functions f(x) and
g(x) respectively. Then

fa "Pe)g@)dz = F@)G)| - f " be) Gl da
= F@)G() — F(a)G(a) — f " fw) () dz

A related theorem is the following.

Theorem 6-28. If F(x) and G(x) are absolutely continuous, then

{ F@)G@dr = F@)G@)| - { " F/(2) Gla) da

CHANGE OF VARIABLES

Theorem 6-29. If f(x) is integrable in [a,b] and x = ®(u) is an indefinite integral of a non-
negative integrable function ¢(u), then

[t = [Crewema = (7 i) s du

where « and g are such that &(e) =a, ®(8) =0b.
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Solved Problems
MONOTONIC FUNCTIONS

6.1. Let f(x) be monotonic increasing in [a,b] and suppose that subdivision points are
chosen such that e <z1 < -+ <xn-1<b. Prove that

fla+0) = @) + 3, [fmeeq) — flav-a] + 10) = 1G=0) = 1) = (@)

Choose points ¢, ...,¢,—; such that
a < ¢ < 2y < 6 Ky < 0 <Xy < €y < b
Then we have
fla+0)—fla) = flcy) — fa)
f(oy+0) — fley—0) = fley) — fleo)
flog+0) — flepg—0) = flea) — fley)

|

f@py+0) = (w3 —0) = fley—y) — flen—2)
f®)— f(b—0) = f(b) — flen—1)
Adding, we obtain the required result.

An analogous result can be proved for the case where f(x) is monotonic decreasing [see
Problem 6.32].

6.2. Prove Theorem 6-4, page 96: If f(x) is monotonic increasing in [a,b], then there can

be at most a finite number of discontinuities with jump greater than some given
e> 0.

Suppose that the number of discontinuities with jump greater than ¢ is p. Then by Problem
6.1 we have

pe = f(b) — f(a)

from which we see that p must be finite,

For the case where f(x) is monotonic decreasing, see Problem 6.33.

6.3. Prove Theorem 6-5, page 96: If f(x) is monotonic increasing [or monotonic decreasing]
in [a, b], then the set of discontinuities of f(x) can at most be denumerable.

Let A be the set of all discontinuities of f(x) in [, ] and let A, be the set of all discontinuities
of f(x) for which the jump is greater than 1/k. Then we have

But since each of the sets A, can have at most a finite number of discontinuities by Problem 6.2,
it follows that A can have at most a denumerable set of discontinuities.

For the proof in case f(x) is monotonic decreasing see Problem 6.34.

FUNCTIONS OF BOUNDED VARIATION

6.4. Prove that (a) a monotonic increasing function and (b) a monotonic decreasing
function in [a, b] are of bounded variation.

(¢) Suppose that a partition of [a,bd] is ¢ = %y < 2, < --- <z, = b. Then if the function is mono-
tonic increasing we have f(x,) = f(x,—;). Thus

21 ) = flom—n)] = kgl [f(xy) = flax—1)] = f(b) — f(a)

k=
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6.5.

6.6.

6.7.

Then the sums

3 170~ S|
are bounded for all possible partitions of [a, b] so that f(z) is of bounded variation in [a, b].
(b) In this case we have f(x) = f(x—1) so that
lél [flaeg) = flae—y)] = ,él [fla—1) —flz)] = fla) — F(B)

and the required result follows as in part (a).

Give an example to show that a continuous function is not necessarily of bounded
variation.

xsin(1/z), 0 <x=2/r
Consider f(zx) = 0 and choose as partition of [0,2/7] the points
b x =
0 2 2 2 2 2
T Cn+Dr’ Cuyr’ Cr—1)r’ T 277 &
which we can denote respectively by zg, 1, ..., %op+4- Then
2n
- 2.2 .2 . . 2
kgl [f(aey) — flaoe—y)| = - + o0 + 3 + + @n+ Dr
2[, 1.1 1
= 7’_[1+2+3+ +2n+1]

and these sums become infinite as n - «» so that f(z) cannot be of bounded variation in [0, 2/x].
However f(x) is continuous [see Problem 1.40, page 19].

Prove Theorem 6-7, page 96: If f(x) is of bounded variation in [e,b], then it is
bounded in [a, b].

Choose as subdivision points of [a, b] the points a,x,b where ¢ = x = b. Then since f(x) is of
bounded variation, there exists a constant M such that

[f(x) = fa)] + [f(®) — f(=)] = M
and so [fx)— f(a)] = M

Then

=
8
1
=
3
I
=
&
+
’\:
3
A

[f(@) = f@)] + [fl@)] = M+ |f(a)l

i.e. f(x) is bounded.

Prove that the sum of two functions of bounded variation is also of bounded variation.
Let f(x) and g(x) be the functions and h(x) = f(x) + g(x). Then since f(x) and g(x) are of
bounded variation, there exist constants M, and M, such that for all possible partitions

M, k§1 lg9(x) — g(2—1)| = M,

A

2 £ (o) — f(xk~1)|
k=1

Then since [h(xy) — R —y)] = |f(ox) — Flaee—p)| + |9(2p) — 9(2s—1)|
we have
kgl [h(ay )y — B —y)| = kgl [£() — flawe—y)] + k§1 lg(x) — 9(e—)| = My + M,

so that A(x) = f(x)+ g(x) is of bounded variation.
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6.8.

6.9.

6.10.
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Prove that the product of two functions of bounded variation is also of bounded
variation.

We have

£ (i) 9(a) — flao— 1) gl —y)] [F(aer) gloe) — flao—y) gl=) + Flaog— 1) g(x) — fl@e—1) gl —1)]
g (o) 1F(x) — Flae—)| + 1F(mr—1)] |9(xx) — glmi—1)|
Plf(xy) = flme—1)] + Qlg(x) — gloe_y)l

where P and Q are upper bounds of g(x) and f(x) which exist by Problem 6.6. Then summing
from k=1 to n we have

kgl [£ () g() — flow—1) 9(%—1)]

]

A

A

A

Pkgl [f(z) — Fla—y)] + ngl |g(x) — glz,_ 1)
= PM, + QM,

since f(x) and g(x) are of bounded variation. Thus f(x) g(x) is of bounded variation.

Let f(x) = G(x) — H(x) where G(x) and H(x) are bounded and monotonic increasing
in [a,b]. Prove that f(x) is of bounded variation in [a, b].

We have
I[G() — H(xy)] — [Glat—1) — H(zy—y)]]

[[G(oi) — Gl —y)) — [Hwy) — Hlzp—y)]|
|G(ory) — Glag—1)| + [H(z) — H(xp—y)]
G(x) — Glwi—1) + H(xy) — H(xp—y)
since G(z) = G(w%,—,), H(z,) = H(x,—,). Then

I

[F (i) — (o — 1)l

o

I

n

3 (650~ 6] + 3 [Hle) ~ Hiz )

k=1

IIA

kgl [f() — f(xk—-l)l
G(b) — G(a) + H(b) — H(a)

Il

from which the required result follows.

We can also prove the result if G(x) and H(x) are bounded and monotonic decreasing.

Prove that if f(x) is of bounded variation in [a,b], then f(x) can be written as the
difference of two monotonic increasing functions G(x) and H(x), i.e. f(x) = G(x) — H(=x).

Let VvV = kgl [flo) — F(2—1)] &)

and let us denote the differences f(x,) — f(x,_,) briefly by Af. We can decompose the sum (7) into
terms where Af > 0 and those where Af < 0. Then we can write (I) as

vV = 3 [afl+ 3 [af]
af>0 af<o

= S A — 3 of
af>0 af<o
and so we have V = P+ N (2)
where P = 3 Af, N = — 3 af (3)
af>o af<o

Now n
P—N = I af+ 3 of = Z[flx) — flae_)] = f(b) — fla) (4)

Af>0 Af<O k=1

From (2) and (4) we find
V = 2P + f(a) — f(b), V = 2N + f(b) — f(a) : %)
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Let ‘Uz, ‘PZ,‘NZ denote the least upper bounds of V,P,N in [a, b] respectively. Then from (5)
we have
Ve = 2P + f(a) — f(b), VY = 2N + f(b) — f(a) (6)

These results hold for the interval [a,b]. Now if we consider the interval [a,x] we have similarly

Vg = 2Pq + fla)— f(=), Vg = 2N+ f(a) ~ f(a) )
Then solving for f(x) in (?) we find
flx) = fla)+ P;— Ng
Since PZ and N ] are monotonic increasing functions of x we can write

G(x) = fla)+ P, H(x) = N

so that as required f(x) = G(x) ~ H(x)

where G(x) and H(x) are monotonic increasing.

We call Vg the total variation of f(x) in [a,x], P; the positive variation of f(x) in [a, %] and
N g the negative variation of f(x) in [a, x].

DERIVATIVES OF MONOTONIC FUNCTIONS
6.11. Let f(x) be a monotonic increasing function in [e,b]. Prove that

E = (2:D*f() > D.f(x))
has measure zero.

Consider the sets
E,, = {x: D, f(x) <r <s<D* f(x)}

where r and s are any rational numbers. It is clear that E = UE,; where the union is taken over
all pairs of rational numbers 7, s. Since the rational numbers are countable, we have by Problem 2.4

m(E) = 3 m(Ey)
where the sum is taken over all pairs of rational numbers 7, s.

The required result will be proved if we can show that for each fixed pair of rational numbers
r,s we have m(E,) = 0.

Let m.(E,) = «. Then given e > 0 there is an open set ODE, such that m.(E,) > m(0) —¢,
ile. m(0) <k+e

Now since D, f(x) < r, it follows that corresponding to every point of E,, there is an interval
[#, z + k] in O whose length is arbitrarily small such that
feth) = fz) h,)L— f(z) < r or flx+h)— f(x) < rh

By the Vitali covering theorem we can choose a set of n disjoint intervals I, = [, #, + Ay,
n
k=1,...,n, such thatif A = kU I,
=1
me(E’rs—A) < e (1)

Summing over these intervals we find

n

S [l +hy) — fle)] < r 3 ky
k=1 k=1

iA

rm(0) = r{c+e (2)

n
Let us now consider the set B consisting of all points of A = U I, except for the end points.
Since m(E,,— B) = m (E,,— A), it follows from (Z) that k=1

me(E’rs—B) < (3)
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Denote by C the set of all points common to E,; and B, i.e. C = E_nB. There will be a set of
intervals [y,y + ] contained in B whose lengths are arbitrarily small. In view of the fact that
D+ f(x) > s, we have for this set of intervals

MWAD=JW) o or fy+h— i) > ol “)

Now since this set of intervals is a Vitali covering of C we can choose a set of disjoint intervals
Jp = [Wpyp+14,}, p=1,...,q, for which (4) holds, i.e.

f(yp—l_lp)—f(yp) > Slp, pzlx--')q (5)
q
and such that if G = Ul Jps
’ m(C—G) < e (6)
Summing both sides of (5) from p =1 to q¢ we have
q q
S [flup+1) —flyp)] > s 31, (7)
p=1 p=1
Now since f(x) is monotonic increasing and each interval J,, is contained in some interval I, we have
q n
3+l = fw)] = 3 [t b = f()] (8)
Then from (2) and (8),
q q n
s2h < Zlfp+l) —flyp)] = I et h) — fla)] = rlete Q)
q
Now since 21 I, = m(G), we see from (9) that
p=
m@ = Tete
s
Then we have £ = myE,) = myE,nB) + m BB

Il

me(c) + me(E’rs— B)

= myC) + «
= m(CNG) + m(CNG) + «
= MyG) + m(C—G) + ¢
= M__‘_) + 2¢
s
Solving the inequality for «, we find
0 = x < (rt2se
s—r

Since ¢ can be made arbitrarily small, it follows that « = m (E,) = 0 as required.

Let f(x) be a monotonic increasing function in [a,b]. Prove that S = {x: D*f(x) = =}
has measure zero.

Suppose the contrary, i.e. m,(S) =A>0. Then if K is any positive number, we can find for
each x € S a set of intervals [x, x + h] such that

fath) — @) | g
h

Now by Vitali’s covering theorem there exists a disjoint set of intervals I, = [m, % + k),
n
k=1,...,n such that if A = kL;J1 I,
m(S—A) < e (1)
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6.13.

6.14.

6.15.

For this set of intervals we have
flay + ki) — Flay)
e

Fla + hy) — )
K

K

or hy

Then summing from k£ =1 to n we have

i 1 3 b) ~ fla
m(d) = Sh < g 3 acth)—fw) = D21
where we have used the fact that f(x) is monotonic increasing in [a, b].
Thus we can choose K so large that
me(Ad) < e (2)

and from (Z) and (2) we have
m(S) = m(S —A) + m(A) < 2¢

Since ¢ can be made arbitrarily small, we have m.(S) = 0 or m(S) = 0.

Prove that a monotonic increasing function has a derivative almost everywhere.

In Problem 6.11 it was shown that the measure of the set {x: D, f(x) < D+ f(x)} is zero.
In the same manner we can show [see Problems 6.55, 6.56, 6.57] that the measures of other sets
such as

{x: Dy flz) =D+ f(x)}, {x: D_f(x) <D~ f(x)}, {x: D_ f(x) <D* f(x)}, {2: D4 f(x) <D~ f(x)}
and so on are also zero.
It follows from these results that
D.f = D_f = D+f = D-§

almost everywhere, so that the derivative exists [i.e. is finite] almost everywhere.

Prove that a monotonic decreasing function has a derivative almost everywhere.

If f(x) is monotonic increasing, then —f(x) is monotonic decreasing. Then since D f(x) exists
almost everywhere, so also does D[~f(x)] = —D f(x) exist almost everywhere.

Prove that a function of bounded variation has a derivative almost everywhere.

This follows at once from the fact that a function of bounded variation can be written as
the difference between two monotonic increasing functions which by Problem 6.13 have derivatives
almost everywhere.

ABSOLUTE CONTINUITY

6.16.

Prove Theorem 6-15, page 98: An absolutely continuous function is continuous.

If f(x) is absolutely continuous, then given ¢ > 0 we can find § > 0 such that
n n
S fe + hy) — flag)] < e whenever k21 by < 8
k=1 =

By taking n =1 as a special case we have

[flx+ k) — flx)] < e whenever |h| < §

so that f(x) is continuous.
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6.18.

6.19.

6.20.

6.21.
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If f(x) and g(xr) are absolutely continuous, prove that f(x) + g(x) is absolutely
continuous.

Since f(x) and g(x) are absolutely continuous, given e > 0 there exists § > 0 such that

kgl [fl@e + k) — fla)] < whenever kél b < 8

o) m

n

E lg (@, + hy) — g(xy)] <

n
whenever 3 |h] < 8
k=1 k=1

I

Then since
I[f( + By) + gl + )} — [Fl) + g9()ll = |foy + Ry — flm)] + [g(@ + k) — g(a)]

we have for 3 |k < 3,

2 |+ k) + (o + b)) — [flw) + gl

S V@t h) = f@ol + 2 19+ b — o]

ItA
=

< + — €

(Y
[ ST

which proves the required result.

Prove Theorem 6-17, page 98: An absolutely continuous function is of bounded
variation.
If f(x) is absolutely continuous, then given ¢ > 0 there exists § > 0 such that

n

kgl f(me + hy) — flaee)] < e whenever 3 |k < &

But this implies that the total variation over any interval of length § does not exceed e« Thus the
total variation over the interval [a, b], which is of length b— a, does not exceed (b — a)e/s. It
follows that the total variation of f(x) in [a, b] is bounded, ie. f(x) is of bounded variation.

Prove Theorem 6-18, page 98: An absolutely continuous function has a derivative
almost everywhere.

This follows at once from Theorem 6-17 and Theorem 6-13.

Prove that there are continuous functions which are not absolutely continuous.

If a continuous function were absolutely continuous, then by Theorem 6-18, page 98, i‘g would
have a derivative almost everywhere. However, there exist continuous functions which have
derivatives nowhere. See for example Problem 6.66.

It is true that even continuous functions which are of bounded variation need not be absolutely
continuous.

Prove Theorem 6-19, page 98: If f(x) is absolutely continuous in [e,b] and f'(x) =0
almost everywhere in [a, b], then f(x) is a constant in [a, b].
Denote by E the set where f’(x) = 0. For each x € E there exists an arbitrarily small interval
[, ¢ + k] for which
|f(—“i£,)LL(“)' < e ie |[flwth) —f@)| < eh (1)
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Then by Vitali’s covering theorem [see page 33] there exists a finite set of disjoint intervals
I, = [@, .+ ki), k=1, ... n, which cover E, and thus [a, b] except for a set of measure less than

8. We have
g = a =0 < @yt h = ooy < Xpthy = 000 = o2, < 2yt hy, = 2,4, = b
Then f0) = fla) = fl@piy) = fl@y+hy) + flonthy) — flan)
+ oot et hy) = flo) + fen) — fx)
= kgo [f(oy 1) — Flag+ Ryl + kgl [flo + hy) — floy)]
so that F®) = fla)l = 3 fmerr) = f@ethol + 3 f@et+ b — f)] @)

Now by the absolute continuity of f(x) we have
n
k§0 [fleg 1) = ot h)] < e for  |aopey — (apt+hy)] < 8

Also from (I) we have

A

S |fGor+ ki) — Flarg)l eSS h = eb—a)
K=1 k=1
Thus (2) becomes [f(B) = fl@)] = e(b—a)+ ¢

and since e and ¢; can be made arbitrarily small we have f(b) = f(a). Similarly we can show that
for any =, f(x) = f(a), i.e. f(x) is constant in [a, b].

THEOREMS ON INDEFINITE LEBESGUE INTEGRALS

6.22. Let f(x) be Lebesgue integrable in [a,b]. If F(x) = fx f(u) du, prove that F(x) is
continuous in [a, b]. ¢

We have zth x
F(x+h) — F(x) = f f(w) du — f f(u) du
a a
rth
or F(x+h) — F(x) = f f(u) du
- 4
Then using Theorem 5-15, page 74,
rt+th
lim [F(x+ k) — F(x)] = limf fwydu = 0
her0 h—0
so that ’lLimo Flz+h) = F(x)

and F(x) is continuous.

6.23. If f(x) is Lebesgue integrable in [, b], prove that

x
Fx) = f fu)du
a
is of bounded variation in [a, b].
Subdivide [a, b] using the points of subdivision a =2y <2y < ::: <&, =b. Then

ka f(u) du

Tr-1

IiA

[F(x) — Flae )] = [f(w)] du
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Then summing from k =1 to n, we have

IA

n n z, b
B R I e AT

But since f(x) is integrable, it is absolutely integrable, i.e. the last integral is finite and so F'(x)
is of bounded variation.

For an alternative proof see Problem 6.67.

Prove Theorem 6-22, page 98: If g(x) is integrable on [a, b] and

j;xg(u)du =0

for all « in [a, b], then g(x) =0 almost everywhere in [a, b].

Suppose that g(x) > 0 almost everywhere in [a,b]. Then we must have either g(x) >0 or
g(x) < 0 on some set of measure greater than zero.

Consider first the case where g(x) > 0 on some set of measure greater than zero. From the

fact that .
f gluydu = 0

a

we see that the integral of g(x) on any open interval is zero. Now any open set E can be expressed
as a countable union of disjoint open intervals E,,E,, ... . Since

thk glxyde = 0

we have f glx)dz = Ef gx)de = 0
E k=1 Ek

Thus if we assume g(x) > 0 on E, we arrive at a contradiction in view of Theorem 5-13, page 74.

Similarly if g(x) < 0 we arrive at a contradiction. Thus g(x) = 0 almost everywhere.

Prove Theorem 6-23, page 98: If g(x) is continuous and monotonic increasing in
[a, b], then g’(z) is integrable and

j;b 9’ (%) dx

Since g(x) is monotonic increasing we have by Problem 6.13,

IA

9(0) — 9(o)

R0 h

g'(x) exists almost everywhere

Then by Fatou’s theorem it follows that

b b
h_ln_f Q_(M,)L—_g(x)dx = f 9'(z) dx

h=0 a a

But the left side is equal to

. 1 b 1 b . 1 b+h 1 b

im 11 (Cgetmyar — 3 Comanl = h_m{zf o de — - [ g@)ds
h=0 a a h—0 ath a

1 a 1 bt+h
= i (7 g+ LT @ aa
h=0 h R b

. 1 bt+h 1 ath
= Ik 7 war — 2 g ae
h=0 b “a

ath
= 9(b) — 9(a)

v

and so the required result follows.
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6.26.

6.27.

Prove Theorem 6-24, page 98, for the case where f(x) is bounded.
If f(x) is bounded, i.e. |f(x)] = M, then

Fath=F@)| |%fx“”ﬂu)du| = M

Letting k= 0 we find, since the left side approaches F’(x) almost everywhere, that
|F'(z)] = M

Then by the theorem of bounded convergence we have

tim f Futh = F@ g, — f () du 1)

Now
L’ﬂw_—_ﬁl@du = %J;IF(u+h)du —%J;xF(u)du

h

lfx+h 1 x

= — F(u)du — —f F(u) du
h ath h a
1fa Faydu + 2 (T rwan + 2 (7 Faydn — L Fayd

= = uu+—f uu-l-—f u)u——f u) du
L S kJ, RJ hJ,
1fx+h 1 ath

= = F(u) du — -—f F(u) du
h x h a

x _ xt+h ath
Thus 1imf Fluth) —F) g, = jjpm L f Flu) du — 1imlf Fu) du
R0 g h hso kJ h=0hJ

F(z) — F(a)
Then using (Z) we have
F'(u) du

a

F(x) — F(a) = f f(u) du
so that for all «, fx [F'(u) — fw)]du = 0

Then by Theorem 5-13, page 74, we have F’(x) = f(x) almost everywhere.

Prove Theorem 6-24, page 98, for the case where f(r) is integrable but unbounded.

It is sufficient to prove the result for f(x) = 0 since it will then be true for f* (x) and f~ (%)
and can be extended to the case where f(x) has arbitrary sign as in Chapter 5 by using the fact
that f(x) = f*(2) — f~ (x).

f(x), for f(x)=1p
We have f@)), = P for f(x) > p

Then since [f(x)], = f(x) so that f(x)— [f(x)], = 0,

we have f {fw) — [fw)lpydu = 0
Thus C—ZEJ;I {f(w) — [fw)]p}du = 0
x d x
or EZ%L fu)du = %J; [f(w)], du
d

ie. a-x"F(x) = Flz) Zz [flo)lp almost everywhere




110 DIFFERENTIATION AND INTEGRATION [CHAP. 6

Taking the limit as p - «, we see that F'(x) = f(x) almost everywhere so that on integrating
we have

i

b b
f F'ix)dx = f fx)de = F(b) — F(a) (1)
However by Problem 6.25,
b
f F'(x)de = F(b) — F(a) (2)

It follows from (I) and (2) that

b b
f Fl(x)de = F(b) — F(a) = f fla) dw

b
ie. f [F'(x) — f(x)]de = 0
or replacing b by x we have

f [F'(w)— f(w)}du = 0

for all z in [a, b]. Then since the integrand is non-negative it follows from Theorem 5-13, page 74,
that F’(x) = f(x) almost everywhere,.

6.28. Prove that if F(x) is an integral, then it is absolutely continuous.

We have F(x) = fxf(u) du
z, thy z, z th,
Then F(xy+ hy) — F(z) = f f(u) du — f flu)du = f f(u) du
‘ x(:+hk e
Thus |[F(w+ hy) — Fla)] = f [F(w)] du

Tk

Summing from k =1 to n,

A

n z thy
3wl = f 1) o

Tk

kgl [F(w + bye) — Fay)]

where E is the union of the intervals Ey = [xy, %, + k], £ =1,2,...,n. Then using Theorem 5-15
we have for any given ¢ > 0,

kil |F(ap + hy) — Flae)] < e whenever m(E) —= kﬁ |l < 8
= =1

i.e. F(x) is absolutely continuous.

6.29. Prove that a function F(x) is an integral if it is absolutely continuous.

Since F(x) is absolutely continuous, it is continuous and of bounded variation by Problems
6.16 and 6.18. Thus there are continuous nionotonic increasing functions G(x) and H(x) such that

F(x) = G(x) — H(x)
[see Problem 6.51] and we have almost everywhere
F(x) = G'(x) — H'(x)
Now from Problem 6.25, G'(x) and H'(x) are integrable and thus F’(x) is integrable, i.e.

fo’(u) du (1)

exists. But the integral (1) is absolutely continuous [Problem 6.28] and thus
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x
on = [ Fwdu- F@ (@
a
is absolutely continuous. Then we have almost everywhere
d x
g'x) = z_i;f F'uy)du — F(x) = F'(x) — F'(x) = 0
a
Thus from Problem 6.21, g(x) = ¢, a constant, and from (2) it follows that ¢ = —F(a) so that

(2) can be written

x
F(z) = f F'(u)du + F(a)
i.e. F(x) is an integral. ¢

6.30. Prove Theorem 6-25, page 99: If F(x) is absolutely continuous, then
b
[P = FE) - F@
This follows at once from Equation (2) of Problem 6.29, i.e.

fo”(u)du = F(x) — F(a)

b b
so that if # = b, f F(x)de = f F'uydu = F(b) — F(a)

INTEGRATION BY PARTS

6.31. Prove Theorem 6-27, page 99: Let F(x) and G(x) be indefinite integrals of the
integrable functions f(x) and g(x) respectively. Then

b

L~ f o e@ar

[ Fays@ds = F@ 6w

Since an integral is absolutely continuous [Problem 6.28], it follows that F(x) G(x) is absolutely
continuous [Problem 6.61]. Then by Problem 6.19

LIF@ 6@ = F@6@ + F@ 6@ = f)6) + F @)

exists almost everywhere and, by Problem 6.30,

b
f %[F(@G(x)]dx = F(x)G(x)

so that fb [f(x) G(x) + F(x) g(x)] dx = F(x) G(x)
b

b
Thus f F(x)g(x)dx = F(x)G(x) :— f f(x) G(x) dx
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Supplementary Problems

MONOTONIC FUNCTIONS AND FUNCTIONS OF BOUNDED VARIATION

6.32.

6.33.

6.34.

6.35.

6.36.

6.37.

6.38.

6.39.

6.40,

6.41.

6.42.

6.43.

6.44.

6.45.

6.46.

6.47.

6.48.

6.49.

6.50.

6.51.

6.52.

Prove a result analogous to that of Problem 6.1 if f(x) is monotonic decreasing in [a, b].

Prove Theorem 6-4, page 96, for the case where f(x) is monotonic decreasing in [a, b].

Prove Theorem 6-5, page 96, for the case where f(x) is monotonic decreasing.

If f(x) and g(x) are monotonic increasing functions in [a, b], determine which of the following func-
tions are also monotonic increasing in [a, b]: (a) f(x) + g(x), (b) f(x) — g(), (¢) f(x) g(x), (d) f(x)/g(zx),

g(x) = 0.

Work Problem 6.35 if (a) f(x) and g(x) are monotonic decreasing, (b) f(x) is monotonic increasing
but g(x) is monotonic decreasing.

Prove that the difference of two functions of bounded variation is also of bounded variation.

Prove that the quotient of two functions of bounded variation is also of bounded variation provided
that there is no division by zero.

Work Problem 6.9, page 102, if G(x) and H(x) are bounded and monotonic decreasing in [a, b].
Are the results of Problems 6.9 and 6.39 valid if the word bounded is not included? Explain.

Is the converse of Theorem 6-7 true? Explain.

If f(x) and g(x) are of bounded variation, prove that (a) f(x) —g(x) and (b) f(x)/g(x), g(x) # 0
are also of bounded variation. [Hint: For (b) first show that 1/g(x), g(x) # 0 is of bounded

variation.]

Prove that f(x) = x*— 323+ 222 — 52— 6 is of bounded variation in (a) the interval [1,2], (b) the
interval [—3,3], (¢) any finite interval.

Prove that a polynomial is of bounded variation in any finite interval.

Prove that f(x)

is of bounded variation in [0, 27].

cosx, 0=x<n~7
sinz, ==z =2r

Prove that f(x)

22 sin (1/2), 2 # 0
is of bounded variation in [0, 2/7].

0, =0
Prove Theorem 6-10.

Let f(x) defined in [a, b] satisfy the condition |f(x;)— f(xy)| = K|%; — x,] where K is a constant.
Prove that f(x) is of bounded variation in [a, b].

Prove Theorem 6-11. [Hint: Use the law of the mean.]

If f(x) is of bounded variation and continuous at « = x,, prove that the total variation V5 is also
continuous at x,.

Prove that a function is continuous and of bounded variation if and only if it can be expressed
as the difference of two monotonic increasing (or monotonic decreasing) continuous functions.

Prove that UV = VS + VY where ¢ is a point in [a, b].
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DERIVATES AND DERIVATIVES OF A FUNCTION

6.53.

6.54.

6.55.

6.56.

6.57.

6.58.

6.59.

zsin(1/2), x+0
Let f(zx) = { 0 =0 Prove that at = = 0 (a) Dt f(x) = 1, (b) D~ f(x) = 1,

(¢) Dy f(x) = —1, (d) D_ f(x) = —1.

Show that if D+ f(x) is continuous at x = a, then the derivative of f(x) exists at = = a. Is the
result still true if one of the other derivates is used? Explain.

Let f(x) be a monotonic increasing function in [a, b]. Prove that the sets (a) {« : D, f(x) < D~ f(x)},
(b) {x: D_ f(x) <D~ f(x)} and (c¢) {x: D_ f(x) < D* f(x)} all have measure zero,

Let f(x) be a monotonic increasing function in [a, b]. Prove that the sets (a) {x : Dy f(x) = D™ f(x)},
(b) {z: D_ f(x) =D~ f(x)} and (c¢) {x: D, f(x) =D_ f(x)} all have measure zero.

Prove that {#: D_ f(x) = —=} has measure zero if f(x) is monotonic increasing in [a, b].

Are the results of Problems 6.55, 6.56 and 6.57 still true if f(x) is (a¢) monotonic decreasing
(b) strictly increasing? Explain.

Prove Theorem 6-14. [Hint: First prove the theorem for monotonic increasing functions.]

ABSOLUTE CONTINUITY

6.60.

6.61.

6.62.

6.63.

6.64.

6.65.

6.66.

Prove that (a) f(x) = #2 is absolutely continuous in [0,1] and (b) any polynomial is absolutely
continuous in any finite interval.

If f(z) and g(x) are absolutely continuous in [a, b], prove that (a) f(x) — g(x), (b) f(x)g(x) and
(¢) f(x)/g(x), g(x) # 0 are absolutely continuous in [a, b].

If f(xz) and g(x) are absolutely continuous in [a,b] and f'(x) = ¢’(x) almost everywhere in [a, b],
prove that if f(z) and g(x) are equal at one point of [a, b] then they are identically equal.

If f(x) is absolutely continuous in [, b], prove that |f(x)|?, p > 0 is absolutely continuous in [a, b].

If f(x) has a derivative (a) everywhere, (b) almost everywhere in [a, b], is it absolutely continuous?
Justify your statements. Compare Theorem 6-18.

Prove Theorem 6-20.

Consider the Weierstrass function defined by

o0

flw) = 3 akcos(bkrx) where 0<a<1 and b>0 isodd
k=0

() Prove that f(x) is continuous everywhere. (b) Write the series for [f(x- k) — f(x)]/h as
A, + B, where A, represents the sum of the first n terms of the series and B, is the remainder
after » terms and prove that

v

— 1
fexW=1@) 2 |p,| - a,

ranbn
ab— 1’
(¢) Use the result in (b) to show that if ab > 1+ 3#/2 then f/(x) does not exist, thus showing that
f(x) is continuous everywhere but has a derivative nowhere.

where 4, < |B,| > 2%anbn

[Hint: To prove the inequality for A, in (b), use the mean-value theorem on cos [bkr(x + h)] — cos [brra].
To prove the inequality for B,, first let bnx = p,+q, where p, is an integer and —1/2 = ¢, < 1/2
and prove that if h = (1 — gq,)/b" then 2b7/8 = 1/h = 2bn. Then prove that for k = n,

cos [bkr(x + k)] = (—1)P»*1,  cos [bkza] = (—1)P»*! cos [bk~"rq,]

and estimate B, using the first term of its corresponding series.]
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THEOREMS ON INDEFINITE INTEGRALS

6.67.

6.68.

6.69.

6.70.

6.71.

6.72.

6.73.

6.74.

6.75.

6.76.

6.77.

6.78.

6.79.

6.80.

Work Problem 6.23 by showing directly that
x
F(x) = f fu) du
a

is the difference between two monotonic increasing functions.

If f(x) and g(x) are continuous in [e, b] and

Lfaxf(u) du = fxg(u) du

a

prove that f(x) = g(x) at all points of [a, b].

Prove (a) Theorem 6-26, page 99, (b) Theorem 6-28, page 99.

Prove that f'(x) is integrable in [a, b] if f(x) is of bounded variation.

If f'(x) is integrable in [a, b] and f(«) is of bounded variation, is it true that

b
[ r@dz = 1) - s
Explain, Ya

Is there a result corresponding to that of Theorem 6-23 for monotonic decreasing functions?
Explain,

2 g1 2 =<
Let fiz) = {x sin (1/22), 0 < & <2/
0, x=0
but (b) f'(x) is not integrable in [0,V2/x]. Discuss the relationship with Theorem 6-26, page 99.
[Hint: For part (b) use the fact that f’(x) is Lebesgue integrable if and only if |f/(x)] is Lebesgue
integrable.]

Prove that (a) f'(x) exists everywhere in [0, V2/r]

If F(x) :f f(u) du where f(x) is integrable on [a, b], prove that the total variation of F(z) in
a
b
[a, B] is f | f(w)] du.

Prove Theorem 6-29 on change of variables, page 99. [Hint: Use Problem 6.61(b).]
State sufficient conditions under which we can write

b b
[ iwdsn = f@ow| ~ [ o r@da

a

Let f'(x) exist everywhere in [a,b] and suppose that f'(x) = g(x) almost everywhere in [a,b].
Prove that f'(x) = g(x) everywhere in [a, b] if g(x) is continuous almost everywhere in [a, b].

Let f(x) be integrable in [a,b] and g(x) = 0 be monotonic increasing in [a,b]. Prove that there
is a number 7 in [a, b] such that

b b
[ 1@mowar = o0-0) [ fad

This is often called the second mean-value theorem. A generalization of this is given in Problem 6.80.
If in Problem 6.78 g(x) > 0 is monotonic decreasing, prove that

b n
S toe@de = garo) (M de

If in Problem 6.79 g(x) > 0 is any monotonic function, prove that

b n b
| t@g@dz = ga+o) f (=) dx+g<b—0)f f(x) de



Chapter 7

L” SPACES

The space of all functions f(x) for which |[f(x)[?, p=1, is Lebesgue integrable on
[a, ], i.e.

fab f@)rde < o

is denoted by L”[a, b], or briefly L” if the particular interval is not required. In such case
we say that f(z) belongs to L” or briefly f(x) € L. If p=1 we denote L” by L.

Although we shall use the interval [a, b] in this chapter, all results obtained can be
restated using any measurable set E instead of [a, b].

HILBERT SPACE
The space L? consisting of all functions f(x) for which

fa f@)Pde <

is called Hilbert space. Functions belonging to Hilbert space are often said to be square
integrable.

IMPORTANT INEQUALITIES
1. Schwarz’s inequality

fiwowa| = {f wwpa {f owraal”
where f(x) € L?, g(x) € L2

Equality holds if and only if f(x)/g(x) is constant almost everywhere.

= {Lb |f(x)]? dx}l/p {j;b]g(x)lq dx}l/q

= 1, p >1

IA

2. Holder’s inequality

j‘: bf(:z:) g9(x) dx

+

S| -
Q| -t

where
and f(x) € L, g(x) € L.
Equality occurs if and only if |[f(x)”/|g(x)|* is constant almost everywhere.

Note that if p =2, ¢ =2 this inequality reduces to Schwarz’s inequality.
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3. Minkowski’s inequality

S v+ o@rar = {f w@ral | owpal”

where p = 1.
Equality occurs if f(x)/g(x) is constant almost everywhere.

Analogous inequalities exist where sums of real numbers are used in place of integrals
[see Problems 7.26, 7.32, 7.45].

THE L” SPACES AS METRIC SPACES

If we define a distance between two functions f(x) and g(x) in L”, also called a norm
in Lp, as b 1/p
D(f,9) = |f—gl = {f; If () — g(x)lpdx}

then we can show that L” is a metric space [see Problem 7.12]. For example the triangle
inequality involving elements f(x), g(z) and k(zx) in L” can be written

=gl = [If =&l + ||k—d]
and is a consequence of Minkowski’s inequality.

The functions are often called points of the space. Since two functions which are equal
almost everywhere have the distance between them equal to zero, we shall assume that
they represent the same point in the space.

When it is necessary to specify the space, we shall write ||f — g||» rather than ||f — g||.

THEOREMS INVOLVING FUNCTIONS IN L’ SPACES

Theorem 7-1. If f(x) €L’, p=1, it also belongs to L, i.e. L"CL. More generally if
p>n=1, then L’CL".

Theorem 7-2. If g(z) € L” and |f(z)| = |g(z)|, then f(z) € L".

Theorem 7-3. If f(x) €L and g(x) € L?, then f(x)g(x) € L™ In particular if f(z) € L*
and g(r) € L?, then f(x)g(x) € L.

Theorem 7-4. If f(x) €L® and g(x) € L' where = +==1, p>1, then f(x)g(x) € L.

3 |-
Q-

Theorem 7-5. If f(z) €L’ and g(x) € L", then f(x)=g(x) € L".

MEAN CONVERGENCE

Let (f=(%)) be a sequence of functions which belong to L”(a, b). If there exists a function
f(x) € L” such that

b
lim f [fa(x) — f(x)Pdx = O (1)
we say that the sequence (f»(x)) converges in the mean or is mean convergent to f(x) in the
space L”.
In such case we often write (1) as

Lim. fo(x) = f(x)

N =+ 0

which is read “the limit in mean of f.(x) as n - = is f(x)”.
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Equivalently we can say that f.(x) approaches f(x) in the mean if for every ¢ > 0 there
exists a number n, > 0 such that

|fn{x) — f()|| < ¢ whenever =n > n,

Theorem 7-6. If Lim. f.(x) exists, then it is unique [see Problem 7.13].

CAUCHY SEQUENCES IN L” SPACES
The sequence of functions (f»(x)) belonging to L” is said to be a Cauchy sequence if

aim, f,,b\fmm ~ fa@)pdz = 0 ®

Ned 0

or, in other words, if given ¢ > 0, there exists a number 7o > 0 such that
b
[[fm — fa]] = f |fm(x) — fa(2x)Pdx < ¢ whenever m >mno, n>m

Note the analogy with Cauchy sequences of real numbers. We have the following

Theorem 7-7. If (f:.(x)) converges in mean to f(x) in L’, then (f(x)) is a Cauchy sequence.

COMPLETENESS OF L. THE RIESZ-FISCHER THEOREM

The space L’ is said to be complete if every Cauchy sequence in the space converges
in the mean to a function in the space. The following theorem, known as the Riesz-Fischer
theorem, is of fundamental importance.

Theorem 7-8 [Riesz-Fischer]. Any L° space is complete. In other words if (f.(x)) is a
sequence of functions belonging to L’ and

lim |fm(®) — fa(x)Pde = 0

ie. if (f.(z)) is a Cauchy sequence, then there is a function f(z) €L’ to
which fa.(x) converges in the mean. This function is unique apart from a
set of measure zero.

CONVERGENCE IN MEASURE

Let (fx(x)) be a sequence of measurable functions defined almost everywhere. Then
(fa(x)) is said to converge in measure to f(x) if '

limm{x: |fo(x)—f(x)] Z 0} = 0

for all ¢ > 0. nere
The following theorems hold.

Theorem 7-9. If (f.(x)) converges almost everywhere to f(x), then it converges in measure

to f(x). However, the converse is not valid but see Theorem 7-11.

Theorem 7-10. If (f.(x)) converges in the mean to f(x), then it converges in measure to f(x).

Theorem 7-11. If (f.(x)) converges in measure to f(x) on a set E, then there exists a sub-
sequence (f», (¢)) which converges almost everywhere to f(x).
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Theorem 7-12. If (f.(x)) converges in the mean to f(x) on a set E, then there exists a sub-

sequence (fx, (x)) which converges almost everywhere to f(x).

It is of interest that if (f.(x)) converges to f(x) everywhere, it does not necessarily

converge in the mean to f(x).

not necessarily converge almost everywhere to f(x). See Problem 7.16.

L” SPACES

7.1.

7.2.

Prove that f(x) = 1/\3/5 (@) belongs to L[0,8] but (b) does not belong to L3[0,8].

Solved Problems

(¢) The fact that f(x) belongs to L[0, 8] follows from Problem 5.4, page 78.

(b) We must investigate the existence of

8 3 8
§lgl= = 4%
0 Ox

1
V=

Since 1/x is unbounded in [0, 8], we proceed as in Chapter 5. Define

Then

(/¢ for l/x=p or 2 Z1/p

1 =
(/=1 1 p for l/x>p or x<1/p
8 8
f dz _ lim [1/2], dx
x - o0
0 P 0
1/p 8
= lim [f pdz + f éﬁ]
P 0 1/p ®
. 1/p 8
= plgr:o [px,o + lnxl/p:l
= lim {1 + In8 4 Inp]
P+ 0

which does not exist. Thus f(x) = 1/% does not belong to L3[0, 8].

If f(x) € L?* and g(x) € L? prove that f(x)g(x) € L.

We have

so that

or

ie.

Then

(f=)] = lg@)h? = 0
[f@)? = 2f(=)]|g(x)] + lg@@)? = 0
[f@)] lg(x)] = @2+ [9(0)]3)

[f(=) g(x)] = (@) + |9(x)]?)

b b b
[ @owiar = 3| rorde + 1 [ lo@Pear

Conversely if (f.(x)) converges in the mean to f(x), it does

)

(2

(3

Since f(x) € L2 and g(x) € L2, the two integrals on the right of (3) exist so that the integral on
the left of (38) exists, i.e. f(x)g(x) € L.
Note that the result is a special case of Theorem 7-3 page 116, where p = 2.
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73. If f(x) € L? prove that f(x) €L, i.e. L*°CL.

This follows at once from Problem 7.2 by noting that g(x) =1 € L2. Note, however, that the
result is not valid if the interval [a, b] is infinite.

INEQUALITIES
7.4. Prove Schwarz’s inequality

S| = {f reral”{ ol
where f(x) € L?, g(x) € LA

For all real numbers A we have, using the fact that f(z) € L2, g(x) € L2 and f(x) g(x) €L,

A

b
f A f(x) + g(x))2de = 0
i.e. AN +2BA+C = 0 (1)

b b b
where A = f |[f(x)|2d®, B = f f(x) g(x)dx, C = f |g(x)|? da (2)

Now since 4 > 0, (1) can be written

2
2B C B AC— B?
M+t =0 or <x+A>+ - 20

But this last inequality can be true for all real A if and only if AC—B2= 0, i.e. B2=< AC. Thus

using (2) we find
b 2 b b
{f 1) (@) dx} = {f If(x>12dx}{f ly(x)lzdx}
from which we obtain as required,
b 1/2 b 1/2
= {f | f(z)|2 dx} {f |g(x)|2 dx}

7.5. Prove that if f(x) € L2, g(x) € L?,

fa () 9(@)|de { f ’ |f(x)|2dx}m{ f : |g(x)|2dx}1/2

This follows at once from Problem 7.4 on replacing f(x) by |f(x)| and g(z) by |g(x)|.

f * ) 9(2) da

IIA

7.6. (a) If w and v are non-negative real numbers, then their arithmetic mean is defined

as #(u+v) while their geometric mean is defined as the yuv. Prove that the
geometric mean is less than or equal to the arithmetic mean.

(b) If we consider n; non-negative numbers all equal to % and n: non-negative numbers
all equal to v, show that the geometric mean will be less than or equal to the
arithmetic mean if and only if

mu + nav

(un1 /vnz)l/(nl +n2) < P
1 2

(¢} Show that the inequality in () is equivalent to
Ut = ou + B

where e, 8 are such that «+g=1.
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(@) We must show that
Vuv = u+v) or wu+v—2Vuw = 0

ie. Va—Vo): = 0
But since this last statement is clearly true, we can reverse the steps to obtain the required

inequality.

(b) The geometric mean of n positive numbers x,, 2y, ... «, is defined as

n
- 1
Vo, xg. .., = (212 ..0,)""

while the arithmetic mean is defined as

x1+x2+"'+xn
n

Then the geometric mean of n; numbers equal to v and 7, numbers equal to v is
(u"x vnz)l/(nl +ny)

while their arithmetic mean is
m"mu + NV
ny + ny

so that the geometric mean is less than or equal to the arithmetic mean if and only if

nu + nyv
(u”l ,Unz)l/(n1+nz) = -
ny + 1y

(¢) The inequality in (b) can be written

et u + e v
ny + ny ny + g

wuny/(ng+ny) yna/(ngtny) =<

. _ (BT _ Ty _ . .
Then letting a = g B = ot so that a4+ B =1 we obtain as required,

u%B = ou + Bv

The validity of the inequality in (b) showing that the geometric mean is actually less than or
equal to the arithmetic mean, is shown in Problem 7.7.

Prove that for any non-negative real numbers %,v and positive numbers «, 8 such

that «+8=1,
uwt = o + B

thus demonstrating the truth of the inequality in Problem 7.6(b).

If =0 the inequality is trivial so that we can assume = > 0. Then letting » =ux and
a4+ 8 =1, the required inequality can be written

1+Br—a8—B Z 0 (1)
Denoting the left side by F(x), it follows that the derivative is F'(x) = (1 —z8-1).

Now F(x) =0 for x =1. Thus since F'(x) <0 for 0 <z <1, it follows that F(x) =0
for 0 < x <1, i.e. the inequality (7) is true for 0 <z < 1.

Similarly since F’(x) > 0 for x > 1, it follows that F(x) >0 for x > 1, ie. the inequality
(1) is true for = > 1. Also equality holds for = =1.

Thus (Z) is true for all x > 0 and so the required inequality is proved.
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7.8. Prove Holder’s inequality

[ nmsinac] = (Lo { o}

where p>0, ¢>0, 1/p+1/¢=1 and f(x) €L’, g(x) € L".
In the inequality of Problem 7.7 let

_ @) _ lg(=x)|¢ _1 _1
u = Fr » - G > a — py ﬁ - q
b b
where F = f [fx)|pde, G = f g(x)|e dx (1)
f@IP1” [lg@le"* i@l | gl
Then { F } { e = —p-F,—-l'——q—G—— 2)

Thus by integrating from a to b and using the definition (Z) of F and G, we have from (2)

b 1/p 1/q
[f(x)]P lg(x)]9 < 1
f { F } { G } de = %

a

=1 3)

Q=

Since F and G are independent of x, we can multiply both sides of (3) by F1/7G1/2 to obtain

b b 1/p b /¢
f [f(@)] lg(x)| de = {f |f(x)|de} {f ]g(x)]qu}

The required inequality follows on noting that

b
= [ 1@l lo@) ds

b
| 1@ o) ao

7.9. Prove Minkowski's inequality

(L@ owpaf” = { [Crwral” + { [ wral”
where p = 1.

If p =1, the inequality is trivial. For p > 1, we have using Holder’s inequality

b b
f |f+g|pdx f [f+gllf+glplde

IA

fiA

b
fblfl |f+glp~tdx + f lgl1f+ 9P~ 1dw

{fab I dx}l/p {fablf+ glvdx}(p_m
. {fblglpdx}l/p {fb§f+g]vdx}(p—l)/p ‘

a

A

b (»—1)/p
Then dividing both sides by {f |f+ g|? dx} [which is assumed to be different from zero
a

since otherwise the inequality is trivial], the required result follows.

THEOREMS INVOLVING FUNCTIONS IN L” SPACES
7.10. Prove Theorem 7-2, page 116: If g(x) € L” and |f(z)| = |g(x)|, then f(z) € L".
If |f(x)] = |g(x)|, then |f(z)|? = |g(x)|*. Thus

b b
f [fx)pde = f |g(2)|P dx

so that if the right side exists, i.e. if g(x) € L”, then the left side also exists, i.e. f(x) € L”.
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Prove Theorem 7-3, page 116: If f(x) €L’ and g(z) €L, then f(x)g(x) € L""
Since f(x) € L and g(x) € L®, we have

b b
f [flw)Pde < =, f lg@iPde < =

i.e. the integrals exist. Then by Schwarz’s inequality on replacing f(x) by |f(x)|?/2 and g(x) by

|g(x)|P/2, we have
b 1/2 b 1/2
{f \f(x)lpdx} I |g<x)\vdx}
p/2

Since the integrals on the right exist, the integral on the left exists, i.e. f(x)g(x) €L,

A

b
f () 9(2)P/2 da

a

THE L° SPACES AS METRIC SPACES

7.12.

Prove that an L” space is a metric space.

The distance between two elements (functions) of L” is defined as

b 1/p
Difg) = {f 1f<x>—g<x>1vdx}

In order to prove that L” is a metric space, we must satisfy the requirements 1-4 on page 6, i.e.
1. D(f,g) = 0
2. D(f,9) = D(g,f)
3. D(f,9)
4. D(f,9) = D(f,h) + D(h, 9)

0 ifandonlyif f=g

Now requirements 1 and 2 are obviously satisfied from the definition of D(f,g). Requirement 3 is
satisfied if we consider the distance between f and g as zero, i.e. if and only if the functions have
the same values almost everywhere and we shall henceforth use this interpretation.

Finally requirement 4 follows as a consequence of Minkowski’s inequality.

MEAN CONVERGENCE, CAUCHY SEQUENCES AND THE
RIESZ-FISCHER THEOREM

7.13.

Prove that if a sequence (f»(x)) converges in the mean to two different functions f(x)
and g(x), then f(x) = g(x) almost everywhere. Thus if Li.m. f.(x) exists, it is unique.

=0
If (f,(x)) converges in mean to f(x), then

b
lim f |fol@) = f@)Pdz = 0 (1)
Similarly if (f,(x)) converges in mean to g(x), then
b
lim f fule) = g(@Pdz = 0 (2)
But by Minkowski’s inequality,
b 1/p b 1/p b 1/p
{f [f(x) — g(=)|P dx} = {f [f(x) — folx)|? dx} + {f [fn(x) — g(x)? dx}
Thus letting n > » and using () and (2), we have

b
§ 1w —g@haz = o

or f(x) = g(x) almost everywhere.
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7.14. Prove Theorem 7-7, page 117: If a sequence (f.(x)) converges in the mean to f(x)

7.15.

7.16.

in the space L*, then it is a Cauchy sequence.

By Minkowski’s inequality we have

b 1/p b 1/p
{f Ifm(x)—fn(x)lpdx} = {f Ifm(x)~f(x)lpdx}
¢ b 1/p
+ {f If(x)—fn(x)\"dx}

or [1fm = fall = [fm=fll + |lfn—fll

But since (f,,(x)) and (f,(x)) both converge in the mean to f(x), it follows that given e > 0 there
exists 19 > 0 such that for m > ny, n > ny,

IA

€ €

fm=fll < 50 Wa=fll < §

Then fm—fall < %-l—% = e for m>mn, n>mn

and the required result follows.

If lLim. f.(x) = f(x), prove that
im (" if@pde = § f@pds
or equivalently, lim ||f.|| = ||f]|.

We have from Minkowski’s inequality,
[fall = M= N+A = = fll + 1IF1l

or taking the limit as n — «,

Tim |If] = 1] )
Similarly Al = W =fat Fall = [If—Fall + 1Ifall
or taking the limit as n > =,
Al = lim Al ®)
Then from (Z) and (2) we have
Tm 5l = Al

The result is often interpreted by saying that the norm of the metric space L? is continuous.

Let n, 0<zx<l/n
fn(x) = 7L:1,2,.

0, Im<z<l1

Show that in the space L? (a) lim f.(x) = 0 while (b) L.im. f.(x) 0, and (c) interpret
the results. noe e

(a) Let x, be any point of the interval 0 <« < 1. Since 1/n <zy <1 for n> 1/xy = ny, we
have |f,(%p) —0]=0<e for n>mny ife. lim f,(x) =0 for all x, in [0, 1].
n = 0

) If lim, f,(x) = 0, then we would have
n = 0

lim fl fo@2de = 0
N b 0 0
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1 1/n 1
However, f [fo(®)2de = f n2dx + f 02de = n
0 0 1/n
1
and so lim f [fo(@)2de = «, ie Lim. fy(x) # 0
= 0 0 N> 0

(¢) The result shows that a sequence (f,(x)) may converge to f(x) at all points of an interval
without converging in the mean to f(x) on the interval. The example can be extended to the
case L” where p > 1 [see Problem 7.51].

Conversely we can show that a sequence (f,(x)) may converge in the mean to f(x) on an
interval without converging to f(x) in the usual (pointwise) sense [see Problem 7.54].

7.17. Prove the Riesz-Fischer theorem [Theorem 7-8, page 117].

Since the sequence of functions (f,(x)) in L” is a Cauchy sequence, i.e.

b
i @ - fu@rds = 0

N> 0

it follows that to each natural number » there is a smallest natural number =n, such that

b
f [fm(®) = fal(x)|Pde < —3%; for m=Z=mn, nxn,

We can choose in particular m =n,4,, n = n, so that

b
f sy @~ f, @Pdz < o for r=1,2,... (1)
Let us define E, = {x : Ifn,,+1(x) — fnv(x)l > 2—,,1,;} (2)
- 1\ _ 1
Then va fay @) = fp, @)Pdx = Lv (2,,/,,) dz = o m(E,) 6]

Combining this with (1),

—217m(E’,,) < 31— or mE,) < (3

Consider now

o= . — 1 1
ENUEy U = {x Vg1 ™ Frnl > 55750 ngya ™ Fryyl > ST * } (4)

If x does not belong to this set, it is clear that
— _1_ _ 1
If"N+1 f"NI = 2N/p? ]f"N+2 f"N+l| = o(N+D/p’

so that the series Vgl Frysr = Fa, | )
converges.
But the measure of the set (4) is less than or equal to
mEy) + mEyyy) + 0 = @V + @GN+ - = 3N

which approaches zero as N = «,

This shows that the set of all x for which (5) does not converge is of measure zero or, in other
words, the series (5) converges almost everywhere.
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Now since the series (5) converges almost everywhere, so also does the series

21 Fryr1 = fa)

since an absolutely convergent series is convergent. Writing

k—1

fnk = fn1+v§1 (fn,,+1 _fn,,)

o0
it follows that Jim fo, = fa F 21 (Fay 1 —F)

ve
exists. Denoting this limit by f(x) we thus see that

klim fnk(x) = f(x) almost everywhere

We must now show that (f,(x)) does in fact converge in mean to f(x). We first prove that
fnk(x) converges in mean to f(x). To do this we observe that by Fatou’s theorem,

b b
tim [ @)~ o, @pdr = [ Iy~ P ®
V= 0 a a
But from the fact that (f,(x)) is a Cauchy sequence we see that for every e > 0 there is a number
K such that
b
f Ifnk(x) _fn,,(x)l" dx < e for k>K, »>K
a
b
Thus from (6), f Ifnk(x) —flx)jpde = for k> K
a

which shows that fnk(x) converges in mean to f(x) or equivalently

b
lim f ]fnk(x)—f(x)lpdx = 0

Ny —+ ©

To show that f,(x) converges in mean to f(x) we note that by Minkowski’s inequality
b 1/p b 1/p b 1/p
{f () —f(x)lpdx} {f o) — fnk(x)lpdx} " { IS —f(x)lpdw}

b
so that lim f [fal@) — f(x)Pde = O

itA

ie. f,(x) converges in mean to f(x).

The limit function f(x) is unique apart from a set of measure zero or, in other words, if there
are two limit functions f(x) and g(x) then f(x) = g(x) almost everywhere.

CONVERGENCE IN MEASURE

7.18. Prove Theorem 7-10, page 117: If (f.(x)) converges in the mean to f(x), then it con-
verges In measure to f(x).

Let ¢ >0and E, = {x: [f,— fl Z¢}. Then

Ey

falx) — f(@)|Pde = o?dx = o?m(E,)
fEnl (z) — f(x)|P d f

Since the left side approaches zero as n — =, we see that lim m(E,) =0, ie. (f,(x)) converges
in measure to f(x). noe
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7.19. Prove Theorem 7-11, page 117: If (f.(x)) converges in measure to f(xr) on a set E,
then there is a subsequence fx (), fr,(2), ..., 11 < M2 < -+, i.e. (fu (%)), which con-
verges almost everywhere to f(x).

Consider a sequence of positive numbers o; > 05> 03> *++ such that lim ¢, =0 and let
. . . . YN} Jowb 00
k1 + kg + -+ be a convergent series in which each term is positive.

Choose the natural number n; such that for all x € E,
m{x : Ifnl_fl Zo < Ky
This number must exist because by hypothesis

m m{z: |f,—flZey} = 0

Similarly let n, > »; be a natural number such that

m{x : ]fnz—fl Z 0y} < Ky
and in general m; > my_; > ++- > n; such that

miz s |fo —fl 2o} < x
This procedure defines the sequence ().

We now prove that klim f,,k(:c) = f(x). To do this suppose that
-+ 00

P, = U {zilf—flZa) @ = N P

J

fcs

j
Then since P;DP,DP3> -+, it follows from Theorem 2-15, page 33, that
mQ = lim m(P) 8

<«
Now since m(P;) = 3 . it follows that jlim m(P;) =0 and so from (1)
k=3j - 0
m@Q@ = 0
If we can now show that klim fnk(x) = f(x)

for all x € E — Q, the required result will follow. To do this suppose that x, € E—@. Then
there is some natural number j, such that z, & Pio’ so that from the definition of P;

2o & (&1 |fu,— f Z op}
for all k = j,. It follows that
fn(20) — f@)] < o (2)

But since o), >0 as k- », we see from (2) that

kliH; 'fnk(xo) = f(=o)

i.e. for all z € E—Q kILII:O fa l®) = f®)
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Supplementary Problems
L? SPACES
7.20.  Prove that the function f(x) of Problem 7.1 (a) belongs to Lp[O, 8 if 1=p<3 but (b) does not
belong to LP[O, 8] if p = 3. (¢) For what values of p does f(z) = 1/V= belong to L*[0,1]?
7.21. Prove that if f(x) € L?, p =1, then cf(x) € L® for any constant c.

7.22. If f(x) € L2 and g(x) € L%, prove that (a) [f(x) + g(x)] € L2, (b) [f(x) — g(x)] € L2,

7.23. If fi(x), fo(x), ..., fa(x) all belong to L2 and ¢,,¢,, ...,¢, are any constants, prove that e¢;fy(x)+
cofol®) + + - + ¢, fa(x) € L2,

7.24. If a function belongs to L, does it also belong to L2? Explain.

INEQUALITIES AND THEOREMS INVOLVING FUNCTIONS IN L” SPACES

7.25. Prove that the equality holds in Schwarz’s inequality if and only if f(x)/g(x) is constant almost
everywhere,

7.26. Prove the following analog of Schwarz’s inequality for real numbers a, b, k=1, ...,n,
layby + -+ aby2 = (Jog2 4 -0 A+ agD([0y]2 + - o+ [5,]3)
and show that the equality holds if and only if a,/b) is constant.

7.27. Obtain Schwarz’s inequality for integrals by using Problem 7.26 and the definition of an integral
as a limit of a sum.

7.28. Prove that if f(x) € L2, then

b
f |f(z)] dc

7.29. Prove that f(x) = e~z/\/x € L[0, »].

1A

Vo—a Uablf(xﬂzdx]m

Thus show that L2C L.

7.30. Prove Minkowski’s inequality for p = 2 by direct use of Schwarz’s inequality.

7.31. Prove that the equality in Minkowski’s inequality holds if and only if f(x)/g(x) is constant almost
everywhere.

732, If ay, b, k=1,...,n, are real numbers and p > 1, prove that
oy 4t oo ag b PP S (a4 fanl P2 + (Bl 4o+ B, P37
where the equality holds if and only if a,/b, is constant. Discuss the relationship with Minkowski’s
inequality.
7.33. Prove that ||f+g|| = ||f||+ ||¢g]] and interpret geometrically.

7.34. Discuss the significance of ||f||, in case p = 1. In this case what is ||f—g]||,?

7.35. Is L” a metric space? Explain.
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7.36.

7.37.

7.38.

7.39.

7.40.

7.41.
7.42,

7.43.

7.44.
7.45.

7.46.

MEAN CONVERGENCE [CHAP. 7

Prove that if f(x) € L® p>1, then
b b 1/p
f [f(x)|de = (b—ap/P—D [f |fx)|P dx}

Thus show that L°C L for p = 1, generalizing the result of Problem 7.3 and proving the first part
of Theorem 7-1, page 116.

Prove the second part of Theorem 7-1, page 116, i.e. L°CL" if p>n = 1.

Discuss Holder’s inequality in case p = 1.

Prove that = 7 tan—127

f cosx_ g
0 Va2+1
Prove that the equality in Holder’s inequality holds if and only if f(x)/g(x) is constant almost

everywhere,
Prove Theorem 7-4, page 116.

Prove Theorem 7-5, page 116.

Prove that if f,(x) € L” and fy(x) € L, then ¢1f1(x) + cafafx) € L” where ¢, and ¢, are any
constants.

Generalize the result of Problem 7.43 to n functions f,(z), ..., f,(z).
State and prove an inequality for real numbers corresponding to Holder’s inequality.

Prove that the geometric mean of any set of non-negative numbers is less than or equal to their
arithmetic mean. Is there a corresponding result involving integrals?

MEAN CONVERGENCE, CAUCHY SEQUENCES AND THE RIESZ-FISCHER THEOREM

7.47.

7.48.

7.49.

7.50.

7.51.

7.52.

7.53.

If (f,(x)) converges in mean to f(x), prove that ||f,|| is bounded.

If lim. f,() = f(x) and Lim.g,(x) = g(x) where all functions are in L”, is it true that
@ Lim fa(@)+9a(@)] = f@ +0@) B) Lim fo(2) gn(e) = @) 96) (@) lim ||falx) +0a @) =
||f(x) + g(=)||? Explain.

Explain the relationship between Theorems 7-7 and 7-8, page 117.

Prove that a sequence of functions in Hilbert space converges in the mean to a function in Hilbert
space if and only if the sequence is a Cauchy sequence.

Obtain a generalization of the remarks of Problem 7.16 for L” space, p > 1.

Prove that if (f,(x)) converges in mean to f(z) in L” and g(x) € LY, then
b

b
lim fn(x) g(x) de = f f(x) 9(x) dx

N~ 0 a

A sequence (f,(x)) in L” is said to converge weakly to f(x) in L” if for every function w(x) € L°,
where 1/p+1/q =1, b b
lim w(x) f,(x)de = f w(z) f(x) dx
a

N =+ 0 a

Prove that if (f,(x)) converges in the mean to f(x) in L”, then it also converges weakly to f(x).
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7.54.

7.55.

7.56.

Give an example to illustrate that if (f,(x)) converges in the mean to f(x), it does not necessarily
converge almost everywhere to f(x).

0
Under what conditions will 3 ¢,fic(x) € L® if fi(x) €L® k=1,2,..., and ¢, are constants?
Justify your conclusions. =1

Let f.(x) = for 0=2=1 where n=1,2,.... (a) Is (fp(2)) a Cauchy sequence?

"

1+ n/x

(b) Does fu(x) € L2 for n=1,2,...7 (c) Does lim f,(x) € L2? (d) Does lim. f,(x) € L?? Dis-
ner 0 Nner 0

cuss your results in connection with the Riesz-Fischer theorem.

CONVERGENCE IN MEASURE

7.57.

7.58.

7.59.

7.60.

7.61.

Prove that if a sequence of functions (f,(x)) converges in measure to two different functions
f(x) and g(x), then f(x) = g(x) almost everywhere. Can you say that convergence in measure is
unique? Explain.

Prove Fatou’s theorem [see page 75] if the sequence (f,(x)) converges in measure to f(x).

Suppose that (f,(x)) converges in measure to f(x) in Hilbert space. Prove that if ||f,|| is uniformly
bounded, then (f,(x)) converges weakly to f(x) [see Problem 7.53].

Is the result of Problem 7.59 true for L” spaces in general? Explain.

Prove Theorem 7-9, page 117.



Chapter 8

DEFINITION OF A FOURIER SERIES
Let f(x) be Lebesgue integrable in (—=,=). Suppose that f(x) is defined to be periodic

with period 2= outside of this interval, i.e. f(z =2kx) = f(z), k=1,2,.... The trigonomet-
ric series a oo '
§° + > (an cosnx + by sin nx) (1)
=1
is called the Fourier series corresponding to f(z) if
_ _1— jﬂr _ 1 L .
o = —) f(x) cosnxdx, bn = - f_w f(x) sin nx dx ()]

We call a, and b, the Fourier coefficients corresponding to f(x).

Since f(x) is periodic with period 2=, any other interval of length 2= can be used instead
of (—, ) such as for example (0,2r) or in general (¢, ¢+ 2x) where ¢ is any constant. In
such case the integration limits —= and = in (2) are changed to ¢ and ¢ + 2= respectively.

Extension to the case where f(x) has period 2l where [ > 0, is easily made [see Problem
8.36].

THE RIEMANN-LEBESGUE THEOREM
If f(x) is integrable in (a, b), then
b ) b
lim § f(x)cosaxrdz = 0, lim | f(z)sinaxder = 0 €]

In particular the Fourier coefficients (2) approach zero as n - =,

CONVERGENCE OF FOURIER SERIES

An important question which naturally arises is whether a Fourier series corresponding
to an integrable function f(x) will converge and, if it does, whether it will converge to
f(x). To answer this question we need to consider the partial sums of the series (1)
given by

M
Su(x) % + Y (@ cosnx + b, sin nz) (4)
2=1
Using the coefficients (2) we can show [Problem 8.7] that
1 (" sin (M + $)u
Su(z) = o f_" fl +u)-£s(inmﬁ- du (5)
or [Problem 8.8] _
1 (7 sin (M +3)¢
Sulz) = o fo [F@+1) + f(z—1)] ——S(—iﬁ—f)-. dt | (6)
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Subtracting S(x) from both sides of (6), we then find [Problem 8.9] that

Su(z) — S(z) = %fov[f(x +t) + f(z — t) — 2S(a)) SR+ D)

snit  H @)

We thus arrive at the following important

Theorem 8-1. The Fourier series converges to S(z) if and only if the integral in (7)
approaches zero as M - ». In such case Lllim Su(x) = S(x).

Other important related theorems are the following.

Theorem 8-2. The Fourier series converges to S(z) if and only if for some fixed number
§ such that 0 < 8 = =,
o sin (M + 4)t

lim [f(x +1t) + f(x — t) — 2S(2)]

Mowx Jy sin 4t dt =0

Theorem 8-3. The Fourier series converges to S(x) if and only if for some fixed number $§
such that 0 < 8§ = =,
) 1 1
tim (" [z +) + flz 1) — 25() SHEDE gy

Moo Jy

SUFFICIENT CONDITIONS FOR CONVERGENCE OF FOURIER SERIES

Various sufficient conditions exist under which a Fourier series will converge to S(x).
The following are two such conditions or tests as they are often called.

Theorem 84 [Dini’s condition]. The Fourier series converges to S(z) if for some fixed
number 8§ such that 0 < 8§ =,

j‘6 flx+1t) + f(x—t) — 2S(x) it exists
0 t

Theorem 8-5 [Jordan’s condition]. The Fourier series converges to
f(x +0) + f(x— 0)
2

S(=)
if f(¢) is of bounded variation in a neighborhood of ¢=x. If furthermore

f(t) is continuous at ¢ =z, then the Fourier series converges to f(x).

For other sufficient conditions see Problems 8.49, 8.50 and 8.55.

INTEGRATION OF FOURIER SERIES
Theorem 8-6. Let the Fourier series corresponding to the integrable function f(x) be given
by 0
(;—0 + 3 (an cosnz + b, sinnz) (8)
n=1
Then if we integrate the series term by term from « to 8, the resulting series

8
converges to f f(x) dx.

The remarkable thing about this theorem is that the series (8) need not be convergent.
For a generalization of this theorem see Problem 8.60.
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FOURIER SERIES IN L? SPACES

Thus far we have been concerned with pointwise convergence of Fourier series. Two
other important types of convergence can also be considered. The first involves mean con-
vergence in L? spaces which is considered in this chapter and the second involves the
concept of summability which is considered in Appendix B, page 175.

It turns out that the theory of mean convergence of Fourier series in L2 spaces is
closely related to the theory of orthogonal (or orthonormal) series, since a Fourier series
is a special case of an orthogonal series. For this reason we shall treat this more general
theory.

ORTHOGONAL FUNCTIONS
Two functions f1(x) and f.(x) are said to be orthogonal in (a, b) if

j;b fi(x) fa(x)de = 0 9)
A set of functions fi(%), f2(z), ... is said to be an orthogonal set in (a, b) if
j;b fm(x) fr(x)de = 0 m #* n (20)
and the functions are said to be mutually orthogonal or simply orthogonal in (a, b).
Example: The functions {sinm«}, m = 1,2, ..., are mutually orthogonal in (—=,r) since
fﬁ sinmz sinneder = 0 m #E n

ORTHONORMAL FUNCTIONS

If the set of functions fi(x),fs(%), ... is orthogonal in (a@,b), then if f.(x) € L* we
will have

b
[ lh@pde = 4 n=12..
where A >0 is finite. Then if we let ¢, (x) = f,()/VA,, wehave

S p@ra = 1 (11)

[ on@a@ds = 0 morn (12)

The set of functions {¢ ()} is said to be orthogonal and normalized in (a, b) and is referred
to as an orthonormal set of functions in (a, b) and the functions are said to be orthonormal
in (a, b).

Example: The functions {51_1\1/__7@} ,m=1,2,..., are orthonormal in (—=, 7). See Problem 8.23.
T

ORTHONORMAL SERIES

A series ¢, d,(2) + C (&) + - = k;ckq;k(x) (13)
where ¢, ¢,, ... are constants and ¢, (), ¢,(2), ... are orthonormal functions in (a,b) is

called an orthonormal series. If

6 = J f)e@de (1)




CHAP. 8] APPLICATIONS TO FOURIER SERIES 133

then the series (13) is called the orthonormal series corresponding to f(x). Because of the
analogy with Fourier series, (13) is sometimes called a generalized Fourier series and (14)
are the generalized Fourier coefficients.

If f(x) and ¢,(x) belong to L?, the coefficients (14) exist [see Problem 8.69].

PARSEVAL’S IDENTITY .
Let S (z) = ;;1 ¢, ¢, (%) (15)

be the partial sums of the series (18) with coefficients (14). Then by Problem 8.27,

S, (x) — f(=)|]” f}S = ff de_zcz

Now if it is true that
0

lim [1S,(z) — f(a)]
i.e. if S (x) converges in the mean to f(), it follows that
b 0
f If(x)2de = kgl c2 (16)

which is called Parseval’s identity. Conversely if Parseval’s identity holds, then S _(z) con-
verges in the mean to f(x). The results can be summarized in the following

Theorem 8-7. The generalized Fourier series corresponding to f(x) converges in the mean
to f(x) if and only if Parseval’s identity is satisfied.

BESSEL’S INEQUALITY
Regardless of whether lim ||S, — f|| is or is not zero, it will certainly be true that

é;l @ = f f(2) dz (17)

See Problem 8.28. This inequality is called Bessel’s inequality. The case of equality cor-
responds to Parseval’s identity.

APPROXIMATIONS IN THE LEAST SQUARE SENSE
If f(x) € L?, then we can think of the quantity
1 ° z
b— af [f(x) — 2 o ()| de _ (18)

as the mean square error of f(x) from an approximating sum 2 a,¢.(®). The following
theorem is of interest.

Theorem 8-8. The mean square error (18) is a minimum when the constants «, are the
generalized Fourier coefficients, i.e. when

= J i@ (19)

Because of this theorem we say that > ¢.¢.(2) approximates f(x) in the least square
k=1

sense. Note that Parseval’s identity is satisfied if and only if the mean square error
approaches zero as n— «. See Problems 8.30 and 8.76.
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COMPLETENESS OF ORTHONORMAL SETS .
If in approximating a function f(z) € L* by an orthonormal series 2, ¢, ¢,(z) we fail
k=1

to include one or more of the functions ¢, (x), Parseval’s identity will not be satisfied.
Because of this we adopt the following

Definition. An orthonormal set {¢,(z)} is said to be complete if for all functions f(x) € L?
Parseval’s identity is satisfied.

We have the following

Theorem 8-9. The set {¢, ()} is complete if and only if there is no function other than
zero which is orthogonal to all the functions ¢, (x).

RIESZ-FISCHER THEOREM FOR GENERALIZED FOURIER SERIES

Theorem 8-10 [Riesz-Fischer]. Given an orthonormal set {¢.(x)} in (a,b) and a set of
constants ¢, such that 121 ¢? converges, there exists a function f(z) € L*
such that the ¢, are Fourier coeﬁigients corresponding to f(x), Parseval’s
identity is satisfied and the series ;;1 ¢,¢,(x) converges in the mean to f(x).

For Fourier series this theorem takes the following form
Theorem 8-11. Let a,,b, be such that the series

a
—29 + kzl (a2 + b?) (20)
converges. Then the trigonometric series
% + 2 (@, coskx + b, sin kx) (21)
k=1

is the Fourier series of some function f(x) € L2. Furthermore the partial
sums of the series (21) converge in the mean to f(z) and Parseval’s identity
(16) is satisfied.

Solved Problems

DEFINITION OF FOURIER SERIES
8.1. Show that if m and n are positive integers,

j‘” de - 0, m#*n
(a) . cosmx cosnrdxr = I ——
o, . 0, m#*n
®) f,,, sinmx sinnxdx = {_”, m=n
™ -
(c) f sinmx cosnxdxr = 0
-7
(@) If m#=mn,
" 1 T
f cos mx cosnx do = ) f [cos (m — n)x + cos (m + n)x] dx

J -
T
= 0

-7

1 [sin (m—n)x , sin (’m+n)x:l
= z +
2 m—n m+n
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If m=mn, . -
f cos mx cos nx dxr = f cos2 mx dx
—r -
1 ("
= 3 J (1 + cos 2mzx) dx
—TmT
_ 1 sin 2ma \|”
= §<x + om > o =
(b) If m #n,
T 1 T
sinmx sinnx de = 2 f [cos (m — n)x — cos (m + n)x] dx
-7 -
1 [sin (m—mn)x , sin (m+n)x] o _
= = + = 0
2 m—n m-+n -
If m =n, P P
f sinmx sinnx de = r sinZ2 mx dx
- V-
1 T
= = f (1 — cos 2mz) dx
2 — T
1 __sin2mx T
s\ %" Tom =
(¢) If m+*mn,
v 1 T
sinme cos ne dox = 3 f [sin (m + n)x + sin (m — n)x] dx
_T —TT
_ 1 —cos{(m+mn)x _ cos(m—n)x T = 0
2 m+n m-—-n -
If m =mn, - -
J sin mx cosnx dx = f sin mx cos mx dx
- —_T
sin2 me |7
2m - =0

8.2. If the series A + Z (an cos nz + b, sin nz) converges uniformly to f(z) in (—=, =), show

n=1

that for n=1,2,3,..., (a) a, = 1 f f(z) cosnx dx, (b) b, = 1 f f(z) sin nz dz,
(€) A = a/2. T T

(a) Multiplying o
fle) = A+ 21 (a, cosnz + b, sin nx) . (1)
e

by cos mxz and integrating from —= to =, using Problem 8.1, we have

T T
f f(x) cosmexdr = A f cos mx dx
_,, _,T

00 w T
+ 3 {anf cos mx cos nx de + bnf cos mx sin nx dx}
n=1
-

-1

= apr if m=1,23,...

w
Thus a, = %J‘ f(x) cos mx dx m=123,... (2)
-7
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(b) Multiplying (1) by sin mz and integrating from -z to =, using Problem 8.1, we have

(e)

series, it is sometimes useful to do so.
Fig, 8-1. Since f(x) has period 27, we can use (0, 27) in Problem 8.2 instead of (—=, 7).

If n=0,

T T
f f(x) sin mx dx A f sin mx dz

+ "21 {an J‘v

T
sin mx cosnxdx + b, f sin mx sin nx dx}
-7 —m

= b7
1 T
Thus b, = ;f f(x) sin mx dx m=123,...
-7
Integration of (1) from —= to =, yields

f_: flxyde = A f_: dr + nél {an fﬂ

-
Thus A =

ks
cos nx dx + b,,f sinnxdx} = 274
-1

1 i a9
2—ﬁf fx)dx = 5

-7
as seen by formally putting m = 0 in equation (2) of part (a).

Note that in all parts above, interchange of summation and integration is valid because
the series is assumed to converge uniformly to f(x) in (—=,7). Even when this assumption is
not warranted, the coefficients a, and b, as obtained above are called the Fourier coefficients
corresponding to f(x), and the corresponding trigonometric series with these values of a, and
b, is then called the Fourier series corresponding to f(x).

An important problem is to investigate conditions under which the series converges and
if so whether it converges to f(x).

Find the Fourier series corresponding to the function f(x) =22 0 <z <2x, where
f(z) has period 2= outside of the interval (0, 2x).

Although it is of course not necessary to graph the function in order to determine the Fourier
The graph of f(x) showing the periodicity is given in

f(=)
/ / e Period / /
/ / / / /
/ / / / /
/ / / 472 / /
/ / / / L /
- < - g -~ - . 7 - x

1 1 T 0 T — 1 T

—6r —4r —2r 27 4 67
Fig. 8-1

The Fourier coefficients corresponding to f(x) are given by the following.

2 1 2w
an = 2 i@ eosnrar = 1 s cosnzdn
=J, 7J,
- 1 2) sinne\ _ o) —CosmzY | o Csinnz\ |77 _ 4 —123
= —q= - @) —— 5~ 5 )fl, = a2 n=LB3..
27
a, = %f 2dx = 8_"—2
0
2m 1 2m
b, = - flz) sinnzdz = -—f %2 sin nx dz
(1] TV

m 4=

{(x2) <_ E’%”E) ~ (2x) <_ sir:ﬂnx) + (@) <co:3m;>} 2

5] |t
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Then the required Fourier series is
o0

@ .
5 + S a, cosnx + b, sinnx
e

. 472 ki 4 47 .
ie. 3 + n§1 <n2 cosna — = sin nx>

-

RIEMANN-LEBESGUE THEOREM

84. Prove the Riemann-Lebesgue theorem: If f(x) is integrable in (—=, ), then

(@) lim f " fa)sinnzdz = 0, (b)) lim ( f(2)cosnzdx

N+ —1r

(@) Let x =u + #/n so that

’ f(x) sinnrde = — i flus™) sinmedu = — n ;
. [ oo

—w+n/n

since we assume f(x) has period 2z.

T v
Thus f f(x) sinnxde = — f <az + %) sin nx dx
-

—mT

and 2 f f(x) sinnxder = f [f(x) —-f <x+ %):I sin ne dx

= 15 ‘f_: |:f(a:) - f <x+%>:| sin nx dz
f<x+%> ~ f(x)

From this we find

f " f(x) sin nx dx

IIA

1 m
3]
—m

But by Problem 5.31, page 90, we have, since f(x) is integrable,
w
lim f f<x+1> — flx)
N o n

m
Thus lim f f(x) sinnzdx = 0
n= < -

dx =

(b) This can be proved in a manner similar to the method of part (a).

CONVERGENCE OF FOURIER SERIES

1 < _ sin(M+1)9
8.5. Prove that 2 + ;Z;COS?@H B ——Ergﬁ;gg——
We have cosng singe = J[sin(n+ §)6 — sin (n— })6]

Then summing from = =1 to M,
M M

S cosng sinle = sinle 3 cosng
2
n=1 n=1

dx

See Problem 8.43.

<u + Z) sin nu du
n

137

= Asin$e—sinf6) + L(sin §o —sin $6) + -+ + L(sin (M + )¢ — sin (M — })o)

i

4 sin (M +14)6 — 4 sin 46

M sin (M + })8
+ 'ngl cosné = 2 sin Lo

DO =

Thus
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"sin (M + 3)0 d0 = lj' sin(M+3)0 ,, _ 1

S,
8.6. Prove that (a) ) 2sindd T 2sindd 2°

(a) From Problem 8.5 we have on integrating from 0 to =,

1" sin (M + § 1J‘
= d
f o s la =+ 2 cosng | de

1 g M . T
e s sm‘na]
7|2 a=1 n 0

o=

(b) From Problem 8.5 we have on integrating from —= to 0,

1 0 sm(M+~%)0 1
f 2s1n%—0 de = f |:+2 cosna}da

1|6 sin na:l 0
; [E +7,§1 n

-

DO | =

8.7. Show that the partial sums of a Fourier series are given by

sin (M + $)u du

a M
Su(z) = —9+Zl(ancosnx+bnsinnx) = f e+t —5antn 2 sindu

2

Using the formulas for the Fourier coefficients, we have
1 (" 17
a, cosnx + b, sinnx = <;f f(t) cos nt dt> cos nx + <;f f(t) sin nt dt> sin nx
- -

m
= %f f(t)(cos nt cos nx + sin nt sin nx) dt
-

= %J‘v f(t) cos n(t —x) dt

1 2 lfv td
Also, 2 = o _,,.f() ¢
]
Then Sulx) = 3t 2 (a, cosnx + b, sin nx)
ey

M
= lf f(t)dt + = Ef f(t) cos n(t — x) dt

= lf f(t[ +Ecosn(t—x)}dt

1 ’T sm(M+~%)(t—az)
- é;f smMt P2 4

sin §(t — x)
using Problem 8.5. Letting t— 2 = u, we then find
i) = -—fﬂ z ot sms(llrl{j-u% du
—r—z

Since the integrand has period 27, we can replace the interval (—z — 2, » —x) by any other
interval of length 27, in particular (—#,7). Thus we obtain the required result.
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8.8. Prove that sin (M + 1)t

singt %

Su(z) = %fo [flx+1t) + f(z—1)]

From Problem 8.7,

Sul@) = lf flat o SR mlt

M+ 1)t 0 in (M+ 1)t
= -2-;["; f(x+t)%2)—dt +f f(x+t)%——idt]

Pt

n 4t
1 T sin (M sm (M + %-
- 2—7;[ fetd—gn1e - smlt dt + f fle = sin u du:l
M+ t M+ L)t
= '21“[f fle+t) ——77— sm( %) dt + f flx sm (m %t%) dt:|
1 sin (M + )¢
= 27]; [flea+1t) + fx—t)] it 1t dt
8.9. Prove that
1 " sin (M + 3)t
Sw(z) — S(z) = é?fo [f(z + ) + f(z — t) — 25(x)] —H—S%I@%l dt
From Problem 8.6(a),
1 (" sin (M + )t
Then using Problem 8.8,
! - sin (M + -%)t 1 v sin (M + -%)t
Su(x) — S(x) = g‘j; [f(x+ t) + flx — t)] —Wdt -5 | 2S(x) —S—iTl—-%t—_dt

j"' +t sm(M+2)td
\ f(x )—i—f(x—t)—ZS(x)]—"T%t— t

N

8.10. Prove that convergence or divergence of a Fourier series corresponding to an
integrable function f(x) at any particular point # depends only on the values of f(x)
in a neighborhood of the point.

From Problem 8.8 we have for some fixed number § such that 0 < § = ,

1 (° in (M + 1)t
Sylz) = 2—”1: [f(x+t)+f(x—t)]§isin—%t2—dt
f f(x+t+f(x—t)]ﬂ—(1%t—2f-dt

flx+t) + flea—1)
sin 4t

that the last integral approaches zero as M — «, This shows that convergence or divergence of the

Fourier series depends only on the integral over the interval (0, §), i.e. on the values of f(x) in a

neighborhood of the point x.

Now since is integrable in (8, 7), it follows from the Riemann-Lebesgue theorem

8.11. Prove Theorem 8-1, page 131: The Fourier series corresponding to f(x) converges
to S(z) if and only if
sin (M + $)t

: dt = 0
sin 4t

lim v[f(x +t) + fx —t) — 28(x)]

This follows at once from Problem 8.9 since in such case Mlim Sulz) = S(x).
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8.12.

8.13.

APPLICATIONS TO FOURIER SERIES [CHAP. 8

Prove Theorem 8-2, page 181: The Fourier series corresponding to f(x) converges
to S(zx) if and only if for some fixed number 8§ such that 0 < 8§ ==,
8 sin (M + $)t

}E}L [f(x+t) + f(x —t) — 2S(x)] ~sinlt at = 0

If welet F(t) = f(x + 1) + f(x —t) — 2S(x), then by Problem 8.11 the Fourier series converges

to S(x) if and only if
K sin (M + 1)t
lim F@) ——7—

- dt =
Mooy sm%t 0

i.e. for some fixed number § such that 0 < § = 7,

. sm(M+~%)t - sin (M + 1)t _
A}E“w[ e e R ke~ o IR

8

Now since the limit of the second integral is zero by the Riemann-Lebesgue theorem, the required
result follows.

Prove Theorem 8-3, page 131: The Fourier series corresponding to f(x) converges
to S(x) if and only if for some fixed number & such that 0 <8 ==,
5 .
lim ( [f(z+1t) + f(z —t) — 25(x)] %(ﬂtiﬂ dt

Mes 0 0

Using Problem 8.12 we see that the Fourier series converges to S(x) if and only if for some
fixed number & such that 0 < § = 7,

. ® sin (M + L)t
lim Ft) ————dt = 0 (1)
Moo Vg sin %t
Now the function 1 _r _ 1 _2
sin 4t ¢ 7 sinlt t

is integrable in the interval (0, §) [see Problem 8.45]. Thus from the Riemann-Lebesgue theorem,

5
. 1 2] . __
A}gnmﬁ F(t) [—-—sin e ?] sin(M+3tde = 0 )
Then from (Z) and (2) we see that

5 sin(M+ )t
lim f Fi) — 2" gt = o
M=o 0 t

which proves the required result.

SUFFICIENT CONDITIONS FOR CONVERGENCE OF FOURIER SERIES

8.14.

Prove Theorem 8-4, page 181 and thus establish Dini’s condition for convergence of
Fourier series: The Fourier series converges to S(x) if for some fixed number §

such that 0< 8§ = =, s
j; Eé—t) dt exists

where F(t) = f(x+1t) + f(&x —t) — 2S(x).
By the Riemann-Lebesgue theorem if F(¢)/t is integrable in (0, §), i.e, if

5
f E@dt exists
0 t
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8.15.

8.16.

4 sin (M + 1)t
then lim f Ft) ——2"dt = 0
M=o 0 t

But this is exactly the condition [Problem 8.13] that the Fourier series converges to S(x) and so
the required result follows.

Let ¢(t) be a monotonic increasing function and suppose that lim y(t) = 0. Prove

that if 0< 8=, t= 0
s .
lim f ¢(t)§111Mdt =0
Moo 0 t
By the second mean-value theorem [see Problems 6.78-80, page 114] we have for 0 < §; =«
8 gin (M + )¢ % sin (M 4 1)t
f W) ———— i dt = w(sl)fn — 3 dt (1)
0

for some value 5 such that 0 < 5 < 3,.
Letting (M + 1)t = u in the integral on the right of (1),

5 sin (M + 1)t (M+%)8; .
P Rl Ltk 1L PPN sinu g,
¥ t ! u
0 (M+1%)7

@

Now the integral on the right of (2) is bounded, i.e. less than some positive number B, for all
M, 8, and n [see Problem 8.47]. Then given e > 0, we can choose §, small enough so that ¢(5;) < ¢/2B.

Thus
8y in (M
f \p(t)sm(*t-‘_ﬁdt' < % ®
0

Also by the Riemann-Lebesgue theorem,
8 sin (M + 1)¢

lim | () dt = 0
Mo+ 5 t
i.e. we can choose M large enough so that
4 sin (M + 1)t
f p(O) ———— 3 dtl 5 )
5%

Then from (8) and (4) it follows that if M is sufficiently large,

F] .
f ¢(t)M£+_%>_t it
0

which proves the required result.

Prove the result of Problem 8.15 if y¢(t) is of bounded variation and lim y(f) = 0.
t—r0+
If y(t) is of bounded variation, then it can be expressed as the difference y(f) — y5(t) of two
monotonic increasing functions ¢, () and y,(t). Since tlirgl_{_ ¢(t) = 0, we have liron ¢ () = tli%l.(. ¥o(t)
L d t=0+ L d

and there is no loss of generality in assuming that this common limit is zero. Then by Problem 8.15,

5 sin (M + 1)t 8 in(M+ 1)t
lim f \pl(t)—m—(—iidt = o, lim \Pz(t)udt _—
Mes 0 0 Mo 0

and so by taking the difference of these two limits we obtain as required

5 .
Yim (0) sin (M + 1)t

Moo/ t

dt = 0
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8.17. Prove Theorem 8-5, page 131, and thus establish Jordan's condition for convergence
of Fourier series: The Fourier series converges to S(x) = §[f(x+0) + f(x —0)] if

f(t) is of bounded variation in a neighborhood of t ==«
If f(¢) is of bounded variation, so also is
Fit) = flx+t)+ flxa —t) —2S(x) = flea+t)+ flx—12t) — fx+0)

lim F(t) = 0. Thus by Problem 8.16,
0+

— flz—0)

Furthermore it is clear that
5 sin (M + 1)t
lim f P SRR~

M~ 0 0 t

which shows that the Fourier series converges to S(x) = %[f(x +0) + f(x—0)].

(a) Referring to Problem 8.3, page 136, prove that for 0 <z < 2~,

8.18.
42 < <4 4z .
2 = —5- — COS & — — sin nx
3 + ,1:21 n? n
(b) To what value does the series converge for =0 and z =2~
Since f(x) = x2 is of bounded variation, the series converges to
3f(x+0) + f(x—0)]
(a) Since any point of the interval 0 < x < 27 is a point of continuity, the series converges to
f(x) = 22, Thus for 0 <z < 27,
x2 = l-*— p} cosmc—4—smmc
3 ne1 \n2 n
(b) The point x = 0 is a point of discontinuity and we have from the graph of Fig. 8-1 or from
direct analytical considerations the fact that at =10
FHx+0) + fle —0)] = 30+ 472) = 272
Thus at x = 0 the series converges to 272,
Similarly at the point x = 2» the series converges to
F[flx+0) + flx—0)] = 1(0+472) = 242
1 1 1 1 72
.19, hat = 5.
8.19. Prove tha +22+32+42+ 6
From the fact that the series of Problem 8.18 converges to 272 at x =0, we have

472 < 4 e 4 2,2
2 — 27 2 & am
2m 3 ngl n2 or n=1 n2 3
21 _ 1 1 1 1 _ a2
Thus nglnz—ﬁ+22+ﬂ+zé+ = %

INTEGRATION OF FOURIER SERIES
8.20. Prove Theorem 8-6, page 131.

We shall prove the result for «a =0, 8 =2x. Consider

o0 = | [f(u)—%}du

0
where q,, b, are the Fourier coefficients corresponding to f(x), i.e.

2mr 2mr
a = % f f(x) cos kx du, b %f f(x) sinkz dx
o 0
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8.21.

Since g(x) is continuous and of bounded variation [Theorem 6-21, page 98], it has a Fourier series
which converges to g(x), so that

glx) = Eo g (¢, coskx + d) sin kx) %)

1 2mr 1 2mr
where ¢ = ;f g(x) cos kx dx, d, = ;f g(x) sin ke dx
0 “o

Now using integration by parts with g(x) given by (1), we have for £ =1,23,....
27 1

1 (" 1 in k& o
Cr = ;f g(x) cos kx de = ; Iig(x) Slnk x:| . - E;f gr(x) sin kx dzx
0 . ‘TJ

2mr
= —kl—ﬂ_f [f(.r) ~%:lsmkx dx

0

~2T b
- LJ f(x) sinkx de = — K
0

kr k

1 21 ) . 1127 2m
& = L gwsinkear = %[—gu)ﬂﬁﬁfJo t | 0@ coshe do
0 v “ 0
= Lf [f(x) ——:l cos kx dx
k
- L = 2
= f f(x) coskx dx = %

where we have used the fact that ¢(0) = 0, as is evident from (1), and ¢(27) = 0 from the fact
that g(x) has period 27.

Substituting the values of ¢, and d, in (2),

= @ sinkx — b, coskx
g(x) S P : (€)
2 xE k
Letting = 0 0—@—§E’E o= i”ﬁ )
eting » =0, T2 T&E Y 2T =k 4
» a sinkx + b,(1 — coskx
so that glx) = E L k( ) 5)
From (1) and (5),
z ayx ® ap sinkx + b(l — coskx
[ = Wy 3 %S a )
0 2 k=1 k

But this is exactly what would be obtained if the Fourier series corresponding to f(x), i.e.

a 3 .
2t > (a, coskx + b, sinkx)
K=1

is integrated term by term from 0 to z, and so the required result is proved.

11,1 1 S
Show that Ttmtgitat o = g0

By Theorem 8-6 we can integrate with respect to x the series of Problem 8.3 to obtain

3 A2 ®
Al )

4 7
T T 3 <$ sin ne + i—g cosmc> + ¢ (1)
n=1
where ¢; is the constant of integration. Then letting « = 0 we have, using Problem 8.19,

S 4 - - 4L L 28
n§1n2+01 = 0 or ¢, = 47rn§1n2 = 3
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Thus (1) becomes

2 Ar2z | 273 Q 4r
3———3—+? = §<3s1nnx+——2cosnx> (2)
Integrating both sides of (2) with respect to =z,
2t 2722 | 243 R 4cosnx |, 47 .
12 3+ 3 = g <———~ + o smnx> + ¢ €)]
34 1
Putting = =0, g = X5 = 435
a=1"M =

which is four times the value of the series to be summed.

Another way must now be found to evaluate ¢, To do this we note that for n =1,2,3, ...
27 2w
f sinnedx = 0, f cosncde = 0
0 0

and are thus led to integrate both sides of (3) from 0 to 2». We then obtain

2w 4 22 27
x 272 2732 _
fo <12 3 + 3 >dx = 0+ J; o dx

or, on carrying out the integration, ¢, = 4#%/90, so that as required,

sl _ =
‘n=1n4 90

This last method can also be used to determine ¢; in (I) without using the result of Problem 8.19.

8.22. Prove that the series
sinz sin 2z sin 3z
In2 + In3 + In4

cannot be a Fourier series.

4+

® by
From Problem 8.20 we see that if the given series is a Fourier series, then 3 —= must con-

verge. In the given series, however, b, = 1/In(k+1) and thus k=1 k
by 1 1 1
R Elcln(k+1) = mz 23 T3ma "

which diverges. Thus the given series cannot be a Fourier series.

ORTHONORMAL FUNCTIONS AND SERIES
sinnx

el

The required result follows at once since

™ 1T 0 if m~n
f Om(®) pulx)dx = = f sinmz sinnx de = .
o Y

8.23. Prove that the functions ¢ () =

n=12,3,... are orthonormal in (—=,x).

T 1 if m=n

by Problem 8.1(b).

824. lLet {¢ (2)},n=1,2,8,..., be aset of orthonormal functions in (a, b). If E ¢, ¢.(x)
converges uniformly to f(x), prove that

J. 1@ oy(a) o
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8.25.

0

21 Cn pn()

If f(=)

then multiplying by ¢,,(x),

'ngl €, dm{) Pnl)

f(x) ()

Integrating from a to b, we have

b 0 b
J r@emwar = 3o | on@ e )

where the integration of the series can be performed term by term since the series is supposed to
be uniformly convergent in (a, b).

Since the set of functions {¢,(z)} is orthonormal in (e, b), we have

b A 0 if m#En
f oml@) palct dx =

1 if m=n
so that (1) becomes as required,

b
en = | 1@ o) do

The Hermite polynomials H.(x), n=10,1,2,3,..., are defined as polynomial solu-
tions of degree n of the differential equation

H) — 2xH, + 2nH, = 0

Prove that the set of functions {e~*"/2H.(z)} is orthogonal in (—, ),

The differential equations satisfied by H,,(x) and H,(x) are respectively

H, — 2zH, + 2mH, = 0 (1)
H) — 2¢H, + 2nH, = 0 (2

Multiplying the first equation by H,, the second by H,, and subtracting, we find

H,H, — H,H) — 2x(H H, —H, H,) + 2m—2n)H, H, = 0

so that (em—2n)H, H, = H,H] — HH, — 2«H,H, — H.H,)
or @m—2m)H, H, = j"; (H,H— H,H') — 2x(H,H' — H,H.)

Multiplying by e—**, we can write this as
@m—2n)e— H, H, = j—x (=" (H,H, — H,H.)]

Then integrating from —» to =,
L )
(2m — 2n) f e—2*H, H,de = e~=*(H,H,—HH,) = 0

—o
—

Thus if m % n, f e—oH H de = 0 (3)

~®

which is the same as saying that the set {e—#*/2H,(x)} is orthogonal in (—=, «).
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8.26. If Zl ¢nHn(z), where Hn(x) are the Hermite polynomials of Problem 8.25, converges

uniformly to f(z), prove that

J:: e~ 2f(x) Ha(x)

Cn = e
[ ee@rE
We have floy = E Can(IL')
=1
so that by equation (8) of Problem 8.25,
f e—zzf(x) Hm(x) de = 2 Cn f e~a® Hm(x) Hn(x) dx
n=1

— — 0
20
= ¢ f e“IZ[Hm(x)]de 4
-0
where the term by term integration is justified by the uniform convergence of the series. Solving
for ¢,,, we arrive at the required result.

FOURIER SERIES IN L? SPACES .
8.27. Let {¢,(x)} be an orthonormal set of functions € L? [a,b] and let S (x) = kE ¢, ¢,(%)
=1

b
where ¢, = f f(x) ¢, (x)dz. Prove that for any function f(x) € L*? [a,b],

IS@ =@l = 156 -ropds = f e - 34

‘We have, .
b
§ o) -swpa = |

[1Sn(x) — f(=)]
b n
f {]f(ﬂv)l2 -2 3 e fl@)gple) + 3 . Ci%% #5(x) ¢k(x)} dx

a k k=1j=

2
dx

Il

flx) — El e pi(2)

k=

I

=1
b n b n n b
Jv@ra 2 3o f @ a@a + 3 3 oo [ o o a

b n
f [f(x)|2 de — 2k§1c,2c + X e

b n
= i~ 3 @
a k=1

where we have used the results

b
a = | 1@ e

b .
0, 7=k
fa ¢i(®) pp(x) dz = {1, iz k

8.28. From Problem 8.27, prove that
0 b
Sa = [ lfopde
k=1 a
We have from the result of Problem 8.27,

fb|f(x) — Su(@)2dx = fb [f(x)]2dx — i c2 (1)
a * a k=1 .
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Then since the left side is non-negative, it follows that

n b
k§1 c?c = f If(x)}2 dx (2)

a

Taking the limit as n - « and noting that the right side of (2) is independent of n, we see that

b
e = j; [f(x)]2 dx

T

k

This inequality is called Bessel’s inequality.

8.29. Prove that if
lim [[Su(@) — fz)]] = 0

where Sy(z) and f(x) are as defined in Problem 8.27, then
0 b
Sa = f rore

This follows at once from Problem 8.27, since if

Tm (IS, ~ f@I = 0
b n
. _ 2] _
then Jim [ f ke - 3 vk] 0
b 0
ie. J; |f@)|2dx = kgl 2

The result is called Parseval’s identity. If Parseval’s identity is satisfied for all functions
f(x) € L2, we call the set of orthonormal functions {¢(%)} complete.

8.30. The mean square error of f(x) from an approximating sum > a, ¢, () is given by
k=1

1 b
b—afa

Prove that (¢) the mean square error is a minimum when the constants «, are given
by the generalized Fourier coefficients

o = 6 = § f@a@d

and that (b) Parseval’s identity is satisfied if and only if the mean square error
approaches zero as n-> o,

n

@) — 3w (@)

k=1

dx

(a) We have as in Problem 8.27,

b n
J i) — 3 o de
a K=1

b

b n n N b
S —2 30 [ r@amat 33 au | o e

b n n
f [f(x)2dx — 2 k§1 o T kgl a%

a

I

b n
J lrepds + 3 - 2ae)

I

b n n
[ v@pa - 3 @+ 3 @-ar
a k=1 k=1
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From this it is clear that a minimum is obtained when
b
a = ¢ = f f(x) () doc
a
For another method of obtaining the minimum, see Problem 8.76.

(b) This follows from part (a) and the result of Problem 8.29.

RIESZ-FISCHER THEOREM FOR GENERALIZED FOURIER SERIES

831. Let {¢,(x)} be an orthonormal set in (a,b) and let ¢, be a set of constants such that
i ¢z converges. Prove that there exists a function f(x) € L* such that (a) the
kp=alrtial sums kil ¢, ¢,() converge in the mean to f(x) and that (b) the ¢, are Fourier

coefficients corresponding to f(zx).

n ]
(a) Let S, = 3 ¢y ¢,(x) denote the nth partial sum of the series ¥ ¢y, (x). We have for m > n,
k=1

b
150 =S = 1Sne) ~ Sy de

:f"

a

2
dx

S cporl®) — 3 ¢k ppl)
K=1 k=1

2
dx

m

S ok pil)
n+1

b m m
f {k =§+1 j=§+ 1 5% #5(®) ¢k(x)} =

m m b
= p; E cjckf ¢;(®) i) dx
k=n+1ji=n+1 a
m
= ] c,2c
k=n+1

o0
Now since 3 c¢Z converges, it follows that
k=1

m
lim ¢z = 0
et 2
Ned
ie. lim ||S, — Sl = o
M =+ O
n=+ 0

Thus by the Riesz-Fischer theorem there exists a function f(x) € L2 such that S,(x) =
n

S cpox(x) converges in the mean to f(x) as n = =,

k=1

(b) By part (a), since S, (x) converges in the mean to f(xr) as n - », it follows from.Problem
7.52, page 128, that

b b
tim {S@a@is = [ e da )

i
g%

b b n
But f Sy(x) ¢,(x) dx {kgl ex p1(x) ¢p(x)} dx
n b
= ;21 ckj; oi(®) pp(x)dx = ¢p

b
Thus (1) yields cp = f f(x) pp(x) da (2)

i.e. the ¢, are Fourier coefficients corresponding to f(x).
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8.32. Prove that under the conditions specified in Problem 8.31 Parseval’s identity holds, i.e.

S fapa = Sa

By Problem 8.31 the partial sums S, (x) converge in the mean to f(x) as = —> «. Thus by
Problem 7.15, page 123,

b b
tim [ iS,@ede = [ e 1)
b b n 2
But f IS, (x)|2dx = f :21 o ox(x)| de

b n n
{kg S cicx i) ¢k(x)} dx

1j=1

!
=

n n b
= 3 3 c,-ckf (%) ¢y (w) d
K=1i=1 a
— < 2
- kgl %
n b
Thus by (1), Jgnw kzl c;‘: = f |f () |2 da
= a
® b
or S = f If(x)|2 dx (2)
K=1 a

Supplementary Prob_lems

DEFINITION OF FOURIER SERIES

x, 0<e<n7
833. Let f(x) = where f(x) has period 2r. Obtain the Fourier series for f(x)

sinxg sin2x , sin3x sindx
1 2 T3 g T >

-, ~r<x<0
and draw the graph of f(x). Ans. 2<

8.34. Show that the Fourier series for f(x) = cospx, —z = x = 7, where the period is 2 and where

p¥*0,x1,x2 ... is given by
sin y e 1 2p 217 2 2P Sx 4
T (p p2 — 12 cosx p2 — 22 cos 2x p? — 32 cos

8.35. Extend the results of (a) Problem 8.1 and (b) Problem 8.2 to the interval (c, ¢ +27) where ¢ is
any real number.

8.36. Let f(x) be Lebesgue integrable in (—[, ) or more generally in (¢, ¢ + 2l) where ! > 0 and ¢ is any
real number. Suppose that f(x) is periodic with period 2! outside of this interval. Show that the
Fourier series corresponding to f(x) is

a 0
24+ 3 ancosn——”ﬁ—!- b,,sinm
2 =1 l l

where the Fourier coefficients are given by

c+21 c+2l
a, = -ll—f f(x) cos 7-%72 dzx, b, = %f f(x) sinZL%Z dx
(4 (4
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8.37.

8.38.

8.39.

8.40.

8.41.

APPLICATIONS TO FOURIER SERIES [CHAP. 8

Prove that if f(x) is an odd function in (=1, 1) [ie. f(—x) = —f(x)], then the Fourier series cor-
responding to f(x) is o (1

> b, sin EITE where b, = Zf fx) sinn—7;g£dx

n=1 0

The series is often called a Fourier sine series.

Prove that if f(x) is an cven function in (=, 1) [i.e. f(—x) = f(x)], then the Fourier series corre-
sponding to f(x) is

0 , l
> F > a, cos 7L where a, = —2—f F(x) cos RTE ix
2 n=1 l l 0 1

The series is often called a Fourier cosine series.

2z, 0=x<3
Show that the Fourier series corresponding to f(z) = 0 where the period is 6
is given by » T8<a<0

3 < | B(cosnr —1) nze _ 6 cosny . nmax

2 + ,,gl [ n2q2 €873 ne o3 :l

w ;
Ans. 2 S 7 sin 2nw

Find a Fourier sine series corresponding to f(x) =cosz, 0 <z < 7. . =1
T n=1 -

If the trigonometric series (1), page 130, converges almost everywhere to f(x) in (—=,) and if the
partial sums of the series are uniformly bounded, prove that (a) f(x) is integrable in (—=,7) and
(b) a, and b,, are given by the formulas (2), page 130. [Hint: Use Lebesgue’s dominated convergence
theorem].

THE RIEMANN-LEBESGUE THEOREM AND CONVERGENCE OF FOURIER SERIES

8.42.

8.43.

8.44.

8.45.

8.46.

8.47.

8.48.

8.49.

T -
Prove that lim Sin nx

w2 ldx == 0 in two different ways.
N+
0

T
Prove that limf flx) cosnx dr = 0 where f(x) is integrable in (—=,7) and thus complete
N =0 —
the proof in Problem 8.4.

In the proof of the Riemann-Lebesgue theorem in Problem 8.4, does n have to be an integer?
Explain.

2 is integrable in (0,8) and thus complete the proof in

. 1
Prove that the function sin (t/2) ¢

Problem 8.13.

Prove that if f(x) is integrable in (—=,) and f'(x) exists in (—x,#), then the Fourier series corre-
sponding to f(x) converges to f(x) at each point x in (—=, 7).

(M+1:)8; _.
Prove that f smu du is bounded for all positive values of M, §; and » and thus complete
(M +12)n

the proof in Problem 8.15.

Prove that a Fourier series corresponding to f(x) will converge to f(x) if f(x) satisfies the condition
{flw+u) — fx)] < Kjulp for lu| <r where K,p and r are given positive constants. Discuss
the relationship with Probem 8.46.

Prove that if f(x) and f'(x) are both piecewise continuous in (—=,7), then the Fourier series for
f(x) eonverges to §{f(x -+ 0) + f(x — 0)].
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8.50.

8.51.

8.62.

8.53.

8.54.

8.55.

8.56.

Prove that if f(x) has only a finite number of discontinuities in (—=#,#) and if it has only a finite
number of maxima and minima in (~7,7), then the Fourier series for f(x) converges to
i[f(x + 0) + f(x — 0)]. The conditions indicated are often called Dirichlet conditions.

Is continuity of a function sufficient to assure the convergence of a Fourier series for f(x) to f(x)?
Can you justify your conclusion?

(¢) To what value does the series of Problem 8.33 converge at « = 0, /2, r,—7? (b) Does the
series converge to f(x)? Explain. (c¢) Using Fourier series methods, prove that
1 1

= 4 eer =

1 T
l=3+5 -7 4

Use Problem 8.34 to prove that if p ## 0, =1, =2, ...,

1
cotpr = — + 2 S
™ eotpm p PP

Prove that for 0 =z = 7,

_ (cos 2x cos 4x cos 6x L. >

+

(@) z(r—x) = 1z 52 32

3l &Y,

(b) x(r —x)

sinx , sin3x sin bx
<13+ 33 g3 +>

Prove that if the function 1t
G(t) = Zf [flx +u) + flx —u) — 2S(x)] du

0
is of bounded variation for ¢ > 0, then the Fourier series corresponding to f(x) is convergent and
that it converges to S(x) if lim G(tf) = 0. This test is called de la Vallée Poussin’s test.

t=-0

Show that the test of Problem 8.55 is satisfied if either Dini’s or Jordan’s test is satisfied.

INTEGRATION OF FOURIER SERIES

8.57.

8.58.

8.59.

8.60.

8.61.

8.62.

1 1 1 1 7t
Prove that E+§€+§6+E+ = 945 "
Prove that 3 m(—L?ﬁ diverges and thus complete the proof in Problem 8.22.
n=1
Prove that (511:11:;2, 0 < a=1, cannot be a Fourier series.
n=2

Prove that if the Fourier series corresponding to f(x) is
Qg
2

and ¢(x) is of bounded variation, then in any interval («, 8)

B 0 B
J;B f(x) p(x)dx = ¢_122J; o(x) dx + 121 [anLB¢(x) cosnexdx + b, J; ¢(x) sin nx dx]

+ 3 (a, cosnx + b, sin nx)
n=1

Discuss the result of Problem 8.60 if « = —7, 8 =7 in terms of a Fourier series corresponding
to ¢(x).

Can the argument of Problem 8.22 be used to show that

cos X cos 2x cos 3x
inz * ns " 4

is not a Fourier series? Explain.
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ORTHONORMAL FUNCTIONS AND SERIES

8.63. Let ¢o(x) =1/V2r, ¢o-1(2) = sin kx’ o (x) = cos kx where k=1,2,3,.... Prove that the
Vr V7
set {¢,(®)},n=0,1,2,3,..., is orthonormal (a) in (—z,7), (b) in (¢, ¢ + 27) where ¢ is any constant.

8.64. Use the method of Problem 8.25 to prove the orthogonality of the functions {sinnx}, n =1,2,...
in (—=,7). [Hint: If y,(x) =sinnx, show that y; +n2y, =0, y,(—7) = y,(z) =0.]

8.65. The Legendre polynomials P,(x), n =10,1,2,8,..., of degree n are solutions of the differential
equation
(1—22)y"” — 22y’ + n(n+ 1)y = 0

Prove that the functions are orthogonal in (—1,1).

8.66. The Laguerre polynomials L,(x), n=0,1,2,8,..., of degree m are solutions of the differential
equation
2y +Q1—2)y +ny = 0

Prove that {e—*/2L,(x)} is orthogonal in (0, «).

8.67. Show how to expand a function f(x) into a series of (a) Legendre polynomials and (b) Laguerre
polynomials.

8.68. The function sgn (x) [read “signum z”] is defined as 1 if >0, 0if =0 and —1 if x <0.
Show that the functions {sgn (sin 277x)}, n = 0,1,2, ..., called Rademacher functions, are ortho-
normal in (0, 1).

8.69. Prove that if f(x) and ¢,(x) belong to L2 then the coefficients (14), page 132, exist.

8.70. A set of complex functions {¢,(x)} is called orthonormal in (a,b) if

b .
f ‘f’m(x)mdx — {0 if m=n

1 if m=mn
where the bar over a function denotes complex conjugate.
(a) Show that this definition reduces to the ordinary one in case the functions are real.
inx
(b) Show that the set of functions {\2/-_—-} where n is any integer is orthonormal in (—=, 7).
27
(¢) If X cpeikr is the Fourier series for f(x), prove that
k=—w
1 (7 .
= — —ik
Cx o f_v f(x) e~ ikz dx

This is called the complex form of Fourier series.

8.71. Consider the set of functions 1, x,22 23, .... From these form a new set of functions
ay, a9 + ag®, ay + asx + agx2, ... where the nth function in the new set is obtained by multiplying
each of the first n members of the first set by a constant and then adding. (a) Determine the con-
stants ag,ay ... so that the functions will be orthonormal in (—1,1) and (b) show that these
polynomials satisfy Legendre’s differential equation [the actual Legendre polynomials have the
property that P,(1) = 1]. See Problem 8.65.

FOURIER SERIES IN L2 SPACES AND THE RIESZ-FISCHER THEOREM
8.72. Let f(x) € L? [—r,7] have the Fourier series

a 0
?0 + 3 (a, cosnx + b, sin nx)
n=1

Prove that Parseval’s identity is

a2

TrE@e = [ pere

and thus prove that the series on the left converges.
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8.73. If f(x) € L? [—=,7], use Problem 8.72 to prove that
m m

lim f(x) cosnxdx = 0, lim flx) sinmxde = 0
nero o g nero v o

Do these results prove the Riemann-Lebesgue theorem of page 130? Explain.
8.74. Verify Parseval’s identity corresponding to the function of Problem 8.18.

8.75. Use Parseval’s identity corresponding to the function of Problem 8.34 to find the sum of the series

ke 1
2 e

n=1

8.76. Work Problem 8.30 by using partial differentiation to determine the minimum value of the least
square error.

8.77. Determine which if any of the following series are Fourier series corresponding to a function in
L2 [—7,7]:
%, sin nx

’ b < sinnx , kd .
@ =1 Vn ® ngl m—1 © ‘ngl Vnln(n+1)

8.78. Prove that if f(x) € L2 and g(x) € L2 have the same Fourier coefficients, then f(x) = g(x)
almost everywhere.

8.79. Is it possible for a given trigonometric series to be a Fourier series corresponding to (a) a function
in L2 but not in L, (b) a function in L but not in L2? Explain.

8.80. Prove Theorem 8-9, page 134.




- Appendix A

DEFINITION OF THE RIEMANN INTEGRAL

Let f(x) be defined and bounded in [e,b]. Divide this interval into n subintervals by
points %o, %1, ..., % Where ¢ = 20 <21 < -+ < Z. = b. This is called a partition, net, or
mode of subdivision of the interval. The largest of the values Zx — Zx—1 = Axx Wwhere
k=1,2,...,n is called the norm of the partition and is denoted by .

Let M. =lub.f(xr) and mi =g.lb.f(®) in [¥x-1, %] and form the sums

S = My®i—a) + +-+ + Mp(Za—2n-1) = 2, MiA: (2)
k=1

8 = Mu(Br—Fo) + -+ + Ma(Bn—Ba—y) = 2, M AL @)
k=1

We call S and s the upper and lower sums respectively corresponding to the given partition.
We can show that s =S [Problem A.3].

By varying the partition, i.e. choosing different points of subdivision as well as the
number of points, we obtain sets of values for S and s. Let

I = g.Lb. of the values of S for all possible partitions
J = Lu.b. of the values of s for all possible partitions

These values, which always exist, are called upper and lower Riemann integrals of f(x)
on [a, b] respectively and are denoted by

I = ~I;bf(ao)dw, J = ibf(w)dw 3

If I=J we say that f(x) is Riemann integrable in [a,b] and denote the common value by

j;bf(x) da

called the Riemann definite integral of f(x) in [a, D).
If I+ J, then f(x) is not Riemann integrable in [a, b].
For a geometric interpretation see Problem A.l.

In this appendix [Appendix A], unlike the other parts of this book, all integrals will
be Riemann integrals unless otherwise specified.

SOME THEOREMS ON UPPER AND LOWER SUMS AND INTEGRALS

Theorem A-1. If S,s are the upper and lower sums corresponding to a partition P and
M, m are upper and lower bounds of f(z) in [a, b], then

mb—a) = s = 8§ = Md-a)

154




APPENDIX A] THE RIEMANN INTEGRAL 155

Theorem A-2. 1If S;, s are upper and lower sums corresponding to a new partition P,
obtained by addition of points to the old partition P of Theorem 5-1
[often called a refinement of P], then

3§81§S1§S

i.e. upper sums do not increase and lower sums do not decrease by addition
of points.

Theorem A-3. If S, s:and Ss,s; are upper and lower sums corresponding to any partitions
P, and P; respectively, then

lIA

Ss

i.e. any lower sum is never greater than any upper sum regardless of the
partition used.

83 = Sg or So

Theorem A-4. An upper integral I is never less than a lower integral / and we have
Szlz=J=zs.

NECESSARY AND SUFFICIENT CONDITION FOR RIEMANN INTEGRABILITY

Theorem A-5. A necessary and sufficient condition for a bounded function f(x) to be
Riemann integrable in [a, b] is that given any ¢ > 0 there exists a partition
with upper and lower sums S, s such that S—s <e.

THE RIEMANN INTEGRAL AS A LIMIT OF A SUM

The Riemann integral can also be defined as a limit of a sum. To do this choose n
points of subdivision @ = xo <1 <2< --- <2, = b and also points £,%, ..., such
that z,_, =¢ =2, where £k=1,2,...,n. Form the sum

f(£1)(“’1 - xo) + f(§2)(.’172 - x1) + ot f(gn)(xn - x'n—l) = é} f(gk) Az,

where A%k = #x —%x—1 and let the maximum of the Az: be equal to §, i.e. maxAx, = 8.
Then we define the Riemann integral of f(x) in [a, b], as

[ @z = lm 3 e, 0

80

provided that the limit exists independent of the manner of choosing the points of
subdivision.

It can be shown [see Problems A.8 and A.49] that this definition is equivalent to that
given above.

SPECIAL TYPES OF RIEMANN INTEGRABLE FUNCTIONS
Theorem A-6. A continuous function f(x) in [a, ] is Riemann integrable in [a, b].

Theorem A-7. A monotonic function f(x) in [a, b] is Riemann integrable in [a, b].

Theorem A-8. A function f(z) of bounded variation in [a, b] is Riemann integrable in [a, b].
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MEASURE ZERO

A set E of real numbers is said to have Lebesgue measure zero, or briefly measure
zero, if given ¢ > 0 there exists a countable set of open intervals I, k= 1,2, ..., such that
E C UIx and such that the sum of the lengths of Ii is less than ¢, i.e. 3 L(Ix) < e

A fundamental theorem on the Riemann integral is the following.

Theorem A-9. A necessary and sufficient condition that a bounded function f(z) be
Riemann integrable in [a, b] is that the set of discontinuities of f(x) in
[a, b] have measure zero.

For a proof of this theorem see Problem 4.27, page 68 [compare Theorem 4-18, page 57].

THEOREMS ON RIEMANN INTEGRABLE FUNCTIONS

Theorem A-10. If fi(x) and f:(z) are Riemann integrable in [a,b], then fi(x)+ f2() is
Riemann integrable in [a,b] and

ﬁb[fl(x)+f2(x)] dx = Lbfl(m) dx + fab fa(x) da

Theorem A-11. 1If f(x) is Riemann integrable in [a, b] and ¢ is any constant, then ¢ f(x) is
Riemann integrable in [a, b] and

j;b cf(xydx = ¢ J;bf(x) dx

Theorem A-12. 1If f(x) and g(x) are Riemann integrable in [a, b], then f(z) g(x) is Riemann
integrable in [a, b].

Theorem A-13. If f(x) is Riemann integrable in [a, b], then

j;f(x)dx = —f f(z) de, j;af(x)dx = 0

Theorem A-14. 1If f(x) is bounded and Riemann integrable in [a, b] and ¢ is any point of

[@, b], then b . b
f flx)yde = f flx)dx -+ f f(x) dx
Theorem A-15. If f(x) and g(x) are Riemann integrable in [a,d] and f(x) = g(z), then

j;bf(x)dx = J;bg(x)dx

Theorem A-16. If f(x) is Riemann integrable in [a,b] and has upper and lower bounds
M and m in [a, b] respectively, then

mb—a) = fbf(x)dx = Mb—o)

and if n is a number such that m = =M, then
[ iz = uv—o

Theorem A-17 [Mean-value theorem). If f(x) is continuous in [a,b], then there exists a
number c¢ € [a, b] such that

j:bf(x) dr = (b—a)f(c)
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Theorem A-18. If f(x) is Riemann integrable in [a,b] and |f(z)] =M for some constant

M, then \
1 j; f(x)dx

Theorem A-19. 1If f(x) is Riemann integrable in [, b], then |f(z)| is Riemann integrable in

[@, b] and . \
U fa)dz| = f 1F(2)| de

DIFFERENTIATION AND INTEGRATION
The indefinite Riemann integral is defined as

= M®-a)

Fz) = f " fw) du (5)

where the variable of integration has been changed to u to avoid confusion with the limit
of integration x. The following theorems are important.

Theorem A-20. If f(x) is bounded and Riemann integrable in [a, b], then

Fz) = f " () du

is continuous in [a, b].

Theorem A-21. If f(x) is Riemann integrable in [a,b] and F(z) = f f(u) du, then

, d d (°
F@) = SF@ = Lf twa = 1w
at each point of continuity of f(x).

Theorem A-22 [Fundamental theorem of calculus]. Let f(x) be Riemann integrable in
[a,b] and suppose that there exists a function F(z) continuous on [a,bd]
such that F’(x) = f(z). Then

f " () da ’ F(b) — F(a)

I
~
_—

8
S’
I
5
I

or f ’ F(u) du

I
=
E
u
B
I

F(x) — Fl(a)

Theorem A-23 [Integration by parts]. Let f(z) and g(x) be Riemann integrable in [a, b]
and suppose that F'(z) and G(z) are such that F’(z) = f(x) and G’(x) = g(x)
in [@,b]. Then

S F@9@ac = FO)GO) - F@)G@ ~ " f(2) G(o) da

F(x) G(x): - j; f(z) G(x) dx

Theorem A-24 [Change of variables]. Let f(x) be continuous in [a,b]. Let z = g(u)
have a continuous derivative in [e, 8] where @ = g(a), b = g(B). Then

b B
J, tayaz = [ flow) ') au
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THEOREMS ON SEQUENCES AND SERIES

Theorem A-25. Let (f.(x)) be a sequence of continuous functions which converges uni-
formly in [a, b] to a function f(z). Then

lim fn (x)de = f fx)de = f " lim fa(x) dz

nes

Theorem A-26. Let > un(z) be a uniformly convergent series of continuous functions in
n=1

[a,b] and let s(x) be the sum of the series. Then

j;bs(x) de = J;b [glun(x)} de = gl Lbuﬂ(x) dz

This is a reformulation of Theorem A-25 using series.

Theorem A-27. Let 2 Ua(2) converge to s(z) in [a, b]. Suppose that the derivatives u: ()

ex1st and are continuous in [a, b] and that 2 ur(x) is uniformly convergent
in [a,b]. Then
d < <
s'(x)y = Tz 2 = 2 ui(x)

n=1

IMPROPER RIEMANN INTEGRALS

If the interval [a, b] is infinite or if f(x) becomes infinite at one or more points of [a, b],
then the Riemann integral of f(x) is often referred to as an improper integral. Such integrals
are defined by appropriate limiting procedures and are said to exist if the corresponding
limits exist. The following are examples of such definition.

T fwydz = dim [ f@)de (0
" feyde = dim [ f@)de %
" fwar = tim (e 3)
If f(x) becomes unbounded when 2z = ¢, then w:d:ﬁne
Srwae = im[ (@ + @] 9)

€3 =0

If the limit in (9) does not exist for ¢ ¢, but does exist when ¢ =¢, we say that the

b
corresponding value of the limit is the Cauchy principal value of f f(x) dez. Also in such

case we say that the Riemann integral of f(x) exists in the Cauchy principal value sense.
A similar remark can be made for (8) for which the Cauchy principal value, if it exists,
is obtained by taking ¢ = —b and letting b~ o,
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Solved Problems

DEFINITION OF THE RIEMANN INTEGRAL
A.l. Interpret geometrically the case where f(z) is Riemann integrable in [a, b].

Refer to Fig. A-1 which shows the curve C representing y = f(x). The lower sum s corre-
sponding to the partition shown represents the sum of areas of the shaded rectangles while the
upper sum S represents the sum of areas of the larger rectangles. Clearly s =S, from the figure.

v AT

SR 51 Tr—-1 T b

Fig. A-1

b
The value f f(x) dx in this case represents the area of the region bounded by the curve, the
a

x axis and the ordinates x =a and = =b.

1, @« rational . . .
defined in the interval [a,d] is

A.2. Prove that the function f(z) = 0. irrational

not Riemann integrable.

In any subinterval [%)_;, %] of [a, b] we have M, =1, m; = 0 since the rational and irrational
numbers are dense in any subinterval. Then if S,s are the upper and loweF sums corresponding
to any partition, we have

n n
S = klekAxk = 2 I’Axk = b—a
= k=

n n
s = X mAr, = 3 0*Ax, = 0
k=1 k=1

Thus I =b—~a,J =0 sothat I J and f(x) is not Riemann integrable.

THEOREMS ON UPPER AND LOWER SUMS AND INTEGRALS

A3. Prove Theorem A-1, page 154: If S,s are the upper and lower sums corresponding
to a partition P and M, m are upper and lower bounds of f(x) in [a, b], then

mb—a) =s =8 = Mb—a)
From equations (1) and (2), page 154, we have

My Axk

i

n
S = I MAw, s =
k=1
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Then since m = m, = M = M we have on multiplying by Az, and summing over k from 1 to n,

n n n n
S mar, = Y mAr, = 2 MAy, = 3 MAw,
k=1 K=1 k=1 K=1
. n
i.e. mI Ay, = s = S = MZ3IAx,
K=1
or mb—a) = 8 = S = Mb—a)

Prove Theorem A-2, page 155: If Si,s; are upper and lower sums corresponding to
a new partition P, obtained by addition of points to the old partition P of Problem A.3,
then S§81§S1§S

i.e. upper sums do not increase and lower sums do not decrease by addition of points.

The result will be proved if we can prove it when one point of subdivision is added to the

given partition. To do this let the given subdivision points be
a = < <Xy < - <X, = b

Suppose that the additional point of subdivision occurs in the interval (x,_;, 2,) and is denoted by
u so that z, ;| <u <=z,

Now the contribution to the upper sum corresponding to the subdivision points of the interval
(xp_l, xp) is
My(x, — xp—1) (1)

If we denote the least upper bounds of f(x) in (x,_1,u) and (u,x,) by Mz(,l) and M,(,z) respectively,
then the contribution to the upper sum when the additional point of subdivision is taken into account
is
MPu—w, ) + MP(x,— ) (2)

The change in the original upper sum caused by the additional subdivision point is given by
the difference between (1) and (2), i.e.
ML =M —wpy) + (M — M), — )
Since this is negative or zero [because M:,l) =M, M,(,Z) =M, and u> =2z, 4 x, >u], it

follows that the upper sum cannot increase by adding a point of subdivision and the required
result is proved.

Similarly we can prove that the lower sums cannot decrease by adding points of subdivision
[see Problem A.38].

Prove Theorem A-3, page 155: If Ss, 82 and Ss, 83 are upper and lower sums corre-
sponding to any partitions P; and P; respectively, then '

83 =S or s =S;

i.e. any lower sum is never greater than any upper sum regardless of the partition
used.

The proof is identical with that given in Problem 4.5, page 59.

Prove Theorem A-4, page 155: An upper integral I is never less than a lower integral
J and we have S=I1=J =s.

The proof is identical with that given in Problem 4.6, page 59.
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A.7. Prove Theorem A-5, page 155: A necessary and sufficient condition for a bounded
function f(x) to be Riemann integrable in [a, b] is that given any « > 0, there exists
a partition with upper and lower sums S,s such that S—s <e.

The proof is identical with that of Problem 4.8, page 59, except that the words “Riemann
integrable” replace “Lebesgue integrable”.

THE RIEMANN INTEGRAL AS THE LIMIT OF A SUM

AB8. Prove that the definition of a Riemann integral as a limit of a sum [page 155] follows
from the definition on page 154.

We must show that if ¢ > 0, then we can choose § > 0 such that if z,_; = ¢, = x,,

< €

n b
3, s am, — f fla)de

whenever Az, = &

Let S,s be the upper and lower sums corresponding to the given partition. Then since
my = f(4) = M, where My, m; are the Lu.b. and g.1b. of f(x) in (x,_q, 2x), we have

s = 3 fe)ar, = S (1)
k=1
b
Also we have S = flx)yde Z s (2)
b
or -§ = - flx)de = —s (3)
Adding (1) and (3),
n b
—(8—3s) = kgl f&) Az, — flrydez = S—s
n b
or since S—g >0, ‘ S flg) Az — f flx)de] = S—s
k=1 a

Now since we can choose the largest values of Ax;, [i.e. the norm] so small that S—s <e the
required result follows.

We can also prove that the definition of the Riemann integral given on page 154 follows from
the definition as a limit of a sum [see Problem A.49]. Thus the two definitions are equivalent.

THEOREMS INVOLVING THE RIEMANN INTEGRAL
AY9. Prove Theorem A-6, page 155: A continuous function f(z) in [a,d] is Riemann
integrable in [a, b].
Since f(x) is continuous in the closed interval [a, b}, it is uniformly continuous. Let z(D and x
be any two points of an interval (x;_;,x;). Then given e > 0, there exists § > 0 such that

[flz®) — flz@)| < b—e——a whenever [x(D — x@)| < §

Thus we can choose points of subdivision so that
€

M, —m < b—a

If the upper and lower sums corresponding to this partition are given by

n n
S = I M.Ax, s = 3 mAx
k=1 k=1
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then we have

n
S—8 = I M,—my) Az, < E
K=1

Axk = €

Thus S—s8 < e and it follows by Problem A.7 that f(x) is Riemann integrable.

A.10. Prove Theorem A-7, page 155: A monotonic function f(z) in [a,d] is Riemann

A1l

A.12.

integrable in [a, b].

We shall assume that f(x) is monotonic increasing. The case where f(xz) is monotonic decreasing
can be proved similarly [or by considering —f(x) instead of f(x)].

By definition we have for the given partition ¢ = g < ;< --- <z, =0b,
fla) = f(m) = flx) = -+ = flxy) = f(B)
Then it is clear that m; = f(x,-;), M) = f(x;) so that

S = 3 flay) Axy, s = 3 flxy— 1) Az,
k=1 k=1

or S—s = g [f(@e) — f(oe_1)] Az (1)

If we choose the partition so that assuming f(b) +* f(a)

(2

Axk

f(b) — f(a)

we have from (1), since f(z;) = f(x—y),

S—s < =@ f(a) 2 [flay) — flwp—1)]

f(b) f( ) [f(b) —fla)] = e

Thus by Problem A.7 the required result follows.

Prove Theorem A-8, page 155: A function f(x) of bounded variation in [a,b] is
Riemann integrable in [a, b].

This follows at once from Problem A.10 and the fact that a function of bounded variation can
be expressed as the difference of two monotonic increasing functions.

Prove Theorem A-10, page 156: If fi(z), and f:(x), are Riemann integrable in. [a, b],
then fi(x) + f2(x) is Riemann integrable in [a, b] and

b
f [fi(z) + f2(2x)]dx = f fi(z)dx + f fa(x) dx
a
Let MV, mD; M(2) m}f); M,,m,, be the least upper bounds and greatest lower bounds in
(zx—1, %) of fy (x) f2(x); f1(x) + fo(x) respectively. Then we have
M, = M + M2, me = om” + mY )

Let us call S g(1); S2) g(2); S g the upper and lower sums corresponding to f,(z); fa(x);
f1(x) + fo(x) respectively. Then using (1), we find

S = SO 4+ s, s = s 4 g@ @
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A.13.

A.14.

Using the symbols I(1); I(2); I for the corresponding upper integrals and J(1}; J(2); J for lower
integrals, we have from (2)

I = I 4 @), J z JO + J2 3
But since f;(x) and f,(x) are Riemann integrable, we have I(1 = JM) [ = J2) Thus
I = J 4+ g2 J =z JO 4+ g2 (4)

so that J = J. But from Problem A.6, I = J and so it follows that I = J = J(1 4+ J(@ = J1) 4 J@),
Thus f;(x) + f2(x) is Riemann integrable and

LHHM+&W thwdx+J1&m

Another Method, using limit of a sum definition.

If maxAx, = § we have, using the notation of page 155,

b
f [f1(x) + fo(x)] dw

a

ﬂlm E [f1(g) + fo(&)] Ay

=0 k=1

= lim E filee) Axy + hm 2 falty) Amy

N>
50 K1 o BT

Lhmw+£lmw

Give an example to show that |f(x)| can be Riemann integrable even though f(x) is
not Riemann integrable.

1 if x € [a,b] is rational
Consider f(x) = 3 . Then as in Problem A.2 we can show

1 if x € [a,b] is irrational
that f(x) is not Riemann integrable in [a, b].
However |f(zx)] =1 is Riemann integrable in [e, b] as shown in Problem A.34.

Prove Theorem A-14, page 156: If f(z) is bounded and Riemann integrable in [a, b]
and c is any point of [a, b], then

J;bf(x)dx = j;cf(x)dx + j;bf(x)dx

Suppose that ¢ is not a point of subdivision in defining upper and lower sums. By Problem
A.4 if we add the point ¢ to the partition, the upper sum S is not increased.

Denoting the upper sums for the intervals (a, ¢) and (¢, b) by S; and S,, we have
S =z §+8, = ff(x dx+f f(x) dx (1)
In a similar way we find for the corresponding lower sums
s = 8+ 38 = fcf(x)dx + fbf(x)dx (2)
a ¢
Thus if I and J are the upper and lower integrals corresponding to f(x), we have

c b
f f(x)dx+f fxyde =2 J = s 3

Now since f(z) is Riemann integrable in [a, b], we have
b

I = J = f(x) dx (4)
and thus from (3) and (4),

fbf(x) dx

Il
ir}
=
R
-~
)
8
+
<
-
—
3
S’
&
3
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A.15. Prove Theorem A-15, page 156: If f(x) and g(x) are Riemann integrable in [a, b]
and f(x) = g(z), then b b
f flxyde = f g(x) dx

Let M",m{"” and M{®,m® be the least upper bounds and greatest lower bounds in
(2,—y, %x) corresponding to f(x) and g(x) respectively. Also let SO, s and S(2), s(2) be the corre-
sponding upper and lower sums. Then we have, since f(x) = g(x),

[¢8) (2) D 2
M’ = M2, m’ = m2 (1)
so that S = S@), s = @ (2)

If we now let the upper and lower integrals be I(1), J(1) and I(2), J(2) corresponding to f(x) and
g(x) respectively, we have

I = @ Jn = J@ ®
b b
Then since I = Jgu = f f(x) de, 12 = Je@ = f g(x) dx (4)
a a
b b
we have f flx)dx = f g(x) dx
a a

A.16. Prove Theorem A-16, page 156: If f(z) is Riemann integrable in [a,b] and has
upper and lower bounds M and m in [a, b] respectively, then

fbf(x) de = MDb—a)

and if x is a number such that m = . = M, then

S feyas = wo-0

A

m(b — a)

We have

Then by integrating from a to b using Problem A.l5, we obtain
b b b
f mdx = f(zx) dx f M dx
a a

= M®—a) (1)

lIA

or m(b—a)

A
=
8
&
]

IA

From this it follows that there is a number x between m and M such that m(b—a) = u(b—a) =
M(b—a) and

b
f ez = wo-a (@)

A.17. Prove Theorem A-17 [Mean-value theorem], page 156: If f(x) is continuous in [a, ],
then there exists a number ¢ € [¢, b] such that

J;b f@)de = (b—a)f(c)

Since f(x) is continuous in [a, b], it is Riemann integrable in [e, b] by Problem A.9. Thus by
Problem A.16 there is a number g between the minimum and maximum values m and M of f(x)
such that

b
f flx)yde = p(b—a) (1)

But a continuous function takes on all values between its minimum and maximum values and so
there is a number ¢ such that f(c) = u [see Theorem 1-25, page 8]. Using this in (I) yields the
required result.




APPENDIX A] THE RIEMANN INTEGRAL 165

A.18. Prove Theorem A-19, page 157: If f(z) is Riemann integrable in [a, b], then (a) |f(2)|
b b
f f(x) doc' = f \f()] de.

is Riemann integrable in [a,b] and (b)

(a) Let
P _ flx), fl@)=0 P B —f(x), flx) =0
1l®) = 0, otherwise ’ 2(@) = { 0, otherwise
Then we have
f(x) = Fi(x) — Fy(w), [f(x)] = Filx) + Fy(x) (1)

Now since f(x) is Riemann integrable, so also are F'y(x) and F,(x). Thus by Problem A.12,
Fi(x) + Fo(x) = |f(x)| is Riemann integrable.

fbf(x)dx = bel(x)dx —_ bez(x)dx
j;blf(x)ldx = fabi'l(x)dx + fang(x)dx

f bf(x) dx bel () dx | be'z(x) dx

be,(x)dx + be‘z(x)dx = fb]f(x)ldx

(b) From (I) we have

IIA

Then +

DIFFERENTIATION AND INTEGRATION
A.19. Prove Theorem A-20, page 157: If f(z) is bounded and Riemann integrable in [a, b],

then z
Fa@) = f fu)du
is continuous in [a, b]. ¢
Let k be chosen so that «+ h € [a,b]. Then

x+h x
Fx+h) — F(zx) = f f(u) du — f f(u) du

a

x+h
_ f faydu = uh

x

by Problem A.16.
Thus if || < §, we have
[Fx+h) —Fx)] = [eh]l = [pllt] < [u[8 = e

ie. |F(x+ k) — F(x)] < e for |h]<$

and so F(x) is continuous in [a, b].

A.20. Prove Theorem A-21, page 157: If f(z) is Riemann integrable in [a,b] and
F(z) = fzf(u) du, then
F@) = Lrw = L wa = 1w
z dx Ja
at each point of continuity of f(x).

Suppose that z, is a point of continuity of f. Then given e > 0, there exists § > 0 such that

|f(x) = flxg)] < ¢  whenever [|x—u1x) < & (@)
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x9+h Xo Tt h
Now F(xg+h) — F(zg) = f ’ f(u)du — f fu)du = f f(u) du
F(xy+h) — F Zo+h Zot+h
Thus ——Lh—ﬂ — flzg) = % J; flu) du — %fx f(zg) du

xot+h
= L ) - s au

and it follows from (I) that if 0 < |r| < 3,

Flxg + k) — F(x,) L] (ot
e )| = B { ";o [F(w) — f(o)] du
1 xo+h .
= gl i — fe) d
wiJ,
< €
F(xyg+h) — F
Thus lim ﬁ*——;———(@ = flwg)
he=0
or Fi(zg) = f(xp)
ie. F'(x) = f(x) at each point of continuity of f(x).

A2l. (a) Prove Rolle’s theorem: Let f(x) be continuous in [a, b] and suppose that f(a) =
f(b) = 0. Then if f’(z) exists in (a,b), there is a point ¢ in (a,b) such that
fiey =0

(b) Prove the law of the mean or mean-value theorem for derivatives: Let f(x) be
continuous in [a, b] and suppose that f’(z) exists in (a,b). Then there is a point
¢ in (a, b) such that

, - ) =19
flo = b—a

(@) The theorem is trivial if f(x) = 0 throughout [a,b]. Suppose then that f(x) > 0 at one point
of (a,b). Then there is a point ¢ in (a, b) at which f(x) attains a maximum value [see Theorem
1-25, page 8]. Now if f’(¢) >0, i.e. if

lim fle+h) = fleo) > 0 (1)
hes0 h
then f_(c_t’%_ﬂﬂ > 0 for k<8 @)
Thus if h > 0, it follows from (2) that f(c+ k) > f(¢) so that f(x) does not have a maximum
at ¢ and we have a contradiction. Thus f’(c) cannot be greater than zero. Similarly we can
show that f’(¢) cannot be less than zero and so we must have f’(c) = 0.
The same result follows if we assume that f(x) < 0 at some point of (a, b).
(b) Consider the function

6@ = ) - fia) — L= o) ®

Then if f(x) is continuous in [a, b], so is G(x). Also if f'(x) exists in (a,d), then G’(x) exists in
(a, b). Furthermore we have G(a) = G(b) = 0. Thus G(x) satisfies Rolle’s theorem of part (a)
and so there exists a point ¢ in (@, b) such that G’(c) = 0. But this means that

¢ = o - [L=1a] = o *

and the required result follows.
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A.22.

A.23.

A.24.

Prove Theorem A-22 [Fundamental theorem of calculus], page 157: Let f(x) be
Riemann integrable in [a, b] and suppose that there exists a function F(x) continuous
on [a,b] such that F'(x) = f(z). Then

fb f(x)de = F(b) — F(a) or fz fu)du = F(x) — F(a)

Suppose that we form any partition e =xy<x; < :-- <2, =0b of the interval [a,b]. By
the mean-value theorem of Problem A.21, we have [since F(x) is continuous in [a,b] and has a
derivative in a < z < b)

F(xk) - F(xk.__l) = (xk - xk_l)F,(ck) Tp—1 < € < X
ie. Fay) — Fme_y) = (o — 2—1) flek)
Summing over k¥ from k¥ =1 to n, we have
2 Fa)=FEeyl = FO) ~F@ = 3 (o= a1/

Then taking the limit as n > @ and max (x, —x,_-,) = 0, it follows that

b x
f f(x)dx = F(b) — F(a) or f f(u)du = F(z) — F(a)

x2%2gin (1/x), z+0

(@) Prove that the derivative of F(x) = { 0 2 =0 is given by
2z sin (1/x) — cos (1/x), x#0
F/
(=) { 0, 2=0
2/ 8
(b) Show that f Fayde = 5
-2/

(@) If « 0, we can use the usual rules of differential calculus to obtain

d g _ 11 1 1 T SR
i {x2sin (1/x)} = = {cos p e + 2z sin z = 2 sin 7 T cosy
If x =0, the derivative is given by

2 of —_
tim TR FO gy Bl G/ = 0
K0 B0 k

1
= lim hsins =
hl_!f}) sin 0

(b) By part (a), F'(x) exists at all values of z in (—2/7,2/7). Thus by Problem A.22,

2/m 8
f F'x)de = F@/z) — F(=2/7) = —

—2/m7

Prove Theorem A-23 [Integration by parts], page 157: Let f(x) and g(x) be Riemann
integrable in [a,b] and suppose that F(z) and G(x) are such that F’(x) = f(x)  and
G'(z) = g(x) in [a,b]. Then

f F#)g(@)dz = F(b)GO) — F(a)G(a) — f " ) Ge) da
= F(x) G(x)}i - j; f(z) G(x) dz

Since F(x) and G(z) have derivatives in [a, b], they are continuous and thus Riemann integrable
in [a, b]. Then since F'(x) and G'(x) are also Riemann integrable in [a, b], it follows that F(x) G'(x)

and F’(z) G(x) and thus their sum F(x) G'(x) + F'(x) G(x) ti [F(x) G(x)] is integrable in [a, b].
Then from Problem A.22, ‘
b

f 2 F2) G))dz = F@)G@)| = Fb)GO) — Fla)Gla)
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b
or f [F(x) G'(x) + F'(x) G(x)] de = F(b) G(b) — F(a)G(a)

b
ie. f F(x)gx)dz = F(b)G(d) — F(a) Gla) f f(x) G(z) dw

since F'(x) = f(x), G'(x) = g(=).

THEOREMS ON SEQUENCES AND SERIES

A.25. Prove Theorem A-26, page 158. Let E un(x) be a uniformly convergent series of

continuous functions in [e, b] and let s(x) be the sum of the series. Then

J;bs(x)dx = j‘:b [glun(x)]dx = ﬂgﬁbm(x)dx

If a function is continuous in [a, b}, its integral exists [see Problem A.9]. Then since s(x), s,(x)
and r,(x) are continuous [see Problem 1.53, page 23], we have

fbs(x) dx = fbs,,(x) dx + J;brn(x) dx

a

where 8,(%) = uy(®) + -+ + uy (@), r,(0) = wpy (@) + upyolx) + -

f ’ r.(x) dx

a

To prove the theorem we must show that

fbs(x) dx — fb 8,(x) dx

a a

can be made arbitrarily small by choosing n large enough. This however follows at once, since by

the uniform convergence of the series, given any ¢ > 0 there exists ng such that |r (x)| <
for n > ny independent of x in [a, b} and so

b b b,
f ro(x) dz f [rp(x)] de < f b= dx = e
a a a
This is equivalent to the statements

a
b . b b b
f s(x)dx = ﬂh_{fzo sy()dx  or lim g, (x)dx = f {lim sn(az)} dx
a Nedr 0 a Netd <

a a

b—a

1A

A.26. Prove Theorem A-27, page 158: Let Euﬂ(x ) converge to s(x) in [a, b]. Suppose

that the derivatives u;(x) exist and are continuous in [a,b] and that 2 un(x) is
uniformly convergent in [a, b]. Then

5@ = A Tw@) = 3 u@)

0

Let g(x) = 3 ul(x). By hypothesis this series converges uniformly in [a, b] so that by Problem
n=1 .
A.25 we can integrate term by term from a to z, where = € [a, b], to obtain

fxg(t) dt

a

E un(t = é [un(m —un(a)]

S une) — 2 un@) = s(z) — s(a)

n= n=1

i

T
Differentiating both sides of g(t)dt = s(x) — s(a) then shows that g(x) = s’(z), which
proves the theorem. a
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A27. let su(z) = nze ™', n=1238, ..., 0sz=1.

1
lim sq(x)dx

1

1
(@) Determine whether lim | s.(z)dx

N = © ¢ 0 Ned X
(b) Explain the result in (a).
1 1 1
(a) f sy(x) de = f nre—ne’ dy = —le—ns’ . = Ml—e™m
0 0
1
Then lim f sy(wyde = lim 3(1—e ™) = 3
T 0 0 N

Also, s(x) = hm s,(x) = lim nwe—n:* =0 whether x =0 or 0<x=1. Then

nes 0
1
f s@ds = 0

0
1

1
It follows that lim 8,(x) de # f lim s,(x)dx, 1ie. the limit cannot be taken under
the integral sign, "~ % “0 0 meseo

(b) Although the sequence s,(x) converges to 0 in [0,1] it does not converge uniformly to 0 [see
Problem 1.52, page 23]. If the convergence were uniform the results would have been equal.
The fact that it is not uniform allows for the possibility [but not a certainty] that the results
are not equal.

For a case where the sequence is not uniformly convergent but the integrals are nevertheless
equal, see Problem A.59.

<& sinnz i S
M&MSW—;,ﬁ-Hm&mLWM ;wzw
We have |SB2Z| < 1

ns

. 1 R . .
=5 Then since 3, por; converges, the series for s(x) is uniformly con-
n=1

vergent for all x and in particular for 0 =« = 7, by the Weierstrass M test [page 10].
Problem A.25 the series can be integrated term by term and we have

f s(@)dx = f <E 1n:;nx>dx _ E smmcdx
n n n3

Thus by

A.29. Give an example of a sequence of uniformly bounded functions f.(x) such that

1mf%mm

.
exists but f lim fu(x) dx
does not exist. ’

Let a =0, b =1 and consider the rational numbers in the interval [0,1]. Since the rational
numbers in [0,1] are denumerable [Problem 1.16, page 13], we can write them in the form of a

sequence 7y, 7o, 73, - .. .
Deft 1 for # =ry,7re,...,7,
€ =
ne fn (@) 0 otherwise
1
Then f fol@yde = 0
0

and so exists. However, since
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. 1 if x is rational
ﬂ-l-{r:o fnle) 0 if x is irrational
we see by Problem A.2 that

1
f lim f,(x) dx

. ne+
does not exist. 0

IMPROPER RIEMAN N INTEGRALS

A.30. Prove that J; exists and find its value.

(x+2) +2)3
We have by definition,
° de . L . (m+2)-2]|b
— . —_— = 1 ~—
fl wrer - o) Grmp e 2
~ tim(l__1
= jim, <1—s"2(b+2)2>
_ 1
18
A31. Prove that f ———)—573 exists as an improper Riemann integral provided that it

is taken in the Cauchy principal value sense.

The integrand 1/(x — 1)3/3 is unbounded at x =1 so that the integral is improper. In the
Cauchy principal value sense we define

2 dx . 1—e¢
L(x—l)m = SL"‘OU, et f (x—l)s/s}

7
= lim [——(x—l) 23| —(x—l) 2/3

2
oe)
3

= lim [:__g (—e)—2/3 + %(—8)—2/3 - E(1)~2/3 + g(e)z/s]

Note that if we define

2 dx B . 1—¢ J‘
fq (x—1)5/3 — 611‘_‘?0 [f_7 (x— 1 =13 © (x — 1)5/3]

€0

where ¢; # ¢, the integral does not exist.

A.32. Prove that f SI; T dx exists.
0

1.
The Riemann integral f su; L dx
0

exists. Also, on integrating by parts we have

b . b b b
sin « cos x cos cos b oS
f der = — —/— +f —5-dx = cosl — +f 5 dx
x x 1 x b x
1 1 1
b b b

cos x cos x dx 1
Now f 5T gp| = f ST lgy = f 2 o= 1-2
1 ® N 1 ¥ b
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Then taking the limit as b - =,

exists as a Riemann integral.

we see that f
0

exists.

A.33. Prove that f

If n is any positive

=

0

sin x
x

dx

But since the limit of the last series as n -~ «

sin x
x

THE RIEMANN INTEGRAL

we see that
® cosx * cos
lim Ly PR f T dx
besr o 1 x 1 x
Now since
b o 1. b .
sin x sin z sin x
f de = f —-x—dx + f x
0 1

0

b o: .
sinx sinx
d

dx dx

lim
b= x 0

1. ®
_ f sinz -, f
o ¥ 1

< .
sSinx

T\ dx diverges, i.e. f
0

integer, we have

L . 2 . nwr .
- f sin x dx-i-f sine | ..+ ...+ sinz |
0 T (n—1Dm x
m .
_ f sinu . +f __sinu___
- 0 u+(n-—-1)n-
T . T s
- sin u sinu f __sinu__
- J; % du—i—J; u+”du+ + 0 u+(n-1)ar
2 2 2
R e s

2 1 1
;<1+§+ “+n—-1>

is infinite, the required result follows.

Supplementary Problems

DEFINITION OF THE RIEMANN INTEGRAL

A34. TUse the definition to show that f(x) =1 is Riemann integrable in [a, b] and find its value.
1
A.35. Use the definition of the Riemann integral to obtain the value of f f(z) dx where
-2, —-1=z<0 -1
f@&) =15 o<a=1"

THEOREMS ON RIEMANN INTEGRATION

A.36.

Prove Theorem A-11, page 156.

dx is not absolutely convergent.
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A37.

A.38.

A39.

A40.

A4l

Ad2.

A43.

A

A4S,

A 6.

AT,

A48,

A.49.

THE RIEMANN INTEGRAL [APPENDIX A

Prove that if f(x) is Riemann integrable in [e, b], then it is also Riemann integrable in any sub-
interval [c,d] of [a,b].

Prove that the lower sums cannot decrease by adding points of subdivision [see remark at the end
of Problem A.4].

Prove Theorem A-13, page 156.

Prove that f(x) is Riemann integrable in [a, b] if f(x) is bounded and has (a) one point of discon-
tinuity in [a, b], (b) any finite number of points of discontinuity in [a, b].

Prove that the Riemann integral of f(x) does not change in value if the values of f(x) in [a, b] are
changed at a finite number of points.

Prove Theorem A-18, page 157.

If f(x) is continuous in [a,b] and f(x) = M, then if
b
f f@)de = M(b—a)

prove that f(x) = M identically in [a,d].

Obtain the following generalization of Theorem A-16, page 156: If f(x) and g(x) are Riemann
integrable in [a,d], g(x) Z0 and m = f(x) = M, then

mfb g(x) dx

Use Problem A.44 to prove that if f(x) is continuous in [e, d] in addition to the other assumptions,
then there is a number ¢ such that

b b
J @@ = 10 [ o as

1A

b b
f f@) gy de = M f (@) dz

This is called the generalized mean-value theorem [see Theorem A-17, page 156].

If f(x) is non-negative and continuous in [a,b] and if f(c) > 0 for some value ¢ in [a,b], prove
that

fbf(x)dx > 0

If f(x) is continuous in [e, b] and

b
f |f(x)2dx = 0

prove that f(x) =0 in [a,b].

Prove Theorem A-12, page 156. [Hint: First assume that f(x) and g(x) are both positive and have
upper and lower bounds M, m(" and M>,m(® respectively in [r;_y, #;]. Then prove that if
My, my, are upper and lower bounds of f(x) g(x) in [x,_;, @], then M, —my = M (MP —m>») +
m P (M —m(D) and thus show that S—s < e If f(x) and g(x) are not both positive, add

suitable constants so as to make them positive.]

Prove that the definition of the Riemann integral given on page 154 follows from the definition
as a limit of a sum.
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DIFFERENTIATION AND INTEGRATION
L x, 0=x<2
A.50. et flx) = 4, 2<z=5"

: 5
is continuous in 0 = 2 = 5. (¢) Does F'(x) = f(x)? Explain, (d) Does f F'(x) de = F(5) — F(0)?
Explain. 0

(a) Evaluate F(x) fof(u) du, 0 =2 =5. (b) Show that F(x)
0

AS5l.  Consider the functions (@) f(x) = a3 cos(1/x), 0 =2 = 1/z, (b) f(x) =
Determine whether -

J; f(x) de

23 cosl/e, O0<x=1/7
0, x=0 ’

exists and if it does find its value.

A52. Prove the second mean-value theorem: If f(x) and g(x) are Riemann integrable in [a,b] and f(x)
is monotonic in [a, b], then for some value 7 such that a =4 = b

b n b
flx)gx)dz = fla) | glx)dx + f(b) } g(x)dx
J, S, J,

x b b
[Hint: Let G(x) = f g(t) dt. Write f f(x) g(x) dx =f f(x) G’(x) dxz and then use integration
by parts.) a a a

A53. Prove Theorem A-24, page 157.

A54. Use the definition of the Riemann integral as a limit of a sum to show that

. n n n _
3m<l2+n2+22+n2+ +n2+n2> -

INE

THEOREMS ON SEQUENCES AND SERIES
A55. Prove Theorem A-25, page 158.

T
cos 2x cos 4« cos 6x _
A56. Prove that J; < 1.3 + 3.5 + 57 + > dx = 0.

A.57. Suppose that the sequence of functions (f,(x)) converges to f(x) in [a, b]. State and prove a theorem
giving sufficient conditions under which the sequence of derivatives (f}(x)) converges to f'(x).

o s
A58. Prove that F(x) = X Smnx is continuous and has continuous derivatives of all orders for

< sinh nr
all values of z. n=1

ny

T it for 0 =x =1. (a) Prove that (s,(x)) is not uniformly convergent., (b) Show

1 1
lim f sy(x)dx = f lim s,(x) dx
N=r o 0 N = 0

AS59. Let s,(z) =
that

and explain.

A.60. Use Problem A.59 to give an example of a series which can be integrated term by term but which
is not uniformly convergent.

ne, 0=zx=1/n

1, I/n<ax=1

A6l. Let s,(z) = { Determine whether

1 1
lim f s(x)dx = lim s,(x)dx
0

. N+ ¢ N
and explain.
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IMPROPER RIEMANN INTEGRALS

1
A.62. Investigate the existence of the Riemann integrals (a) f

A.63.
A.64.

A.65.

A.66.

dx 2
, (b) f —— and find
-1V +1 0 (x—1)?

their values if they exist. Ans. (a) 2\/5, (b) does not exist

© dw “ dx
Evaluate the following integrals if they exist. (a) f (x+1)4’ (b) f 211 (¢) J; —x—
Ans. (a) 3, (b) =, (c) does not exist —w

Prove that if 0 = f(x) = g(x) and g(x) has an improper Riemann integral in [a,b] which exists,
then so also does f(x).

1
Use the result of Problem A.64 to show that j Az exists.
Vi + sin2z
2 g
Show that the integrals (a) f )5 , (b) f ey exist only in the Cauchy principal value
0

sense and find these values. Ans. (a) 0, () —4In3




Appendix B

CONVERGENCE IN THE CESARO SENSE

Let sn = w1 + w2 + - -+ + u, be the nth partial sum [i.e. the sum of the first n terms]
of the series uy + u2 + ---. If the sequence of partial sums si, s, 83, ... converges to the
limit I, then by definition the series converges to I or has sum L.

Suppose however that the series does not converge. Then consider a new sequence
81+ 8 81+ 8+ 83 .
5 3 S ‘ (1)

i

81,

where the nth term is ‘the arithmetic mean of the first » partial sums. If this sequence

converges to p, we say that the series u: +uz + --- or 3, u is summable in the Cesaro
sense, or is C-1 summable, to p.

In case the series 3, ux does converge to I, then the series is also C-1 summable to !
[see Problem B.3].

The process can be repeated if necessary and we speak of C-2 summability, C-3 sum-
mability, etc.

CESARO SUMMABILITY OF FOURIER SERIES. FEJER’S THEOREM

The Cesaro summability of Fourier series was investigated by Fejer. Since the partial
sums of a Fourier series are given by '

sn(z) = %J;ﬂ[f(anu)-llf(x—.u)]

where 7#=10,1,2,... [see Problem 8.8, page 139], we obtain the nth term of the arithmetic
means [see Problem B.4],

sin (n+3Hu
sin {u

du @

+ e + 8n— 1 " ' 2 1
b = MR o o e+ fe-ul Tl e @)
We can then show that for some function t(x),
1 i - in2 in .
b) = o) = g ), ) + e —u) — 26e) St *

and can prove the following theorems.

Theorem B-1 [Fejer]. If f(x+0)and f(x— 0) exist, then the Fourier series for f(x) con-
verges in the Cesaro sense to 1[f(x +0) + f(z — 0)], i.e. the Fourier series for
f(x) is C-1 summable to &[f(x + 0) + f(x — 0)].

Theorem B-2. The Fourier series for f(x) is C-1 summable to f(x) almost everywhere.
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Solved Problems

CONVERGENCE IN THE CESARO SENSE
B.1. Prove that the series 1 —1+1—1+ .- does not converge.

If s, is the sum of the first n terms, we have s; =1, s;=0, s3=1, 5,=0, ..
which does not converge.

Thus the

sequence of partial sums is 1,0,1,0, ...

B.2. Prove that the series of Problem B.1 is C-1 summable to 4.

From Problem B.1 we see that the sequence of arithmetic means of the partial sums is

8y +8, 8 +83+ 85 8+ 8+ 83+ 8y

81; 2 » 3 1] 4 ’
or 1 1+0 14041 14+0+14+0
’ 2 ? 3 ’ 4 ’
L bbb
If we let ¢, be the nth term of the last sequence, we see that
r+l ,-1,35,...
t — 2n
n
1 n=24686,...

Then since lim ¢, = 4, it follows that the series 1—1+1—1+ --- is C-1 summable to .
n=-» 0

B3. (@) If limua=1, prove that lim %1% +n' =t % | and (b) discuss the signifi-

nes o

cance of this in connection with Cesaro summability.

(a) Let u, =v,+1. Then we must show that

vyttt
2 " =0 if limwv, =0

lim

neco n N = 0
Now if n > p,
’UI+'U2+"'+’Un . v1+v2+'-'+vp+vp+1+’vp+2+"'+vn
n - n n
so that
Vit vt |”1+”2+"'+”p|+ lvp+1l + {vpral + -0 4 [0y )
n = n n
Since lim v, = 0, we can choose p so that given any ¢ >0, |v,| < ¢/2 for n > p. Then
n=+co
[Vpsal + 1vp ol + 500+ |y /24 /24 - 4+ e/2 _ (n—p)e/2 e
< = < 5 . (2)
n n n 2
After choosing p we can choose 7, so that for n > ny > p,
vy+ve+ ot
Il 2 p| < € (3)

n 2

Then using (2) and (3), (I) becomes

v1+v2+"'+v7,
n

= e for n>mn

< +

DoIm
Doim

thus proving the required result.

(b) The result shows that if the sequence of partial sums of a series does converge to [, i.e, if the
series converges to [, then the series is C-1 summable to I
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CESARO SUMMABILITY OF FOURIER SERIES. FEJER’S THEOREM
B.4. Using Problem 8.8, page 139, for the partial sums s.(z) of a Fourier series, prove that

sinZ inu
sin?{u

b = MOFEO Lt L b fe— )

n 2nnJo

From Problem 8.8, we have

sin (n + {)u

sin {u du

1 m
(@) = o= flz+u) + f(x—u)
sp(x 277-J; [fle+u x ~ u)]
for n=10,1,2,... so that

8o(x) + 84(x) + -+ + 8, (%)
n

ty(x) =

- 2—:;]; [f@ +w) +f(x—u)][

sindu +sindu + -+ + sin(n—Lu P
sin du

Now consider f. = sin du+tsindu+ - +sin(n—Lu
Multiplying by sin 4u,
fasindu = sin2du + sindusindu + -+ + sin(n— Pusin fu

= 3(1 —cosu) + 4(cosu — cos2u) + -+ + L(cos(n—1)u — cos nu)

= 41 —cosnu) = sin?inu
T sin2 Inu 4
us I = T 1u 0

and we obtain as required,

1 ’T sin2 inu

t(x) = Py [flx +u) + flz —u) W du (2)
0

B.5. (a) Prove that ™ 9 gin?
1 j; sin {nu dw = 1

20 sin? iu -

and (b) thus show that if #(x) is some function of z

bie) = o) = g ), [f@+u)+ flz—w) = 2(@)] Sslflnlf; a

(@) If f(x) =1, then ¢, (x) =1 also. Thus from (2) of Problem B.4 we obtain as required,

172'2
L = 1f,miudu )

in2 1
2nr 0 sin? Ju

(b) Multiplying both sides of (f) by #(x) and subtracting from equation (2) of Problem B.4, we obtain

o) = te) = F (e + )
0

sin2 inu
. — 5 du
2nar sin? du

1 ™ sin? {nu
_— f 2Ux) 7 du
2nx 0 sin? Ju

sin? %‘nu
sin2 {u

il

é%;f [f(x+u) + flx —u) — 2t(x)) du

0
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B.6. Prove that a Fourier series is C-1 summable to ¢{(x) if and only if for any number
dsuchthat 0 <8 <,

sin2 inu
nes o n sin® 54

where F(u) = f(x +u) + f(x —u) — 2t(x).

From Problem B.3(b) it is clear that a Fourier series is C-1 summable to t(x) if

li J‘ r sin2? lnu .
ity ) i T sin2 1u =0
. . j‘ F sm inu 17 sin2 {nu
ie. ignw ) ——5— sin? ju du + = j; F(u)wdu = 0
i in2 inu
But since 1 f F(u)f’il?— du f ngul)l
nJ sin2 du sin? fu
we see that for 0 <8 < =, 17 sin2 {nu
lim — Fuy—=7—du = 0
nesr N 5 sin %u

Thus we see that the Fourier series is C-1 summable to ¢(x) if and only if

lim —f Flu )sm%w = 0

nerwo sin2 -%u

B.7. Prove that a Fourier series is C-1 summable to () if and only if

1
lim L F( )Mdu - 0
neo N
We have
i sin2 inu  sin2 lnu
e <
nJ, sin? lu (Fu)?
= (1 f * Py sin? dmae | —L— — -1 | du
nJ, 2 sin? fu (lu)2
1 j"s [ 1 1 ]
s = IF@)|| ——— — 5 | du
n ol | sin? fu  (Fu)?
. 1
since

sin? fu 1u?

is non-negative and continuous for 0 <« = § and has a finite limit as « — 0.

Then using Problem B.6 5 o
li lf P fuii P W
oo M T Guy? -

which yields the required result.

B.8. Prove Fejer’s theorem.
Let ¢(x) = L[f(x+0) + f(x—0)]. Then
Fu) = flx+u) + flx—u) — [flx+0) + f(x —0)]
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By definition, lir(r)l+ fx+u) = flx+0), lim f(x—u)=f(x—0) and we have lir(r)l F(u)=0.
g u=-0+ u=0+
Thus, given ¢ > 0, we can find §; > 0 so that |F(u)] <e whenever |u| < §; or u < §;, since u

is non-negative.

Then we have for fixed §; < =,

8 in2 1. 5y 21 s -
ANt W P DU PR L L B O (PO Lk L
n w2 - — - -~

0 0 5

%1 sinZ inu 5 in2

= lf IF(M)|“———*—$ du + 1 f ]F(u)lsnl Inu d

nJy w n u?
= 2 f  sin? lnud +1 f IF(u)| du
T o
<< f " sinty f PGl g,
< € [~ sin? vd __J‘
=3 j; o2 + |F(w)| du

ce+ 2o [ irw
= Ce + —f F(u)| du

n8? 5
Now since 8, is fixed, Y f F)l de = 0

Thus since ¢ can be taken as arbitrarily small, we have

lim L f Flu )sm e~ o 6))

n=co N

But (1) is a necessary and sufficient condition that the Fourier series be C-1 summable to
tx) = L[f(x+0) + f(x—0)], and so Fejer’s theorem is proved.



Appendix C

LEBESGUE MEASURE IN THE PLANE

The theory of Lebesgue measure and integration in the plane R? is in many ways
analogous to that for the real line B. Thus instead of an interval I and length of an interval
L(I) on the real line, we have a rectangle P [which can be considered as the Cartesian
product of two intervals Iy and ;] and area of a rectangle A(P) [defined as the product of
the lengths of I and I;]. The rectangle P is closed if I; and I; are closed and open if I, and
I, are open. :

The measure of a rectangle is defined to be its area. As in the case of the real line we
can prove that an open set in the plane can be expressed as a countable union of disjoint
open rectangles. We then define the measure of an open set as the sum of the measures
of these associated rectangles [which can be called components]. We can then define the
exterior or outer measure of a planar set S, denoted by m.(S), as the least upper bound of
the measures of all open sets containing S. Finally we say that S is measurable if for any
set 7, ~
me(T) = mATNS) + me(TNS) @®
as in the one dimensional case.

The various theorems on measure in R? are in general analogous to those for R

MEASURABLE FUNCTIONS IN THE PLANE

Let f be a function defined from a set of points (x,%) in the plane to the set of real
numbers, so that f is a real function whose values can be designated by f(x,y). We say
that f is measurable if for any constant « the set o

{(x’ y) : f(x’ y) > K} (2)
is measurable. The various properties of measurable functions are analogous to those
developed in Chapter 3.

The following theorem is important.

Theorem C-1. If f(z,vy) is measurable on a set [(x,¥):e=2=b,c=y=d], then f(x,¥) is
a measurable function of y for almost all € [a,d] and f(z,y) is a measur-
able function of x for almost all v € [, d].
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THE LEBESGUE INTEGRAL IN THE PLANE

Given a rectangle P = {(x,y): e=z=0b, c=y=d), we can subdivide it into parts
by using subdivision points

0 = <1< 22< - <xp, = b, = Y< Yy <Yy2< - <Yp = d

We can then define upper and lower Lebesgue integrals for bounded measurable functions
f(x,y) in exactly the same way as we defined them for bounded measurable functions f(x)
on the real line.

These are denoted respectively by

f f fz,y)dzdy and f f f(z,y) dz dy 3)

If these are equal the common value is denoted by =

§f #e,) dzay *

and is called the Lebesgue double integral and we say that f or f(x,y) is Lebesgue integrable
on P.

The result can be extended to any set £ in R? and in such case the double integral is
denoted by
{f fe ) dw ay (%)

E

FUBINI'S THEOREM

Let f(z,y) be Lebesgue integrable on P. Then f(z,y) is Lebesgue integrable over [a, b]
for almost all ¥ such that ¢ =y = d, i.e. the integral

Lbf(x, y)dx (6)

exists for almost all ¥ such that c=y =d.

Furthermore the integral (6) is Lebesgue integrable on [¢,d] so that

S S ran]ay (7)

In a similar manner we can demonstrate the existence of

j;b[fcdf(x, ) dy] da _ G

The integrals (7) and (8), where integration is performed first with respect to one
variable and then with respect to the other, are often called iterated integrals.

exists.

The fundamental theorem connecting double integrals and iterated integrals is called
Fubini’s theorem.
Theorem C-2 [Fubini]. If f(x,y) is measurable on the set

P={zy):a=s2=b,csy=d}
then

[fremizay = [ fevala = [ 1mya]e o

P
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THE FUBINI-TONELLI-HOBSON THEOREM

Sometimes one of the iterated integrals is given and it is required to interchange the
order of integration. The fundamental theorem on interchanging the order of integration
is called the Fubini-Tonelli-Hobson theorem.

Theorem C-3 [Fubini-Tonelli-Hobson]. We have

j;d[flbf(x,y) dx] dy = j;b[j:df(x, ) dy} dx (10)

provided that either one of the iterated integrals in (10) exists.

Since a function which is Lebesgue integrable is absolutely integrable, it follows that
the order of integration can be interchanged if either of the sides in (10) is absolutely
convergent.

The results can be extended to the case where the limits of integration are infinite.

MULTIPLE LEBESGUE INTEGRALS

The ideas presented above can be generalized to higher spaces such as R* where n > 2.
Thus for example if n =3, i.e. three dimensional Euclidean space, we begin with the
definition of the measure of a rectangular parallelepiped as its volume [the product of the
lengths of three mutually perpendicular sides]. This leads to the notion of a triple integral.
For n >3 the ideas can be developed in an entirely analogous manner.



Index of Special Symbols
and Notations

The following list shows special symbols and notations used in this book together with
the number of the page on which they first appear. Cases where a symbol has more than
one meaning will be clear from the context.

Symbols

A B,... sets, 1
a,b,... elements or members of sets, 1
a, b, Fourier coefficients, 130
¥, aleph null, cardinal number of a denumerable set, 5
¥ or ¢ aleph one or ¢, cardinal number of the set of real numbers E, 5
C  closed set, 30
C open covering, 7
¢, generalized Fourier coefficients, 132
8 norm of a partition, 154
§,¢ positive numbers, 6, 7
f function or mapping, 4
@  empty or null set, 1
H,(x) Hermite polynomials, 145
I  interval, 29
I g.lb. of upper sums for Lebesgue integrals, 53 [or Riemann integrals, 154]
1,1, ... intervals, 9

class of intervals, 34

g
J  Lub. of lower sums for Lebesgue intgerals, 53 [or Riemann integrals, 154]
J  open subcovering, 7
K  Cantor set, 5
1 limit of f(x) as x> a, 7
L,(x) Laguerre polynomials, 152
M upper bound of f(x), 154
m  lower bound of f(x), 154
N  set of natural numbers or positive integers 1,2,3, ...,2
O  open set, 29
P partition, 154
P rectangle, 180
P,(x) Legendre polynomials, 152
@ set of rational numbers, 2
R set of real numbers, 2
r.(x) remainder of a series after » terms, 23

S upper sum for Lebesgue integral, 53 [or Riemann integral, 154]
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s lower sum for Lebesgue integral, 53 [or Riemann integral, 154]
S1,Ss, ... upper sums for different partitions, 58, 160
81,89, ... lower sums for different partitions, 58, 160
81,89 ... partial sums of a series, 9
Swu(x), 8,(x) partial sums of Fourier series, 130, 175
S(x) limit of partial sums of Fourier series, 131
T test set, 31
t, or t,(x) arithmetic mean of partial sums, 175
U  universal set or universe, 1
Z  set of integers 0, =1,*2,...,2
Notations
{a,b,c,...} set consisting of elements a, b,¢, ...,1
{x:ete.} set of all elements x such that etc., 1
a €S abelongs to [or is an element of] the set S, 1
a €S adoes not belong to [or is not an element of] S, 1
a,b €S aand b belong to [or are elements of] S, 1
ACB A is contained in [or is a subset of] B, 1
ADB A contains B, 1
A=B AequalsB,1
A# B A isnotequal to B, 1
< less than, 2
=  less than or equal to, 2
>  greater than, 2
= greater than or equal to, 2
(a,b) open interval a < x <b or {x:a <z <b},2
[a,b] closed interval a =x =b or {r: a=2x=0b},2

Lub.S or supS
glb.S or inf S
AUB

ANB

A—B

B,

B

(AuB)~

AXB

(%, ¥)

flx)

f:X->Y

f(4)

f~1B)

F1

least upper bound or supremum of S, 2
greatest lower bound or infimum of S, 2

A union B, 3

A intersection B, 3

difference of A and B, 3

complement of B relative to 4, 3

complement of B relative to the universe UY, 3
complement of 4 U B relative to the universe U, 3
Cartesian product of 4 and B, 4

ordered pair of elements x and y, 4

function of «, 4

function or mapping from set X to set Y, 4
set of all elements f(x) where x € 4, 4
inverse image of B under f, 4

inverse function, 5
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A~B

(g ..., xy)
d(x, y)

la]

Rn

S’

S
lim f(x)

r=~a

lim f(x)

x=~a+

lim f(x)

T=ra—
(an>

lim a, or lima,

n =t o0
l,lima, or
lim sup a,,

L lima, or
lim inf a,

(fn) or (f, (x))

il a, or Xa,
L(I)

m(E)

m(E)

my(E)

E{f(x) >}

max {f; (%), f2(x)}
min {f; (%), f (x)}

x(x)
b
f f() dz
b

f(x) dx

a

b
fla) de

a

b
(®) f f(a) dz
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A is equivalent to B, 5

ordered n-tuplet, 6

distance between x and y, 6
absolute value of a, 6

Euclidean space of n dimensions, 6
derived set of S, 7

closure of S, 7

limit of f(x) as « approaches a, 7

right hand limit of f(x) as x approaches a, 8
left hand limit of f(x) as x approaches a, 8
sequence ay, ty, dg3, .- ., 8

limit of sequence (a,) as n > », 8

limit superior, greatest limit or upper limit of (a,), 9
limit inferior, least limit or lower limit of (a,), 9

sequence of functions, 9
series a; +as+ -+, 9

length of an interval I, 29

measure of a set F, 30

exterior or outer measure of a set E, 30
interior or inner measure of a set E, 32
set of values x € F for which f(x) > «, 43
maximum of f;(x) and f,(x), 44

minimum of f{(x) and fy(x), 44
characteristic function, 49

upper Lebesgue integral [except in Appendix A where
it is the upper Riemann integral], 54

lower Lebesgue integral [except in Appendix A where
it is the lower Riemann integral], 54

Lebesgue integral of f(x) from a to b [except in Appendix A
where it is the Riemann integral], 54

Riemann integral of f(x) from a to b, 54

existence of the integral of f(z) from a to b, 54

Lebesgue integral of f(x) on the set E, 55
E[f(x)= 0], 65
E[f(x) < 0], 65

f(x) for all x € E such that f(x) = p
P for all x € E such that f(z) >p
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f*(x)

f (=

J;z flu) du

flzg+ 0), flxg—0)

‘Z)Z(f) or ‘U:

D i@ = f(z) = L f)
D+ f(x), D~ f(x),

D f(x), D_ f(x)

P and N

L¥[a,b) or L®

LZ

D(f, g) or ||f — gl|

Lim. f, (%)

n-=r

{pn(x)}
2 o dpl@)
k=1

#,(7)
sgn (x)

Axk

C-1, C-2, ete.

ﬁf(x, y)dx dy
fPf o, ) dz dy
TPf f(x,y) de dy
§ T ]
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for all x € E such that f(x) = 0
for all # € E such that f(x) <0’

f()
1
0

o

indefinite integral, 95

for all x € E such that f(x) = 0
for all x € E such that f(x) <0

li B), 1 ,
piy JEo ) T T(eot 1), 96
total variation of f(x) on [a, b], 96
derivative of f(x), 97

derivates of f(x), 97

positive and negative variations of f(x) on [a, z], 103
L? space, 115
Hilbert space, 115

distance between functions f and g in L® space, 116
limit in mean of f,(x) as n > =, 116

orthonormal set of functions, 132

orthonormal series or generalized Fourier series, 132

conjugate of ¢,(x), 152
signum x, 152
Xy — X1, 154

Cesaro summability, 175

upper Lebesgue integral of f(x,y), 181

lower Lebesgue integral of f(x,y), 181
double Lebesgue integral, 181

iterated integral, 181



Absolute continuity, 97, 98, 105-107, 110, 111
continuity and, 98, 105, 106
definition of, 97, 98
indefinite Lebesgue integrals and, 98, 99
theorems on, 98, 105-107
Absolute convergence, of integrals, 73, 76, 171
of series, 10
relation of to convergence, 10
Absolute value, 6
Absolutely continuous functions [see Absolute
continuity]
Absolutely integrable functions, 73, 76
Accumulation points, 7, 15 [see also
Limit points]
Additivity of measure, 30
Aggregate, 1 [see also Sets]
Aleph null and aleph one, 5
Algebra of sets, 4
Algebraic numbers, 26
Almost everywhere, 33
Approximations in the least square sense,
133, 134, 147
Approximations of integrable functions by
continuous functions, 75, 76
proofs for, 86-91
Arithmetic mean, relation of to geometric
mean, 119, 120
Associative law for unions and
intersections, 3

Baire classes, 44, 49, 50
Bernstein, Schroeder-, theorem, 5
Bessel’s inequality, 133, 147
proof of, 146, 147
Binary expansion, 15, 26
Bolzano-Weierstrass theorem, 7, 16, 21
Borel, Heine-, theorem, 7
Borel sets, 33
Boundary funection, upper and lower, 44
Boundary of a set, 7
Boundary points of a set, 6, 15
Bounded convergence theorem of Lebesgue,
for sequences, 56, 66
for series, 56
Bounded functions, 8
Lebesgue integral for, 53-71
Bounded sequences, 8 [see also Sequences)]
uniformly, 56
Bounded sets, 2
which are infinite, 7
Bounded variation, functions of [see
Functions of bounded variation)]
Bounds, greatest lower, 2, 11, 21
least upper, 2, 11, 21
lower, 2, 11
upper, 2, 11
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Cantor set, 5, 6
as a perfect set, 27
countability of, 15
expressed as a ternary expansion, 15, 26
measure of, 38
Cardinal numbers, 5
of denumerable set, 5
of empty set, 5
of finite set, 5
operations with, 5, 26
Cartesian products, 4, 12
relationship of to functions, 4
Cauchy principal value of Riemann
integral, 158
Cauchy sequences, 9, 22
in L® spaces, 117, 122-125
Cesaro summability, 175-179
Change of variables, for Lebesgue
integrals, 99
for Riemann integrals, 157
Class, 1 [see also Sets]
Baire, 44, 49, 50
Closed intervals, 2
half, 2
Closed rectangle, 180
Closed sets, 7, 15, 16
complement of, 7, 16
lengths of, 30
unions and intersections of, 7, 17
Closed sphere, 6
Closure of a set, 7
Collection, 1 [see also Sets]
Commutative law for unions and
intersections of sets, 3
Compact sets, 7, 16
Complement, of a closed set, 7, 16
of an open set, 7, 16
of a set, 3
Completeness axiom, 2
Completeness, of L? spaces, 117, 122-125
of orthonormal sets, 134, 147
of sets, 9, 22
Component intervals, 7, 17, 34
rectangles, 180
Composition function, 25
Continuity, 8, 18-20
[see also Continuous functions)
absolute [see Absolute continuity]
defined in terms of open sets, 8, 19
uniform, 8, 19, 20
Continuous functions, 8 [see also Continuity]
approximation of integrable functions by,
75, 76, 86-91
Lebesgue integral of, 57, 168
relationship of with measurable functions,
44, 48
Riemann integral of, 57, 68, 156
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Continuous functions (cont.)
theorems on, 8
uniformly convergent sequences and
series of, 9, 23
which have no derivatives, 106, 113
Continuum hypothesis, 5
Continuum, real, 5
Convergence, absolute
[see Absolute convergence]
bounded, 56, 66
dominated, 74, 75, 84, 85
in measure, 117, 118
mean [see Mean convergence]
monotone, 75, 86
of Cauchy sequences, 9, 22, 117, 122-125
of Fourier series
[see Convergence of Fourier series]
of infinite series, 10 [see also Series]
of integrals [see Integrals]
of sequences, 8 [see also Sequences]
uniform [see Uniform convergence]
weak, 128, 129
Convergence of Fourier series, 130, 131,
137-140 [see also Fourier series]
Cesaro, 175-179
de la Vallée Poussin’s condition for, 151
Dini’s condition for, 131, 140, 141
Dirichlet conditions for, 151
Fejer’s theorem for, 175, 178, 179
in neighborhood of a point, 139
Jordan’s condition for, 131, 142
pointwise, 137-140
sufficient conditions for, 131
Cosine series, Fourier, 150
Countability, 5, 13-15 [see also
Countable sets]
of Cantor set, 15
of countable sets, 5, 13
of points on a line, 15
of rational numbers, 5, 13, 14
of real numbers, 5, 14, 15
Countable additivity of measure, 30
Countable sets, 5 [see also Countability]
countability of, 5, 13
measure of, 32
Covering of a set, Heine-Borel theorem and,
7, 22
Vitali’s theorem and, 33, 34, 39, 40
Covering of intervals, 7

Decomposition theorem, Jordan’s, 96, 102, 103
Decreasing or increasing monotonic functions
[see Monotonic functions]
Definite integrals, Lebesgue, 54
[see also Lebesgue integrals]
Riemann, 154 [see also Riemann integrals]
de la Vallée Poussin’s test for convergence
of Fourier series, 151
Deleted delta neighborhoods, 6
Delta (8) neighborhoods, 6
De Morgan’s laws, 4
proofs of, 11, 12
Denumerable additivity of measure, 30

Denumerable sets, 5
cardinal numbers of, 5
Derivates of a function, 97
relationship of to derivatives, 97
Derivatives, 97
continuous functions having no, 106, 113
functions of bounded variation and,
96, 97, 105
mean-value theorem for, 166
of monotonic funections, 97, 103-105
of series, 158
relationship of to derivates, 97
relationship of with integration, 95-114
right and left hand, 97
Derived set, 7, 15
Difference of sets, 3
Differentiation and integration, for Lebesgue
integrals, 95-114
for Riemann integrals, 95, 157, 165-168
Dini’s condition for convergence of Fourier
series, 131
proof of, 140, 141
Dirichlet conditions for convergence of
Fourier series, 151
Discontinuities, functions of bounded
variation and, 96
monotonic functions and, 96, 100
of functions, 19 [see also Continuity]
Riemann integral and, 57, 68, 156
Discontinuous functions, 19 [see also
Continuity}
Disjoint sets, 3
Distance, in Euclidean spaces, 6
in L spaces, 116
Distributive laws for sets, 3
proof of, 12
Divergence, of series, 10
of sequences, 8
Domain, of a function, 4, 13
Dominated convergence theorem of Lebesgue,
for infinite series, 75
for sequences, 74
proof of, 84, 85
Double Lebesgue integrals, 180-182
Duality, principle of, 4
Dummy symbol, 95

Egorov’s theorem, 45
proof of, 50
Elements of a set, 1
Empty set, 1
cardinal number of, 5
length of, 29
Equality of sets, 1
Equivalent sets, b
Error, mean square, 133, 147, 148
Euclidean spaces, 6, 29
distance in, 6
generalizations of length in, 29
Even function, 150
Expansion, binary, 15, 26
series [see Series]
ternary, 15




Exterior measure, 30, 34, 35
[see also Lebesgue exterior measure]
axioms for, 30
in the plane, 180
of a countable set of real numbers, 35
regular, 39
Exterior of a set, 7
Exterior point of a set, 6, 15

Fatouw’s theorem, 75, 108, 125
proof of, 85
Fejer’s theorem, 175
proof of, 178, 179
Finite additivity of measure, 3¢
Finite sets, 5
cardinal number of, 5
Fischer, Riesz-, theorem, 117, 122-125, 134,
148, 149
Fourier coefficients, 130, 136
generalized, 133
Fourier series, 130-153
complex form of, 152
convergence of [see Convergence of
Fourier series}
definition of, 130, 134-137
functions of bounded variation and,
131, 141, 142
generalized, 133
in L2 or Hilbert spaces, 132, 146-148
integration of, 131, 142-144
mean convergence of, 132, 133, 148, 149
partial sums of, 130, 131, 133, 138, 139
Riesz-Fischer theorem for [see
Riesz-Fischer theorem]
trigonometric series which are not, 144
Fourier sine and cosine series, 150
Fubini’s theorem, 181
Fubini-Tonelli-Hobson theorem, 182
Funetions, 4, 12, 13
absolutely continuous [see Absolute
continuity}
boundary, 44
bounded, 8, 53-71
composition, 25
continuous [see Continuous functions]
derivates of, 97
derivatives of [see Derivatives]
discontinuous, 19 [see also Continuity]
domains of, 4, 13
in L” spaces, 115, 116, 121, 122
integrable [see Integrable functions]
inverse, 5
jumps of, 96
limits of [see¢ Limits of functions)
lower and upper boundary, 44
measurable (see Measurable functions]
monotonic [see Monotonic functions)
non-measurable, 49
odd and even, 150
of bounded variation
[see Functions of bounded variation]
one to one, 4, 5, 13
onto, 4, 5, 13

INDEX
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Functions (cont.)

product, 25

ranges of, 4, 13

sequences and serjes of, 9

square integrable, 115

step, 51

truncated, 78

unbounded [see Unbounded functions]
Functions of bounded variation, 96, 97,

100-103, 107, 155

absolute continuity and, 98, 106

definition of, 96

derivatives of, 96, 97, 105

discontinuities of, 96

Fourier series for, 131, 141, 142

integrals of, 162

monotonic functions and, 96, 100, 101

theorems on, 96, 97, 100-103
Fundamental theorem of calculus, 95, 157, 167

Generalized Fourier coefficients, 133
Generalized Fourier series, 133
mean convergence of, 148, 149
Parseval’s identity for, 149
Riesz-Fischer theorem for
[see Riesz-Fischer theorem]
Geometric mean, relation of to arithmetic
mean, 119, 120
Greatest limit of a sequence [see Limit
superior|
Greatest lower bound [g.1.b.}, 2, 11, 21

Half open or closed intervals, 2
Heine-Borel theorem, 7, 22
proof of, 22
relationship of to Weierstrass-Bolzano
theorem, 7
Hermite polynomials, 145, 146
Hilbert or L2 spaces, 115
Fourier series in, 132, 146-148
Hobson, 182
Holder’s inequality, 115
proof of, 121

Image, 4
Improper Riemann integral, 77, 78, 158,
170,171
Inclusion symbols, 4 .
Increasing or decreasing monotonic functions
|sce Monotonic functions]
Indefinite integrals, Lebesgue [see Indefinite
Lebesgue integrals]
Riemann, 95, 157
Indefinite Lebesgue integrals, 95 [see also
Lebesgue integrals]
derivatives of, 95-114
theorems on, 98, 99, 107-111
Inequality, Bessel’s, 133, 146, 147
Holder’s, 115, 121
Minkowski’s, 116, 121
Schwarz’s, 115, 119
triangle, 6
Inferior limit, 9, 21
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Infimum [inf], 2
Infinite sequences [see Sequences]
Infinite series, 9, 10 [see also Series]
Infinite sets, 5 [see also Sets]
Inner or interior measure, 32
Integers, 2
Integrable functions, approximation of by
continuous functions, 75, 76, 86-91
Lebesgue, 54, 59, 72, 73, 76
[see also Lebesgue integrals]
Riemann [see Riemann integrable
functions and Riemann integrals]
Integrals, definite [see Definite integrals]
double, 180-182
indefinite [see Indefinite integrals]
iterated, 181
Lebesgue [see Lebesgue integrals]
multiple, 182
Integration [see Integrals)
of Fourier series, 131, 142-144
Integration by parts, for Lebesgue integrals,
99, 111
for Riemann integrals, 157, 167, 168
Interior of a set, 6
Interior or inner measure, 32
Interior point of a set, 6, 15, 16
Intermediate-value theorem, 8
Intersections, associative and commutative
laws for, 3
of closed sets, 7, 17
of open sets, 7, 16
of sets, 3
Intervals, 2
closed, 2
component, 7, 17, 34
lengths of, 29
measures of, 33
nested, 9, 21
open covering of, 7
Inverse functions, 5
Inverse image, 4
Irrational numbers, 2
Iterated integrals, 181

Jordan’s condition for convergence of
Fourier series, 131
proof of, 142
Jordan’s decomposition theorem, 96
proof of, 102, 103
Jump of a function, 96

Laguerre polynomials, 152

Law of the mean, 166

Least limit of a sequence [see Limit
inferior}

Least square sense, approximations in the,
133, 134, 147

Least upper bound [Lu.b.], 2, 11, 21

Least upper bound axiom, 2

Lebesgue definite integrals, 54 [see also
Lebesgue integrals]

Lebesgue exterior or outer measure, 31, 32

Lebesgue indefinite integrals, 95 [see also
Indefinite Lebesgue integrals]
Lebesgue integrable functions, 54, 72, 73,
76 [see also Lebesgue integrals]
necessary and sufficient condition for
functions to be, 59
Lebesgue integrals, as limits of sums,
55, 61, 62
bounded convergence theorem for, 56, 66
change of variables in, 99
defined on a bounded measurable set, 55
definite, 54
definition of for bounded measurable
functions, 53, 54, 57-61
definition of for unbounded measurable
functions, 72, 73
derivatives and, 95-114
dominated convergence theorem for,
74, 75, 84, 85
double, 180-182
for bounded functions, 53-71
for non-negative unbounded functions,
72,77, 78
for unbounded functions, 72-94
geometric interpretation of, 54, 78
indefinite [see Indefinite Lebesgue integrals]
integration by parts for, 99, 111
in the plane, 181, 182
lower and upper, 54, 181
lower and upper sums for, 53, 57-60
mean-value theorems for, 55, 61, 114, 141
multiple, 182
notation for, 54
on unbounded sets, 76, 77, 91
relationship with Riemann integral,
57, 67, 68, 77
theorems involving, 55, 56, 61-66, 73, 74,
76, 79-84
Lebesgue integration [see Lebesgue integrals]
Lebesgue measurable functions
[see Measurable functions]
Lebesgue measure [see also Measure)
definition of, 32
in the plane, 180
zero, 32, 33, 37, 156
Lebesgue, Riemann-, theorem, 130, 137,
139, 140
Lebesgue’s bounded convergence theorem, 56
proof of, 66
Lebesgue’s dominated convergence theorem,
74, 75
proof of, 84, 85
Left and right hand limits, 8, 18, 19
Legendre polynomials, 152
Length, of an interval, 29
of a union of disjoint intervals, 29
of closed sets, 30
of empty set, 29
of open sets, 29
of sets, 34
relationship of with measure, 30, 31, 33
zero, 29
Limit inferior, 9, 21




Limit in mean [L.i.m.], 116, 117 [see also
Mean convergence|
uniqueness of, 117
Limit of sum definition, for Lebesgue
integrals, 55, 61, 62
for Riemann integrals, 155, 161
Limit points, of a set, 7, 15, 16
Weierstrass-Bolzano theorem and, 7, 16, 21
Limit superior, 9, 21
Limits of functions, 7, 18-20
right and left hand, 8, 18, 19
theorems involving, 7
uniqueness of, 7
Limits of sequences, 8 [sce also Sequences
and Convergence]
uniqueness of, 8, 20
Lower boundary function, 44
Lower bounds, 2, 11
greatest, 2, 11
Lower Lebesgue integral, 54
in the plane, 181
Lower limit of a sequence [see Limit
inferior]
Lower Riemann integral, 154
theorems on, 155, 159-161
Lower sums for Lebesgue integrals,
53, 57-60
theorems on, 57-60
Lower sums for Riemann integrals, 154
theorems on, 154, 155, 159-161
L7 spaces, as metric spaces, 116, 122
completeness of, 117
distance in, 116

Mappings, 4
Mean, arithmetic and geometric, 119, 120
Mean, law of the, 166
Mean convergence, 115-129
definition of, 116, 117
of Fourier series, 132, 133
of generalized Fourier series, 148, 149
relationship of to convergence in measure,
117
Riesz-Fischer theorem and
[see Riesz-Fischer theorem]
theorems involving, 117, 118, 122-125
Mean square error, 133, 147
condition for minimum, 147, 148
Parseval’s identity and, 147, 148
Mean-value theorem for derivatives, 166
Mean-value theorem for Lebesgue integrals, 55
proof of, 61
second, 114, 141
Mean-value theorem for Riemann integral, 156
generalized, 172
proof of, 164
second, 173
Measurability, of Riemann integrable
functions, 67, 68
of sets [see Measurable sets]
Measurable functions, 43-52
Baire classes as, 44, 49, 50
bounded, 53, 54, 57-61
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Measurable functions (cont.)
definition of, 43
in the plane, 180
limit superior and limit inferior as, 44
non-, 49
relationship of with continuous functions,
44, 48
theorems on, 43, 44, 45-49
unbounded, 72, 73
Measurable sets, 31, 36-39 [see also Measure]
definition of, 31
Lebesgue integral defined on, 55
Measure, 29-42
additivity of, 30
convergence in, 117, 118
definition of, 31
exterior or outer [see Exterior measure]
ideal requirements for, 30
interior or inner, 32
Lebesgue [see Lebesgue measure]
Lebesgue inner, 32
Lebesgue integrals and
[see Lebesgue integrals]
monotonicity of, 30
of Cantor set, 38
of countable sets, 37
of intersection of sets, 33, 37
of intervals, 33
of union of sets, 32, 33, 36, 37
plane, 180
relationship of with length, 30, 31, 33
theorems on, 32, 33
translation invariance of, 30
zero, 32, 33, 37, 156
Members of a set, 1
Metric spaces, 6
L? spaces as, 116, 122
Middle thirds, of Cantor set, 5
Minkowski’s inequality, 116, 121
Mode of subdivision, partition or net,
53, 57-60, 154, 155
norm of, 155
refinement of, 155
Monotone convergence theorem, 75
proof ofs 86
Monotonic functions, 44, 95, 96
derivatives of, 97, 103-105
discontinuities and, 96, 100
functions of bounded variation and,
96, 100, 101
increasing or decreasing, 44, 95, 96, 100, 155
Riemann integrals of, 155
theorems on, 96, 100
Monotonic sequences, 8
functions [see Monotonic functions]
Monotonicity of measure, 30
Multiple Lebesgue integrals, 182
Mutually orthogonal functions, 132

Natural numbers, 2
Negative integers, 2
Negative variation, 103
Neighborhoods, 6
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Nested intervals, 9, 21
Net, partition or mode of subdivision,
53, 57-60, 154, 155

norm of, 155

refinement of, 155
Non-countable or non-denumerable sets, 5
Non-empty set, 10
Non-measurable functions, 49
Non-measurable sets, 34, 40, 41

Non-negative property for distance in metrie

spaces, 6

Non-terminating series, 15 [see also Series]

Norm, in L” spaces, 116
of a partition, 154

Normalized functions, 132

Numbers, cardinal, 5

Odd function, 150
One to one correspondence, 4, 5
One to one function, 4, 5, 13
onto and, 5
Onto funetions, 4, 13
one to one and, 5
Open covering of a set, 7
and Heine-Borel theorem, 7, 22
Open intervals, 2
half, 2
open sets as countable unions of, 7, 17
Open sets, 6, 15, 16

as countable unions of open intervals, 7, 17

complements of, 7, 16
continuity defined in terms of, 8, 19
in the plane, 180
lengths of, 29
unions and intersections of, 7, 16
Open sphere, 6
Open subcovering of a set, 7
Operations, with cardinal numbers, 5, 26
with sets, 3, 11, 12
Ordered n-tuplet, 6
pairs, 4
triplets, 4
Orthogonal functions, 132
Orthogonal set, 132
Orthonormal funections, 132, 144-146
definition of complex, 152
Orthonormal series, 132, 133, 144-146
Orthonormal sets, 132
Outer measure [see Exterior measure|

Parseval’s identity, 133, 147, 149
completeness and, 117, 134, 147
generalized Fourier series and, 149
mean square error and, 147, 148
proof of, 147

Partial sums, 9
of Fourier series, 130, 131, 133, 138, 139

Partition, net or mode of subdivision,

53, 57-60, 154, 155
norm of, 155
refinement of, 155

Perfect set, 27

Cantor set as example of, 27

Plane, measure and integration in the, 180-182

xy, 4
Point sets, 6
definitions involving, 6, 15, 16
theorems on, 7, 16-18
Points, as real numbers, 2
boundary, 6, 15
exterior, 6, 15
interior, 6, 15, 16
limit or accumulation, 7, 15, 16, 21
of Euclidean spaces, 6
of L” spaces, 116
of spaces, 1
Positive integers, 2
Positive variation, 103
Poussin, de la Vallée, 151
Principal value, Cauchy, 158
Product funection, 25
Products, Cartesian, 4, 12
Proper subsets, 1
Property method, 1, 10

Rademacher functions, 152
Range, of a function, 4, 13
Rational numbers, 2, 11
Real continuum, 5
Real function, 4
Real numbers, 2, 10, 11
Real variables, 4
Rectangles, closed and open, 180
component, 180
Refinement of a partition, 155
Regular exterior measure, 39
Riemann integrability, necessary and
sufficient condition for, 57, 68, 155, 156
Riemann integrable functions, 154-157 [see
also Riemann integrals]
example of non-, 159
measurability of, 67, 68
special types of, 155, 161-163
theorems on, 156, 157
Riemann integrals, 53, 154-174
as limits of sums, 155, 161
Cauchy principal value of, 158
change of variable in, 157
definite, 154
definition of, 154, 159
derivatives and, 95, 157, 165-168
discontinuities and, 57, 68, 156
geometric interpretation of, 159
improper, 77, 78, 358, 170, 171
integration by parts for, 157, 167, 168
lower and upper, 154, 155, 159-161
lower and upper sums for, 154, 155,
159-161
mean-value theorems for, 156, 164,
172, 173
necessary and sufficient condition for
existence of, 57, 68, 155, 156
notation for, 54
of continuous functions, 155
of funections of bounded variation, 155
of monotonic functions, 155



Riemann integrals (cont.)
of sequences and series, 168-170
relationship of with Lebesgue integrals,
57, 67, 68, T7
theorems involving, 161-165
Riemann-Lebesgue theorem, 130, 139, 140
proof of, 137
Riesz-Fischer theorem, 117, 122-125
for generalized Fourier series, 134,
148, 149
proof of, 124, 125
Right and left hand derivatives, 97
Right and left hand limits, 8, 18, 19
Rolle’s theorem, 166
Roster method, 1, 10
Russell’s paradox, 24

Schroeder-Bernstein theorem, 5
Schwarz’s inequality, 115
proof of, 119
Second mean-value theorem, 173
Sequences, 8, 20-24, 158, 168-170
bounded, 8
Cauchy, 9, 22, 117, 122-125
convergence of, 8 {see also Convergence]
in L” spaces, 117, 122-125
limit inferior and limit superior of, 9, 21
limits of, 8, 20
of functions, 9
of partial sums, 9
uniform convergence of, 9, 23, 158, 168,
169 [see also Uniform convergence)
uniformly bounded, 56
Series, 9, 158, 168-170
convergence and divergence of, 10
definition of, 9
derivatives of, 158
Fourier [see Fourier series]
orthonormal, 132, 133, 144-146
partial sums of, 9
sum of, 10
uniform convergence of, 10, 23, 24, 135, 136,
158, 169 [see also Uniform convergence]
Set, Cantor [see Cantor set]
Set function, 4
length as a, 29
Sets, 1, 10-12
algebra of, 4
associative, commutative and distributive
laws for, 3
Borel, 33
boundary point and boundary of, 6, 7, 15
bounded, 2
bounded infinite, 7
cardinal numbers of, 5, 26
closed [see Closed sets]
closure of, 7
compact, 7, 16
countable, 5
covering of, 7, 22, 34
denumerable, 5
derived, 7, 15

“
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Sets (cont.)
difference of, 3
disjoint, 3
elements or members of, 1
empty or null, 1
equivalent, 5
exterior point and exterior of, 6, 7, 15
finite, 5
infinite, 5
interior point and interior of, 6, 15, 16
intersections of, 3
lengths of, 34
measurable [see Measurable sets]
measure of [see Measure]
non-measurable, 34, 40, 41
open [see Open sets]
operations with, 3
orthonormal and orthogonal, 132
perfect, 27
point, 6, 7, 15-18
singleton, 10
subsets of, 1
test, 31
theorems involving, 3, 4
unbounded, 76, 77, 91
universal, 1
Signum = [sgn (x)], 152
Sine series, Fourier, 150
Singleton set, 10
Space, 1
Euclidean, 6, 29
Hilbert, 115
L? 115-119
Sphere, open and closed, 6
Spherical neighborhood, 6
Square integrable functions, 115
Step functions, 51
Subcovering of a set, 7
Subsequences, 117, 118, 126
Subsets, 1
Summability of Fourier series, 132, 175-179
Sum of an infinite series, 10
Sums, lower and upper
[see Upper sums and Lower sums]
Superior limit, 9, 21
Supremum [sup], 2
Symmetric property, for distance in
metric spaces, 6

Ternary expansions, 15

Cantor set and, 15, 26
Test sets, 31
Tonelli, 182
Total variation, 96, 103
Transcendental numbers, 26
Transfinite numbers, 5

[see also Cardinal number)

Translation invariance of measure, 30
Triangle inequality for metric spaces, 6
Trigonometric series, 130

which are not Fourier series, 144
Triple integral, 182
Truncated function, 78
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Unbounded functions, 72, 78, 77, 78
Lebesgue integrals for, 72-94
Riemann integrals for
[see Improper Riemann integrals]
Unbounded sets, Lebesgue integrals on,
76, 77, 91
Riemann integrals on
[see Improper Riemann integrals]
Uniform continuity, 8, 19, 20
definition of, 8
Uniform convergence, definition of, 9, 23
Egorov’s theorem and, 45, 50
of sequences, 9, 23, 158, 168, 169
of sequences and series of continuous
functions, 9, 23
of series, 10, 23, 24, 135, 136, 158, 168, 169
Weierstrass M test and, 10
Uniformly bounded sequences of functions, 56
Unions, associative and commutative
laws for, 3
of closed sets, 7, 17
of open sets, 7, 16
of sets, 3
of sets represented as unions of mutually
disjoint set, 18
Universal set, 1
Universe, 1
Venn diagrams for, 3
Universe of discourse, 1
Upper boundary function, 44
Upper bounds, 2, 11
least, 2, 11, 21

INDEX

Upper Lebesgue integral, 54
in the plane, 181
Upper limit of a sequence [see Limit
superior)
Upper Riemann integral, 154
theorems on, 154, 155, 159-161

Variables, real, 4
change of for Lebesgue integrals, 99
change of for Riemann integrals, 157
Variation, bounded [see Functions of
bounded variation]
positive, negative and total, 96, 103
Venn diagrams, 3, 11, 12
Vitali covering, 34, 39
Vitali’s covering theorem, 33, 34, 39, 40
proof of, 39, 40
Volume, 29, 182

Weak convergence, 128, 129
Weierstrass-Bolzano theorem, 7, 16
proof of, 21
relationship to Heine-Borel theorem, 7
Weierstrass function, 113
Weierstrass M test, 10, 23, 24
proof of, 23

xy plane, 4

Zero, 2

Zero length, 29

Zero measure, 32, 33, 37, 156

Zero property, for distance in metric
spaces, 6
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